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This module introduces advanced concepts and methods in Fluid Dynamics. The main focus is on

viscous incompressible flows, under the following broad headings.

Canonical examples of fluid instability: Eigenvalue analysis of linear instability in the Rayleigh—

Benard, Rayleigh—Taylor, and Kelvin—Helmholtz systems. Eigenvalue analysis of parallel flow insta-

bility leading to the Orr—-Sommerfeld equation. Parallel flow instability beyond the temporal

theory: Absolute and convective instability, transient growth Weakly nonlinear stability theory:

Stuart—-Landau theory applied to the Cahn—Hilliard and Kuramoto—Sivishinsky equation Turbulence:

Problems in turbulence. Kolmogorov spectra. Wall-bounded turbulence and Reynolds averaging.

Closure models. Discussion of direct numerical simulation and large-eddy simulation. The notion of

wall-functions in large-eddy simulation. Introduction to High-Performance computing: Solving

sparse linear problems iteratively. Applications of such methods to Computational Fluid Dynamics.

Introduction to multithread and multicore programming in Fortran.

What will | learn?

On completion of this module students should be able to

1.

2.

Write down the eigenvalue problem for the canonical physical systems of Fluid Dynamics
Derive the Orr—Sommerfeld equation and compute exact solutions in certain cases
Describe the subtle features of linear stability theory beyond temporal eigenvalue analysis
Carry out a Stuart-Landau analysis on simple nonlinear equations

Characterize turbulence using the Kolmogorov and Reynolds-averaged theories.

Solve sparse linear problems iteratively and implement their solution in Fortran.
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should further be able to

1. Perform an Orr—Sommerfeld stability analysis of Poiseuille flow using spectral methods in

Matlab
2. Solve nonlinear wave equations numerically to test for the applicability of Stuart—Landau theory

3. Implement an existing parallel flow solver to study large-eddy simulations in turbulent channel

flow

4. Analyse the turbulent statistics emanating from the simulations under point (4) above.
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Chapter 0

Introduction

0.1 Overview

The focus of this module is on developing advanced analytical and numerical techniques to deal with
incompressible viscous flow. This is a fairly restricted aim, since many interesting phenomena arise
in treating of the other flow regimes. For example, a study of compressible flow leads to important
topics in acoustics, gas dynamics, and shockwave theory, while a study of incompressible inviscid
flow leads (in two dimensions) to the very beautiful theory of vorticity as described using complex
analysis and conformal-mapping theory. However, it is sensible to maintain a fairly restricted focus,
especially because the proposed research plan aligns with the present lecturer's expertise. Thus, we

will study the following topics in detail:

e Linear stability analysis for the canonical physical systems of Fluid Dynamics

Orr—Sommerfeld theory for parallel flow instability, including exact solutions in certain cases

The subtle features of linear stability theory beyond temporal eigenvalue analysis

Stuart—Landau analysis for simple nonlinear equations

Introduction to turbulence using the Kolmogorov and Reynolds-averaged theories.

Introduction to Computational Fluid Dynamics

0.2 Learning and Assessment

Learning

e One or two lectures per week
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e As this is an advanced module, heavy emphasis is placed on independent study. This will be
guided by lecture notes, recommended textbooks, problem sheets, and computational exer-

cises.
Assessment

e One final exam, counting for 50%. The exam will run locally.
e Two computational mini-projects, counting for 50% in total.

e Other exercises can be found throughout the book of lecture notes. They may be attempted

for practice. The final exam will be based almost entirely on these exercises.

Textbooks
Material and exercises for this module will be taken from the following textbooks:
e Hydrodynamic and Hydromagnetic Stability, S. Chandrasekhar (Dover edition, 1981) [Cha61]

e Hydrodynamic Stability, P. G. Drazin, W. H. Reid (Cambridge University Press, 2004 edi-
tion) [DR8I]

e Stability and Transition in Shear Flows, P. J. Schmid and D. S. Henningson (Springer,
2001) [SHO1]

e Turbulent Flows, S. Pope (Cambridge University Press, 2000) [Pop00]

Other material comes either from the top of my head or from published articles, referred to in the

remainder of the lecture notes.



Chapter 1

Rayleigh—Bénard Convection

Overview

You have already studied parallel flow instability from the point of view of linear theory. There, the
governing equation is the Orr—Sommerfeld equation, the eigenvalues of which determine the stability
of the parallel flow to small-amplitude disturbances. In general, there are no closed-form solutions
to the Orr—-Sommerfeld equation, either for the eigenfunctions or the eigenvalues. Therefore, the
aim in these lectures is to look at a non-trivial but highly relevant physical system where the linear

theory admits analytical expressions. This is the case of Rayleigh—Bénard instability.

The idea behind the Rayleigh—Bénard instability is to take a uniform homogeneous fluid sandwiched
between two plates, and to heat the bottom plate so that a density gradient emerges, with a cooler,
denser layer lying on top of a hotter, less dense layer, thereby inducing an unstable stratification.
Beyond a threshold values, this configuration becomes unstable, triggering a convective motion that
counteracts the unstable stratification. The mathematics of this flow instability is introduced in

these lectures.

1.1 Governing equations

We start with the governing Navier—Stokes equations of incompressible flow in an arbitrary domain:

ou; ou; dp 9
v vl Bl Vou, i)
p(at +“Jag;j) Bz, TRV TP

where all the symbols have their usual meaning and the gravity vector is (g1, 92, 93) = (0,0, —g),

such that gravity points in the negative z-direction. The Navier-Stokes equation is supplemented

3
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with the incompressibility condition

dp 0

To close the Navier—Stokes equations, further conditions (in addition to the incompressibility relation)
are required. In particular, it is necessary to prescribe the behaviour of the density function. In the
present application, we are interested in fluid behaviour in the presence of a temperature gradient,
so it is sensible to focus on a model where the density depends on temperature (T'), wherein the

simplest possible model is a linear relation:
p=po+op,  op=—poc(T —Tp),

where pq is the reference density, dp is a fluctuation which depends linearly on temperature. Also,
Ty is the reference temperature, with 7' = T, <= p = po. Finally, the quantity a > 0 is the
coefficient of volume expansion. We are not done yet: the evolution of temperature field T'(x, t)

must be precribed. However, this can be accurately modelled by an advection-diffusion equation:

or T )
E —f-uza—xl = /{V T,

where £ > 0 is the thermal diffusivity. We assemble all our equations into a single mathematical

model: 5 5 5
U; U; P 2
i) ) = . - 1.1
p(&t +ujaxj) axiJr,uV u; + pgi, (1.1a)

dp 0
ZF ) — 1.1b

p=po+op,  Sp=—poc(T —Tp), (1.1c)
oT oT 5
— — = T 1.1
5 +ula$i kV-T, (1.1d)

In practice, the density variations are quite small, and an approximation can be made wherein density
variations are considered only in the buoyancy (gravity) term. This is called the Boussinesq

Approximation (for a full justification of this approximation, see pages 16-17 in [Cha61]. Thus,

Equations ([1.1a)—(1.1b)) simplify to

ou; ou; 1 0p 9 op B
5 Tw o5, podm + vVou; + (1 + Egl) : v =/ po, (1.2a)
8ui
= 1.2

while the density and temperature laws remain unchanged. This is a great simplification, as the

density in the Navier-Stokes equations is now ‘almost’ a constant.



1.2. The base state 5

1.2 The base state

We study a time-independent base state involving no flow, with u; = 0 and a static temperature
distribution, such that
VT = 0.

We also focus on a two-dimensional geometry for now, in the (z, z) plane, such that the solution of

the Laplace equation for temperature reads
T="1Ty+ Az + Bz,

where A and B are constants. However, we specialize without loss of generality to a situation where
the temperature gradient is imposed in the z-direction only, such that A = 0. Also, we focus on
the more interesting case of an adverse temperature gradient, such that B = — (3, with 5 > 0, and
such that

T="1T,— Bz.

Thus, compared to a baseline at z = 0 where the temperature is Tp, high up where z > 0 it is
relatively colder and low down where z < 0 it is relatively hotter. Next, using p = pg + dp =
po — apo(T — Tpy) we obtain

p=po(l+apz).

Again, compared to a baseline at z = 0 where the density is pgy, high up where z > 0 the fluid is
both relatively cool and relatively more dense while low down where z < 0 it is relatively hot and
less dense. This is the notion of an adverse temperature gradient - the temperature and density
gradients are going in opposite directions. The last part of the characterization of the base state is

the determination of the pressure. We have the w-velocity equation:

ow ow Jw  9dp 9
E-I—u%—kw& =3, pog(1+ apz) + vVw.

With w = 0 this gives
% = —pog(1 + apz). (1.3)
The analogous u-velocity equation gives dp/0x = 0. Note that Equation is the equation of
hydrostatic balance: the pressure drop and the gravity force are balanced. Solving Equation ([1.3])
gives

P = —pog (z + %04622) .

We now characterize the base state in full by assembling our results in one place:

u; =0, P = —pog (z + %aﬁf) . (1.4a)
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T =T, — Bz, p=po(1+ apz). (1.4b)

1.3 Linear stability analysis

Equations (1.4) are the time-independent base state of the problem. This solution would appear
to be unstable as the stratification is (apparently) itself unstable: a denser fluid sits on top of a less
dense fluid. The idea of the remainder of this chapter is to investigate this stability problem. We
do so by introducing perturbations:

base state  perturbations
and

T =Ty — 0
0o—Bz+ 0
base state perturbations

We assume that the perturbations are small in the sense that the equations of motion for (u;, T")

can be linearized without any loss of accuracy in the modeling. The linearized equations of motion

read
Ou; o (op 9
_ oy . . 1.
5 oz, (po) +0; 900 + vV-=u,, (1.5a)
8ui
— 1.

Here, dp is the perturbation pressure.

Exercise 1.1 Prove Equation (1.5)) by carrying out the relevant linearization.

In incompressible flow wherein the density is a fixed constant, the pressure is always a ‘bad’ variable
because it does not have its own equation (it is determined implicitly via the relation d;u; = 0).

Thus, we always try to eliminate the pressure from the equations of motion. We do that here by
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considering again the momentum equations:

ou 0 (dp 9
i 1.
T 5 (Po) + vV-u, (1.6)
9, a (4
8_1: = -3, (p—f) +gald + vV w, (1.7)
and by taking 0,(1.6)—0,(1.7)); the result is
0 (Ou Ow 00 5 (Ou  Ow
() 0T oh v 1,
ot (az 8:17) 995 TV (82 am) (18)
We take 0,(|1.8]) and obtain
o [ u  Qw %0 o [ Pu Ow
2 e RN i 1.
ot (8m8z 8x2) 9922 v (8:682 8952) (19)

We use the incompressibility condition d,u + 0,w to write

a0t
0xdz 022
Hence, Equation ((1.9) becomes
o [ Pw Pw 0?0 o[ 0*w  Ow
al (‘ﬁ‘ﬁ) = 9agE TV (_a__a_> (1.10)

Finally then, we obtain
2

O o, 0 "
EV w—+gczax2—|—yv w.

We now assemble here in one place the two closed stability equations for the perturbation velocity

and temperature:

Joo 0?0 A
EV w = +gaw +vViw, (1.11a)
% = wf + kV>0 (1.11b)

At this point, it is appropriate to discuss boundary conditions. We assume that the flow is unbounded
in the x-direction, with —o0o < & < oo, and that the flow is confined in the z-direction by two parallel
plates, located at z = 0 and z = d. The temperature is maintained at fixed values at the plate

walls, such that the temperature perturbations vanish at those walls:
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Also, because of the no-flux/no penetration conditions at the walls, we have

Now, the equation to solve is fourth-order in w, so further boundary conditions are required. Because
of no-slip, we have u = 0 on the walls, hence du/Jxz = 0 on the walls. By continuity, this means
that 5
w
E = 0, Z = 07 d,
and this gives the required number of boundary conditions necessary to solve Equations (|1.11)).

1.4 Normal-mode solution

Because of the translational invariance of the equations (1.11]) in the z-direction, it makes sense

kr and 0 o« elk®

to introduce a trial solution w o e representing a plane wave, where k is the

wavenumber. Indeed, it also makes sense to introduce exponential time dependence (in a standard

way) such that the following normal-mode solution is proposed:

w = PR (2), (1.12a)
0 = ePtkrg(z). (1.12b)

Substitution of Equations ([1.12)) into Equations ([1.11)) yields

p (2 —KYW = v (& -k’ W—gak?e,
PO = 6W+/{(8§—k2) O.

Before going any further, we reduce the number of parameters in these equations by rescaling as

follows:
<a§ - 3) o - Lw (1.13a)
K K
2 2 2 2 P 9%
(8Z—k)<8z—k—y>W - +Tre. (1.13b)

We introduce a non-dimensional z-coordinate z = z/d, with

d dzZd 1d

dz  dzdz  ddZ’
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and the equations ([1.13]) become

& v &2
<32 i S > o - My (1.14a)
UV K K
& e
(02 — d2k?) (32 2k - P ) wo= +22% (@2k2)e. (1.14b)
1% 1%
We identify
2
Pr:z, a:p—d, o] =1,
K 14

where Pr = v/k is the Prandtl number. Thus, Equations ((1.14)) become

<8§ — k- aPr) O = —ﬁszW (1.15a)
(a; —P) (a§ - 0) W= go;d w20, (1.15b)

where k = dk is a dimensionless wavenumber . We combine the © and W-equations by taking the

W-equation and operating on it with (92 — k? — o Pr). We obtain

(62T —oPr) [(02 ) (2B = o) W] = (02—F*—oPr) {9 dm@]

1%
_ gad2~2 2 72
- £k [(az i aPr)@},
= goad® ]f{ ﬁ_cpw}7
1% K
— _M}g?w
VKR

We introduce
gafd*

VK

Ra =

as the Rayleigh number and we have the following single stability equation:

(a; - UPr> <a§ - 0> <a§ - EQ) W = —Rak*W. (1.162)

Exercise 1.2 Show that the Rayleigh number is dimensionless.

Viewing the eigenvalue problem as an equation in the single variable W, it can be noted that the
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ordinary differential equation to solve is sixth order. We already have the boundary conditions
W=Ww'=0, z2=0,1, (1.16b)

giving four boundary conditions. We need two more boundary conditions to close the problem.
However, since (02 — k%)(0% — k? — o)W = (gad?/v)k?©, and since © = 0 on the boundaries, the

remaining two boundary conditions are given by
(%—E%ﬂﬁ(%—Eﬁmu:Q 2=0,1. (1.16¢)

Thus, we have an ordinary differential equation in the eigenvalue o. Before attempting various
approaches to solve for o as a function of k explicitly, we first of all investigate the properties of
this equation using a priori methods. Following standard practice, in the remainder of this Chapter

we omit the tildes over the dimensionless variables.

Remark 1 A normal-mode trial solution is possible when a problem possesses translational symme-

try.

For, consider a generic linear problem

do
E_£¢’

where ¢ = ¢(z,t) is some scalar field and L is a linear operator depending on 0, and higher

derivatives, such that £ is translation invariant:
L(z) = L(x+ a), for all a € R.

Introduce the translation operator 7T

Tad(x) = ¢(x + a).

Thus, TLp = LT ¢, since T has no effect on L. In other words, 7 and £ commute as operators.

There is a theorem in Linear Algebra that says that if two operators commute, then they share the

same eigenvectors (eigenfunctions). And, since ¢'*® is an eigenfunction of 7, it must also be an

eigenfunction of L.

In more detail, €/** is an eigenfunction of T because

Telkx _ elk(x+a) — elkaelk:p

Y

hence e!** is the eigenfunction with eigenvalue ¢, |
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1.5 A priori methods for the stability equation

Theorem 1.1 Consider the eigenvalue problem given by Equation ({1.16). The eigenvalue o is

purely real and therefore, the transition from stability to instability is given by o = 0.

Proof: Introduce
G=(Z-kW, F=(0-k)0-k —o)W,

hence F' = (0% — k* — 0)G. The boundary conditions in Equation ((1.16]) imply that F =0 at z =0

and z = 1. Also, the eigenvalue equation can be rewritten as
(02 —k* —Pro)F = —Rak*W.

We multiply both sides of this equation by F™* and integrate from z = 0 to z = 1. Now,

1 1
/ F*adez:—/ 0.F|*dz,
0 0

in view of the boundary conditions on F' at z =0 and z = 1. Thus, we obtain
1 1
/ [|0.F” + (k* + Pro)|F[*] dz = Ra/ F*W dz.
0 0
Now consider
1 1
/ F*Wdz = / W(&f — k- o*)G* dz,
0 01 1
— / WG dz — (K* + a*)/ WG*dz,
O1 01
= / G*O’W dz — (K* + a*)/ WG dz,
0 0
1
_ / G* [(02 — I2) — 0" W d=,
0

where we have used integration by parts repeatedly to show that

1 1
/ WorG* dz = / G0, W dz,
0 0
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using further the fact that W = 9,W =0 on z = 0,1. Now,

1 1
/ F*Wdz = / G (07 — k) — 0| W dz,
0 01
_ / G (G — 0"V dz,
O1 1
= / |G| d= —a*/ G*W,
0 0
1
_ ||GH§—0*/ (02— %) W] W,
0
1
= ||G|? +a*/ (|0.W]? + E*|W|?) dz
0
Putting it all together, we have
10:F|l3 + (k* + Pro)||[F|l3 = Ra [|G]3 + o™ (10:W |13 + K*[W]12)]
Take imaginary parts on both sides of this equation:
Pr3(o)|| FIl; = —RaS(o) ([0:W]3 + &*[[W1[3) ,

where the mysterious minus sign emerges on the right-hand side because it is ¢* that appears there,

not o. Hence,
S(o) [Pr[|F[5 + Ra (l0.W]5 + &*[W]3)] = 0.

Now, the quantity inside the square brackets is positive definite, so we are forced to conclude that
S(o) = 0.

For the second part of the theorem, we start with the fact that the system changes from stable to

unstable when

R(o) = 0.

However, o is purely real, so this condition for a change in the stability amounts to
o=0.

This concludes the proof. |

In stability theory it is of interest to construct the neutral curve R(o) = 0 as a function of the
problem parameters (in this case (Ra, Pr, k)). For the Rayleigh—Benard convection, we have shown
that the neutral curve amounts to o(Ra,Pr,k) = 0. In the next section we find semi-explicit

solutions for this neutral curve.
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Remark 2 Quite generally, in linear stability theory, the condition
R(o)=0

is called the threshold or the point of criticality. This is where the system switches between stable
and unstable states. In the case of Rayleigh—Bénard convection, the imaginary part of o is always
zero, so for this one instance only, the point of criticality is simply o = 0. This simplifies the next

piece of analysis.

1.6 Explicit solution for the neutral curve

From the previous section, it is known that the neutral curve occurs when o = 0. Therefore, we set

o = 0 in the eigenvalue problem ({1.16)) to obtain the following simplified equations:
(02 = )’ W = —Rak®W.

Instead of placing the plates at z = 0, 1, we instead set up the problem in a more symmetric manner,

such that z € (—1/2,1/2). Thus, the relevant boundary conditions are imposed as follows:
W=W =(02-k)’W=0 onz=x=L.

We immediately make a trial solution

W = et9?

such that

(¢* — k*)® = —Rak®.
We call

Rak? = 73k

hence

(q2 _ k‘2)3 — _7_3]{:6,
and

¢ =K+ (-DY3rk2
Note also:

7 = (Ra/k*)'/3,
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I'he three cube roots of unity are
1/3 :
( 1)/ = -1, §<1j:1\/§>,

hence
¢ =—k(r-1), =k [1er)(1£1v3)].

Taking square roots, we obtain the following six square-root solutions:
:l:iQO7 j:qa :l:q*a

where ¢o = k+/7 — 1 and

1/2

Riq) = q=k [%\/1+T+T2+%(1+%T)] , (1.17a)
1/2

Xq) = =k [%\/14—7—1—72—%(14—%7)} - (1.17b)

Exercise 1.3 Prove Equation (1.17)).

In view of the symmetric nature of the problem (sandwiched between z = —1/2 and z = 1/2), we
can break up the solution into odd and even cases with respect to the centreline at z = 0. For the

even case we have a solution
W = Agcos(qoz) + Acosh(gz) + A* cosh(q*2),

where we have constructed a manifestly even solution via a linear superposition of component
solutions. There are only three linearly independent complex coefficients in the superposition, and
these can be chosen as Ay, A, and A*, since A and A* are linearly independent. Imposing the

boundary conditions at z = +1/2 yields

Agcos(qo/2) + Acosh(q/2) + A" cosh(¢*/2) = 0, (1.18a)
—qoAosin(qo/2) + gAsinh(q/2) + ¢* A" sinh(¢"/2) = 0, (1.18b)
Agcos(qo/2) + L (i\/§ - 1) Acosh(q/2) — 1 (i\/§ + 1) A*cosh(g"/2) = 0. (1.18c)
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This immediately leads to a determinant problem

cos(qo/2) cosh(q/2) cosh(q*/2)
—qo sin(qo/2) gsinh(q/2) q* sinh(q*/2) = 0. (1.19)
cos(go/2) 1 (iv3—1)cosh(q/2) —3 (iv/3+ 1) cosh(q*/2)

We divide each row of the determinant problem by the first row to obtain

1 1 1
—qotan(qy/2) qtanh(q/2) ¢*tanh(q*/2) | =0. (1.20)
IV RN A

Next, we subtract the first row from the third row and divide the result by —v/3/2 to obtain

1 1 1
—qotan(qo/2) qtanh(q/2) ¢*tanh(q*/2) | =0. (1.21)
0 V3—i V3+i

Expanding this determinant yields

S [(\/3 + 1) qtanh(q/2)} + g0 tan(go/2) = 0. (1.22)

Exercise 1.4 Fill in the blanks in the derivations of Equations (1.18)), (1.21)) and (1.22).

Since g and qq are both functions of k£ and Ra, Equation ([1.22]) can be regarded as a condition of

the form
®(Ra, k) =0,

where ® is a function of two variables. This is the implicit equation of a curve in Ra — k space
— the neutral curve. Note that the neutral curve is independent of the Prandtl number. Thus, to
determine the onset of instability, the Prandtl number is irrelevant - only the wavenumber and the
Rayleigh number matter. The aim of the remainder of this section is to compute the neutral curve

numerically.

There are some missing steps in Equation (1.18d). Recall, this is the boundary condition (9? —
k*)2W = 0, where W = Ag cos(qoz) + A cosh(qz) + A* cosh(¢*z). Look at the cosine component
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first, and consider

(02 — k*)?cos(qoz) = (07 — 2k°02 + k*) cos(qoz),
(g5 + 2k°q* + k") cos(qoz), (note the sign),
= (g0 + k*)” cos(qo2),
[(k*1 — k?) + k*]? cos(qo2), as qo = k*(1 — 1),

= k*7%cos(qo2).

Similarly, consider the cosh component A cosh(gz):

(02 — k*)? cosh(qz) = (¢* — k?)* cosh(gz),
— [<k2 + Ik (1 + 1\/3)) — kﬂ cosh(qz),
= (kaTw)Q cosh(qz),

where w = (1 +1v/3)/2 and

From these calculations, it is obvious that
(02 — K*) W = (k°7)*Ag cos(qoz) + (K°T) [% (1\/5 — 1) Acosh(gz) + +c.c.|,

from which Equation ({1.18¢|) follows.
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We write a Matlab code to solve for the neutral curve. First, for a given k-value, the critical Rayleigh

number can be estimated as follows:

function Ra=my_rayleigh_benard0 (k, Ra_guess)

Ra=fzero (@myfun, Ra_guess);

function y=myfun(x)

tau=(x/k"4)"(1/3);
q0=kxsqrt (tau—1);

temp=sqrt(l+tauttau"2)+(1+(1/2)xtau);
ql=kxsqrt(temp/2);
temp=sqrt(l+tauttau”2) —(1+(1/2)xtau);
q2=kxsqrt (temp/2);

g=ql4+sqrt(—1)*q2;

y=imag( (sqrt(3)+sqrt(—1))xq*tanh(q/2) )+qO0xtan(q0/2);
end

end

rayleigh_benard /my_rayleigh_benard0.m

Next, for a range of k-values, the corresponding set of critical Rayleigh numbers can be found as

follows:

function [k_vec,Ra_vec]=my_rayleigh_benardl ()

k_vec=0.1:0.05:10;

Ra_vec=0xk_vec;

Ra=my _rayleigh_benard0(k_vec(1),100000);
Ra_vec(1)=Ra;

for i=2:length(k_vec)
Ra_guess=Ra_vec(i—1);
Ra=my _rayleigh_benard0(k_vec(i),Ra_guess);
Ra_vec(i)=Ra;

end

end

rayleigh_benard /my_rayleigh_benard1l.m

This code can be used to plot the neutral curve (Figure [1.6) for the even case.
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Figure 1.1: Neutral curve for the Rayleigh-Benard problem (even eigensolution)

In a similar way, the neutral curve for the odd mode is found from the root of the following equation:

sinh(gq;) — isin(g2)

cosh(q1) — cos(qz) (129

qo cot(go/2) = 3 [(\@ + i) q

Exercise 1.5 Starting with Equation (1.23)), write a Matlab function to construct the neutral
curve of the odd eigensolution. Then, plot the odd and even neutral curves on a single graph.
Show that the critical Rayleigh number for the onset of an even unstable eigenmode is less than
the corresponding critical Rayleigh number for the odd unstable eigenmode. Argue then that

the even eigenmodes are more unstable than the odd ones.

1.7 Convection patterns

We pass from two-dimensional to three-dimensional disturbances in the coodinates (z, vy, z), where
z is the wall-normal direction. It can be seen quite readily that the three-dimensional linearized

equations of motion read

[ %0 9%*0 A
EV w = +go (@ + 8_y2> + vViw, (1.24a)
9 _ wB + kY0 (1.24b)

ot
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where the differential operators are now in the appropriate three-dimensional form. Under a normal-

mode decomposition
w = ei(kzx+kyy)+ptw(z), 0 = ei(kszrkyyH’pt@(Z),

the eigenvalue equation derived previously still persists, only now the quantity k2 in the relevant
differential equation means k? = k2 + kz Thus, there was no loss of generality in our previous
focus on the two-dimensional case. Interestingly, the theory at this stage is by no means complete,
since at the onset of criticality (i.e. for parameters along the neutral curve) there are many ways in
which the critical wavenumber k2 can be resolved into its z- and y-components. Thus, the theory
so far does not tell us which pair (k,, k,) (with k:ngkz = k?) is selected. Indeed, any pair consistent
with this condition is possible and hence, a linear superposition of all such consistent pairs is the

general acceptable solution.

However, we can observe that a particular wavenumber choice corresponds to a periodic cell, repli-
cated throughout the xy-plane. Because the problem is translationally invariant in the xy-plane,
these cells should fill in the zy plane with no gaps. There is a loose analogy here with solid-state
physics: translational symmetry in a discrete crystal structure implies a lattice structure, which in
turn implies that the only possibility for the unit cell (in two dimensions) is a square, an equilateral
triangle, or a hexagon. Thus, only those wavenumber combinations that produce a square,
equilateral triangle or a hexagon as the periodic cell are allowed by the translational

symmetry of the problem. A real hexagonal convection cell is shwon in Figure [1.2]

The complete velocity field

The complete velocity field (u,v,w) can be backed out from these considerations, albeit in a re-

markably roundabout fashion. First, we note that
w = F(x,y)W(2),

where F'(x,y) is that combination of complex exponentials that gives the relevant periodic unit cell,
such that
(02 +02) F = —k°F.

Because of its ubiquity in the following, we call

o 0
VJ__ (%aa_yv())a
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Figure 1.2: A (mostly) hexagonal array of convection cells in real-life Rayleigh—Bénard convection,
from https://www.esrl.noaa.gov/psd/outreach/education/science/convection/RBCells.html,
visited 02/02/2017.

hence V2 F = —k?F. Next, we introduce the wall-normal component of the vorticity,
(=2 -w=0,v—0yu.

We have

¢ v J%u

% = 9 000y’ (1.25a)
2 2
2_2 _ ;x_gy _ g_y‘;, (1.25b)
In view of the incompressibility condition d,u + d,v + 0,w = 0, we also have
afgy - _giyg - %, (1.262)
2 2 2
8(1(;)34 B _% B (fx;)z (1.26b)
We combine Equations (1.25))—(1.26]) now to obtain
o v v Pw *w *w

= V2 S—
Vie Oy0z v oyoz’

or 02 o2 oyoe
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hence
1 (e i
YT R oydz Oz )’
Also,
K _ _Pu Pw Pu_ o Pw g, Pw
oy 0x?2  Oxdz  Oy? = Oy0z oyoz’
hence

u—i 82w+%
k2 \ 020z Oy

However, quite generally, we have the vortex stretching equation, which reads

0
a—‘:+u-Vw:w-Vu+1/V2w,
the linearization of which is 5
8_L: = Vi,
and projecting on to the z-direction gives
a¢
— = V(.
o ~ V¢

In normal-mode form, this gives

¢ = (02 — K*)C.

However, we are at criticality, with ¢ = 0, hence
(02 — k*)¢ =0, (=0o0nz=41/2,

the only solution of which is ( = 0. Hence, the wall-normal component of the vorticity vanishes in

this very particular case, and we are left with

1 Pw 1 Pw
YT Oyoz’ YT R o0z

Letting u, = (u,v), we have

1 0 (0w Ow 1
_ 9 (N gy, R
L k282<8$’8y) kQVVVL

But w = F(x,y)W(z), hence F' = w/W, hence

1w
u, = vaj_w.
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=
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Figure 1.3: Typical two-dimensional and three-dimensional convection cells are compared side-by
side. Schematic from Scholarpedia article on Rayleigh—Benard convection (accessed 07/01/2015).

Thus, if the gradient V| w vanishes, then so does u . We now use these results to investigate the
convection cells. We examine only two-dimensional rolls in depth here: the interested reader can
study Chandrasekhar's book for an in-depth treatment of the three-dimensional structures: rect-
angular, triangular and hexagonal cells. Typical two-dimensional and three-dimensional convection
cells are compared side-by side in Figure |[1.3]

Convection rolls

Remark 3 This part was done only very briefly in class.

The simplest convection pattern is the roll, wherein k, = 0, and the problem reverts to a two-
dimensional one. Let the critical wavenumber be k. Then , the size of the convection cell is

L =27/k. The velocity profile is
w = W(z) cos(kz), k=2m/L

where W (z) is the eigenfunction corresponding to the eigenvalue 0 = 0. The corresponding com-

ponents of the velocity parallel to the wall are
1., .
u= _EW sin(kx), v=0.
It is clear that an appropriate streamfunction for the flow is

1
(S _EW sin(kz),
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Figure 1.4: Two-dimensional convection roll in Rayleigh—Bénard convection (at criticality)

with v = 0,1 and w = —30,1. The streamlines can be plotted as isosurfaces of the streamfunc-
tion. For the WW-component of the streamfunction, | use the approximation W ~ 22 — 223 + 2%,
which satisfies the symmetry condition (even function) and boundary conditions but is otherwise an
approximation of the true eigenfunction. The result of the plot is shown in Figure 1.4, The main
feature here is two counter-rotating vortices in the cell that act to redistribute the temperature.

This is the essential signature of Rayleigh—Bénard convection.

1.8 Beyond linear theory — the Nusselt Number

Beyond linear theory, the exponential growth of the convection rolls will either saturate (leading
to steady, laminar flow) or themselves become unstable — in which case a pattern of turbulent
convection ensues. The eventual outcome of these processes depends on the Rayleigh number —
the higher the Rayleigh number the less laminar the flow eventually is. In both cases, the vertical
velocity represents a highly efficient means of transporting heat from bottom to top — over and
above the heat transfer that can be achieved by diffusion alone. The enhancement is characterized

by the Nusselt number:
<fod (wT - Hg_f) dz)
K<Thot — Tcold) ’

where the angle brackets denote a space-time average (i.e. averaging over both time and the z-

Nu = (1.27)

and y-directions), w(x,y, z,t) is the instantaneous fluid velocity in the vertical (z-direction), and
T(z,y,z,t) is the corresponding instantaneous temperature field. Because these fields arise as
solutions to the full (nonlinear) Navier—Stokes equations, there is no simple way to derive a closed

form for the Nusselt number. However, some accepted correlations exist, which have been derived
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rigorously from decades of experiments and also, direct numerical simulations:

0.54Ra'/*, 10° <Ra <107, Pr>0.7,
Nu = (1.28)
0.15Ra'/?, 107 < Ra < 101, all Pr

The second of these correlations is the ‘classical’ Rayleigh—Bénard scaling, which applies when the
convection rolls are fully turbulent. The scaling regime beyond Ra = 10'! is the subject of current
research [AGLQ9].



Chapter 2

Rayleigh—Taylor Instability

2.1 Overview

The idea behind the Rayleigh—Taylor instability is to take two distinct incompressible fluids separated
by a flat interface, such that the heavier fluid sits on top of the lighter one. This is obviously an
unstable situation: we introduce the theory that proves this. This is an important example not only
for the practical applications (some of which are nefarious) but because it is the simplest possible
example of a two-phase flow instability, the stability theory for which admits exact analytical
solutions. In this chapter we will give an account not only of the inviscid theory (wherein those
analytical solutions apply), but the viscous case also. The viscous case gives a nice introduction to

numerical spectral methods for the solution of eigenvalue problems in two-phase flows.

2.2 Stability analysis — Inviscid case

A schematic description of the physical problem is shown in Figure[2.1] The fluid domain is (z,y) €

R?, and the base-state location of the interface is at z = 0. The density profile is

pL, = > 07
plx,y) =
pa, =< 07

where pg and pp are both constant and ps < pr. Thus, it is as though the domain is taken up by
two distinct fluids (or phases). Both phases are however assumed for the time being to be invsicid,
with ; = 0 and ¢ = L, G. The base-state corresponds to a situation with no flow, such that u; = 0,

again with i = L. G.

Interestingly, the equilibrium pressure field F is non-trivial. The z-momentum equation in the base

25
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r _
B} =0
PL
U=0
x
Po Flat interface at z=0

Figure 2.1: Schematic description of the base state of the Rayleigh—Taylor instability

state reads

0=————nig,

dz
hence

ir,
dZ - ng7

where g > 0 is the acceleration due to gravity. We integrate this equation in the bottom layer
(i = G):
Poa(z) — Ca = —pagz,

hence Pyg(z) = Cg — pagz. Similarly, in the top layer, we obtain Py (z) = CL — prgz, and the
two constants of integration must coincide so that the pressure is continuous. Thus, upon setting

the (irrelevant) constant to zero, we obtain

—pLgz, z> 07
P(z,y) =
—pcgz, z< 07

Introduction of small-amplitude perturbations

A tiny sinuousoidal perturbation is introduced on the interface separating the phases such that the

configuration of the fluid density changes:

pr, z>n(z,y,t),
plz,y) =
PaG, Z<77(x7yat)'
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This change induces corresponding changes in the velocity and pressure fields, to be determined now

by the relevant linearized (Euler) equations of motion:

0

1
[ u; = = 5 (3] ‘:LaGa
825u in D 1

where the perturbation velocities u,; satisfy the incompressibility condition
The linearized Euler equation demonstrates conservation of vorticity:

0
We assume a two-dimensional disturbance in the xz plane and project this conservation equation

on to the y-direction to obtain

0
pra

The incompressibility condition reads (correspondingly)

dyw — u) = 0.

Thus, we introduce a streamfunction v, such that © = 0. and w = —0d,%. The conservation of
vorticity equation now reads 3
02 0*);) =
9 (ot~ 20) =
or
—V2¢z = O

hence V?v; = Const. But the initial configuration corresponds to no flow and no vorticity, hence
Vi, = 0.
We make a normal-mode decomposition 1 = e***7!J(2), hence
(02 — k) ¥; =0,

with solution
\Iji = Aie_k‘zl

(the other solutions are thrown away because they correspond to unbounded disturbances as |z| —

00).
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It now remains to match the streamfunction across the interface. This is where the two-phase flow

aspect of the problem enters: physical jump conditions need to be prescribed at the interface
z=1.
Jump conditions

We demand continuity of velocity at the interface z = 7. In particular, w; = —ike** o'W, (2) is

continuous across the interface:

wL(l’,Z:n) = wG($7Z:77)7
\IJL(ZZU) = ‘IJG(Z:n>7
8\IJL 8\IJG
\IJL(O)—FW‘OT]‘F”' = \I/G(())—i_ Oz ‘On—i_”.

Linearized on to the surface z = 0, this continuity condition reads
U (0) = Ug(0).

Since U; = A,e *2l it follows that A, = Ag = A.

The other condition is the dynamic Laplace—Young condition, which says that the jump in the
normal stress across the interface must be balanced by the surface-tension force. However, the

normal stress is just — P, where P is the total pressure, P = Py + dp. In other words, we have
PL(wa:T}) _PG<:U72 :77) = TR,

where ~ is the surface tension and « is the (mean) curvature of the interface. We now work out

each of these contributions:
e Interfacial pressure in the upper layer: We have

Pr(x,z=mn) = Pz =mn)+dpr(z,z=n),

= Por(0) + 7 |077 + opr(z,z =0) + [825]0] n+---,

= —prgn+dpr(x,z =0),

where we have linearized again on to the surface z = 0.

e Interfacial pressure in the upper layer: This is similar to the upper layer, and we have

Po(z,z=n) = —pagn + opa(z, z = 0),
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e Mean curvature: By a standard formula, we have

77$IE
T+ )y

Applying the linearization and the normal-mode decomposition, this is

k= —k%n.

Hence, the jump condition on the pressure now reads

[—prgn + 0pr(z, z = 0)] — [—pagn + dpa(z,z = 0)] = —7k™n.

This is re-arranged as

6pr — 0pa = (pr — pa)gn — YE*n.

It remains to connect the pressure to the streamfunction and hence to write down an eigenvalue

problem.

The eigenvalue problem

We return to the perturbation equation for the u-velocity:

ot p;Ox

Going over to the normal-mode and streamfunction representations, this equation can be written as
1.
00, = ——1kop;,
Pi

where ¢ = e**+7'¥(2) is the total streamfunction. Hence,

1

op; = Eipiaaz?/f;

and the jump condition on the pressure can now be rewritten as
1. 9
710 (pL0:41 = pe0:v) = (pr = p)gn — vk,
We use again the fact that U, = Ae " and Uy = Ae*? to rewrite this further as

—io(pr + pa)Ae™ 7 = (p, — pa)gn — vk, (2.1)
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ikx+ot

Let n = npe , where 7 is a complex number. Hence, Equation (2.1) becomes

—io(pr + pc)¥(0) = (pr. — pc)gno — vk,

Some further work is needed to express 7 in terms of the streamfunction. We use kinematic

condition, which says that fluid particles on the interface follow the motion of the interface itself:

on ~ on

w,

or, in a linearized version,

o _
ot

and finally, in the normal-mode and streamfunction representation,

w,

ony = —ik¥(0),
hence 1y = —ikW(0)/o. Thus, the jump condition can be re-expressed as

—io(pr + pa)¥(0) = [(pr — pa)g — k*7] [-ikP(0)/0] .

Tidying up, the result is

pL + pPa oL+ pc’

P —pc k?
o= gk — .
pL + pa pL + pa

The quantity (pr — pc)/(prL — pc) > 0 is called the Atwood number:

_ k3
UQZPL PG e 7

and finally,

At:u;
pL + pa

the relationship between the growth rate ¢ and the wavenumber £ is called the dispersion relation:

(k) = \/Atgk; L (2.2)

oL+ pa

Implications

When ~ = 0 the surface tension vanishes, and the dispersion relation reads

o(k) =/ Atgk.
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5
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4r | =——Im(o)
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2 I Longwave instability
1 | Shortwave stable _
capillary waves

0% '

0 1 2 3

Figure 2.2: Sample dispersion relation showing the bifurcation from shortwave neutral capillary waves
to longwave unstable gravitational disturbances. Model parameters: At = g = ~v/(pr + pg) = 1.

In this case, the growth rate o is purely real and positive, and waves of arbitrary wavelength
are unstable. In contrast, for v # 0, there is a critical wavenumber ky, where the radicand in

Equation ([2.2)) changes sign:

Y 2
Atg = —k;,
PL + pa 0
such that
_ ok
Atgk P k < ko,

’ 4,4 /ﬁ — Atgk, k> ko,

where the long-wave (k < kg) case corresponds to pure unstable motion and the short-wave case
corresponds to neutral travelling capillary travelling waves. Thus, surface tension stabilizes short-
wave disturbances. A sample dispersion relation showing this bifurcation in the nature of the

eigensolutions is shown in Figure 2.2

2.3 Viscous case

The base state is unchanged. The first main change is in the linearized equation of motion:

0

1 i :
—u; = ——Vip; + 'LLVQui, i =1L,G,
ot Pi Pi

which now contains a viscous term. As before, we take the curl on both sides to eliminate the

pressure: 5
W = & v2""’1' )
ot pi
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and we project on to the y-direction to obtain

9 _ Hige
5 (Oyw — O,u) = > Ve (O,w — 0,u) .

As before, we introduce the streamfunction and the equation of motion reduces to

0 2, Higs
atvw_pivw.

A normal-mode decomposition is made, such that ¢ = e***9U(z), and the relevant eigenvalue

equation now reads

o (02— k)W, = PPL_ (0% — k)" v,

It is clear that the boundary conditions are
U, =W, =0, as |z| — o.

However, we now have a fourth-order equation to match across the interface at z = 0, which requires
four matching conditioins (previously we had two matching conditions for a second-order equation).

This requires more physics.

Matching Conditions

As before, we impose continuity of velocity. Continuity of the w-component of velocity gives
U (0) = Wqs(0).

We also have continuity of the u-component of velocity, where u = 0,1, and where ) = e**+o ()

is the full streamfunction. We have

UL(%ZZH) = UG(l’azzﬁ)7
= ur(z,z2=0) = wug(r,z=0),

- azqu)L(va:O) = 62¢G(x7220)7

hence
0.Vp(z=0)=0.Vs(z =0).

Thus, both ¥ and its first derivative are continuous across the interface.

The next condition relevant for viscous flow is the continuity of tangential stress across the
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interface. Recall, the stress tensor associated with the Navier—Stokes equations is
T:—pI+,u(Vu+VuT),

and the tangential stress is
n-T-

[ Y

where

A 177796

it

is the unit tangent vector to the interface and

(_nxa 1)

W ~ (=N, 1)

n =

is the unit normal vector.

Now 72 -1-f=mn-£ =0, so the tangential stress is

2 ou; 8u
pn - (Vu+Va') -t = pan( : j)t

0x;
1,j=1
= o R A
- Ak (9(]31 8301 . 8.1'2 8.1'1

ot % (9u1 4 et (‘3u2 (9u2
Mgty o 8952 Mgl 82 8962

The only term that survives the linearization is proportional to nyt1, hence the tangential stress is

ngty (212 Q) _ ), (Ow  Ou
e ory  Oxs ~ M\ oz Tz )
which in streamfunction form is
(02 + k*) 4.
Hence,
L (az + k’2) UV =l (83 + ]{Z2) V.

The final condition relevant for viscous flow is the familiar jump condition for tangential stress
across the interface. The normal stress is i - T - n, and the jump in the normal stress is balanced

by the surface-tension force:

n-T-Alg = —k.
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We now work out the linearized normal stress. Note that
n-(pl)-n=pn-n=np.

Also, each term in the sum

ou;  Ou;
'ﬁ,.(V'u,—l—Vu n—Znnj(% 8?;])
] i

i,j=1

is proportional to n;n;. The only contribution to survive in a linearization is i = 2 and j = 2 (with

n3 =1)

A (Vu+ V) - n =220
(92

Thus, the linearized normal stress in the i*" phase is

ow;
0z

—pi + 244

Thus, the final matching condition at the interface reads

15, 15,
—pr + 2uL—wL — | —=pc + 2uc—wG = vk*n.
0z 0z

Re-arranging and using the by-now familiar streamfunction representation gives

(—=p1) — (=pc) — ik (2upd.01, — 2ucd.pa) = vE*n.

Now, the computation of the jump in pressures is the same as before, so we are left with the

matching condition

9(pL — pc)n+ (—=0pr + 0pa),_o — ik (2urd.0r — 2pc0:be) = vkn,
or
(=0pL + 6pc) o — ik 2urd.9r — 2uc0.06) = —g (pr. — pe)n + vk*n.

It now remains to work out the pressure perturbation for the viscous fluid. We start with the

u-component of the velocity equation:

5 + Ml vZ
Pi

—U; = —

9 10
pi O

which in streamfunction-normal-mode form reads

00,y = —§5pi + 'Lﬁ(f)f — k*)0.1).

)
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Hence,
and finally, ' .
—%Pz‘aﬁz%‘ + %Mz‘afl/}z‘ — k0.9 = —op;.
We assemble the results:
(—=0pr + 0pa) — 2ik (up 0.0 — pad-Ya)
1 1 1 1
= (—EPLU@ZUL + ENLaS@ZJL - ikﬂLaz@DL) - (_EPG062¢G + Eucaf% - ikﬂGasz)
— 2ik (pp0¢r — pa0:0a)

= (—ipmaz@h + %Mﬁf% - 3ikML9z¢L> — (—%PGU@@/}G + %Mcafwa — 311{?MG8Z¢G>

which is all equal to —(pz, — pa)n + vk*n:

o <_%pLaz¢L + %Pcaziﬁe) + {(%NL&;@Z}L - 3ikMLaz¢L) - <%MG‘3§¢G - SikMGaﬂﬁ)}
= —g(pL — pa)n + vk*n

Multiply up by —k/i for the final result:

o (pL0:vr — pe0:bc) + [(Bk* 0.4 — prd2vr) — (3K ped. v — padve))
= —ik [(pr — pa) =7k 0. (2.3)

Now, if we used the kinematic condition here to write n = —ik1(0)/c, we would end up with ¢ in
the matching condition. This is not advisable: we want a linear eigenvalue problem in the variable
0. Therefore, we leave Equation as-is, and include 7 as an extra variable. Let us assemble the
results here. We have the following ordinary differential equations in the eigenvalue o valid in the

bulk parts of the domain:

opr, (az — ]{32) v, = U (83 — k2>2 \I/L, z > 0, (243)
opG (ag — /ﬂQ) Vo = ji%e] (83 — k2)2 \Ifg, z < 0. (2.4b)
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The following matching conditions apply at z = 0:

VL(0) = Ye(0), (2.4¢)
0.V,(0) = 0.¥c(0), (2.4d)
p (2 +k) 0 = pe (92 +K°) Vg, (2.4e)

oprd.Vy + pr (3k20.V, — purd2V;r) = 0pc0. Ve + pe (3k%0. Ve — 02V )
—ik [g(pL — pa)k — vK* | mo.  (2.4f)

Here, again, n = nye***°! and 1, is the phase, determined by the kinematic condition
ony = —ikW(0). (2.4g)
Finally, the following boundary conditions apply:
Y, 0,9 — 0 as z — oo, Ve, 0.0g — 0 as z — —oo. (2.4h)

These are the equations we now solve. Although it is possible to solve these equations semi-
analytically, it is in fact more revealing (and easier) to solve them numerically. We introduce a

convenient numerical method in the next chapter — numerical spectral methods.

Exercise 2.1 Rayleigh—Taylor instability in a porous medium: Consider the stability of
a basic flow in which two incompressible fluids move with a horizontal interface and uniform
vertical velocity in a uniform porous medium. You are given that motion of a fluid in a porous
medium is governed by Darcy’s Law, namely that u = V¢, where ¢ = —k(p+ gpz)/u, p is the
density and . the dynamic viscosity of the fluid, and k is the permeability of the medium to the
fluid.

Let the lower fluid have density p, and viscosity 11 and the upper fluid ps and ps; let the medium
have permeability ki to the lower and ks to the upper fluid, and let the basic velocity be W z.
Then show that the flow is stable if and only if

M1 M2
B2 — ) >0,
(/ﬁ k2) +g(p1 — p2) >

Hints: Decompose the velocity potential in each phase as ¢; + 0¢;, where ¢; is the base-state

contribution. Use (and prove) the following intermediate steps if necessary:

o V3¢, = V20¢; = 0 in the interior of each fluid domain.
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o Write §¢; = Mt ®,, hence (0? — a?)®; = 0.
e Continuity of normal velocity across the perturbed interface at z = n(x,t) = nye’tioe

implies ®; = Ae** and &, = —Ae™**. Also, obtain the kinematic condition A\ny = Aa.

e Continuity of pressure across the perturbed interface implies that

opr Ops M1 2
ST = s — P26,
( 0z 0z ) m ]{31 (bl ]{32 ¢2

Exercise 2.2 Rayleigh—Taylor stability of superposed fluids confined in a vertical cylin-
der: Consider an inviscid incompressible fluid of density p, at rest beneath a similar fluid of
density po, the fluids being confined by a long vertical rigid cylinder with equation r = a and
there being surface tension ~y at the interface with equation z = 0. Here cylindrical polar co-
ordinates (r,0, z) are used and Oz is the upward vertical. Then show, much as in the analysis
throughout this chapter, that small irrotational disturbances of the state of rest may be found

in terms of the normal modes of the form
¢ = cosnf.J,, (kr)e HA+A

where ¢ is the velocity potential of the disturbance, n = 0,1,2,---, and where

\2_ 92 = p)k =k
p1+ p2

Here, the wavenumber k is determined by the condition that ka equals the m'™ positive zero
Jn.m Of the derivative J of the Bessel function for m = 1,2,---. Deduce that there is stability
if

a*g(p2 = p1) < i1




Chapter 3

Spectral methods in fluid dynamics

3.1 Overview

We introduce numerical spectral methods in the context of a simple two-point boundary-value
problem. We then extend the method to the problem of determining the eigenvalues of the viscous

Rayleigh—Taylor problem. The following books might help in understanding this last chapter:

e Chebyshev and Fourier spectral methods, J. P. Boyd, Dover Publications (2000). Boyd himself

has put a copy of this on his website and is therefore available for free in pdf form [Boy01].

e Spectral methods in Matlab, L. N. Trefethen, SIAM Publications (2001) [TTTD93].

3.2 A simpler problem

Consider the equation

d2
d_yJ; =\, yel-L/2,L/2], (3.1)

which is to be solved with vanishing boundary conditions
f(=L/2) = f(L/2) =0.
This is an eigenvalue problem in the eigenvalue A\. However, we already know the solution: it is

f(y):fn(y):Sin(\//\_ny)a )\n:?n , n=12---

or

Fy) = fuly) = cos(v/Any), AH:F(nJr%) : n=01,
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where the apparently free parameter \ is now forced to take discrete values, A = \,,.

We are now going to ‘shoot a pigeon with a cannon’, and solve this problem numerically. We are

going to expand the solution in terms of a set of basis functions,

[ =Y e, o=y

where {T,,(2)}5°, are a complete set of basis functions on the interval [—1, 1] called the Chebyshev
polynomials:

T, (z) = cos(n arccos(x)).

Although this does not really look like a polynomial in z, it is!. The first few are shown here:

To(z) = 1,

Ti(z) = z,

Ty(z) = 22° —1,

Ts(z) = 4a® — 3u,
Ty(z) = 8z*—8x* +1.

For more information on the properties of these functions, you may, in this instance, check out the

Wikipedia article. | can personally vouch for this article since | have contributed to it myself!

Just as

L onm onm o
in | —— =
.S 7T cos (@ .

are a good set of basis functions for periodic functions on an interval [—L/2, L/2], so too are
the Chebyshev polynomials for arbitrary functions on the same interval. Thus, we in expanding
the solution in terms of these exotic functions, instead of familiar sines and cosines, we are taking
into account the fact that the solution is not necessarily periodic. Of course, we must truncate the

expansion in a numerical framework, so we work with the approximate solution

There are N+1 undetermined coefficients and two boundary conditions. That leaves N—1 conditions

to obtain. We therefore evaluate the ODE at N — 1 interior points to give N + 1 constraints on
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the coefficients:

fN(_L/Q) = 07

d2

d;? = Mo,
d2

dgjzv YN—1 = ~Mulyw-),

In(+L/2) =0,

or

N

> a,Th(-1) = 0,
n=0

N 5 N
Zan (Z) T/ () = —)\ZanTn(asl),

n=0

N 9 | N
Zan (Z) l’N 1 - _AzanTn(xN—l>7

n=0
N
> a,Tu(+1) = 0.

n=0
The interior points are NOT arbitrary: we evaluate at the N — 1 points

™

m m
) P -1 = EVS R 2_>7"'7 (N_l_)a
o1 2 N COS(N) COS( N cos {( N

these are the collocation points.

But now we have a generalised eigenvalue problem:

La = AMa,
where
To(-1) o Tw(-1)
(2/L)*Ty(w1) -+ (2/L)*Tx(71)
L= : : ;
(2/L)*Ty(wn-1) -+ (2/L)*Tx(zN-1)

To(+1) e Tn(+1)
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0 0
T()(i[}l) cee TN(l’l)
M= — ) ) ’
To(l"N—l) TN(JSN—l)
0 0
and
a = (agp,--- ,an)T.

This is a standard problem, and can be solved using a numerical package, such as ‘eig’ in Matlab.

e Typing
d=eig(L,M);

in Matlab yields the first N + 1 eigenvalues.

e We must then check that the eigenvalues are real (a check for bugs in the code):
plot(imag(d),’o’)

e Having done that, we sort the eigenvalues in increasing order:
d=sort(d);

e Then, we plot the results.
plot(d,’0’)

e Typically, the solver yields an accurate answer only for the first few eigenvalues. Suppose
we want to find the first two eigenvalues accurately. We fix N and compute the first two
eigenvalues. We then increase N and compute the eigenvalues again. We continue increasing
N until the first two eigenvalues do not change upon varying N. The solver is then said to

have converged.

Happily, these solvers such as ‘eig’ tell us the eigenvectors as well as the eigenvalues. Typing
[V,D]=eig(L,M);

gives two (N +1) x (N +1) matrices. The matrix D is diagonal and corresponds to the eigenvalues,
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30

20

10

n

Figure 3.1: The spectrum of the problem f”(y) = —Af(y): comparison between numerical method
and theory. Here N =100 and L = 2.

for i=1:(N+1)
d(i)=D(i,1);

end

while the matrix V' corresponds to the eigenvectors. Suppose we want to find the leading eigenvector.

We would pick out the leading eigenvalue:

[maxd, imax]=max(d) ;

(do NOT sort them!). The corresponding eigenvector is
a=V(:,imax),

i.e. the imax'™ column of the matrix V. Finally then, our guess for the leading vector is

nw) =Y alue), o=y
n=0

The results of implementing this algorithm, with N = 100, are shown in Fig. 3.1 The first ten
numerically-generated modes are shown in the figure (dots), along with the analytical modes: red
lines for A = (n + 1/2)2, and black lines for A = n? (Here L = 27). The two calculations agree
exactly. | have also picked out the first two modes and computed the corresponding eigenfunctions
(Fig.[3:2)). These eigenfunctions are 1) = cos(y/2) (lowest), and ¢ = sin(y) (second lowest). Again,
the exact calculation and the numerical calculation agree very well. In the next section, we answer
the question, ‘how well?" First, the Matlab codes used to generate the numerical solution in this

section are referenced here:
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—— Chebyshev
 f(y)=cos(y/2)

0.5

0%

fily)

-0.5 -
= Chebyshev
o fily)=sin(y)

2

|
[
=
[
s
|
.l
-
o

(a) (b)
Figure 3.2: The first two eigenfunctions of the problem f”(y) = —Af(y). Here N = 100 and
L = 2.

e Calculation of eigenvalues: simple.m

e Calculation of eigenfunctions: make _eigenfunction_simple

Exercise 3.1

1. Solve the eigenvalue problem (3.1)) analytically, this time with the Neuman boundary

conditions

f'(=L/2) = f'(L/2) = 0.

2. Modify the Matlab codes above to solve the eigenvalue problem above in (1) numerically.

Compare the analytical and numerical results, both for the eigenfunctions and eigenvalues.

3.3 Exponential convergence

In this section we examine some numerical issues surrounding the Chebyshev collocation method.
So far we have been quite casual in our use of nomenclature. For definiteness, we work on the

interval [—1,1]. We start with the operator problem

Lf=IMF,
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and construct the approximate solution
N
Fo) = fvy) =D a.Tu(z),  ze[-11].
n=0

Until now, we have called this a truncation, although really it is an interpolation. Let's see why

the latter label is more appropriate.

First, recall the following result, due to Lagrange:

Theorem 3.1 Let f(x) be some function whose value is known at the discete points xo, T, - , TN.

Then there exist polynomials Cy(x), Cy(x),- - ,Cn(x) such that the function

N

Py(z) =) f(w:)Ci(w)
agrees with f(z) at the points xg, 1, ,xN:

PN(l'l):f(SCZ>, ZIO,L,N

Proof: Take v
T —x
C; = J
(x) .71_‘.[ T T
Jj=0,j#1
Noting that
Ci(xr) = Oi,

the result follows. This result establishes the existence of interpolating polynomials, but does not
tell us which ones are best. It turns out that the Chebyshev polynomials are among the better

polynomials, and that the non-uniform Chebyshev grid is best. In what follows, we explain why.

For illustration purposes, consider the problem L£f = AM f where boundary conditions are not

important. We pose the interpolation approximation
N-1
fu(@) = 3boTo(z) + ) baTo(x) + 2oxT(x)
n=1

We impose the condition that fy(x) and f(x) agree exactly at the points g, z1,--- ,xy. We do

not know the value of f(z), but we do know the differential equation it solves. Thus, we have
Lfn(zr) = AM fn(xy), k=0,1,---N.

Then the following theorem holds:
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Theorem 3.2 Let the interpolation grid be given by
xy = cos(km/N), k=0,1,---N.
Let fx(x) be the interpolating polynomial of degree N which interpolates to f(x) on this grid:

N-1
In(@) = 3beTo(z) + Z bn T () + 508 TN (2),
n=1

fn(zr) = f(xn)

Finally, let {cv,}, be the coefficients of the exact expansion of f(x) in Chebyshev polynomials:

f(],‘) = EOéoT(](JZ) + Z OénTn<x>
Then,
b, = % sf(@o)Tn(zo) + Y flaw)Ta(zy) + 2 f(an)Th(zn) |
k=0

which leads to the following bound:

(@) = fv@)] <2 ) Jaal.

n=N-+1

The proof of this theorem is straightforward but the reader is referred to Boyd [BoyOI] for the

details. We focus instead on the following corollary.

Theorem 3.3 If the problem Lf = AMf is analytic, then the convergence of the interpolation

approximation in Theorem is exponential.

Proof: If there are no singularities in the problem Lf = AMf, then a power-series solution is

possible, with finite radius of convergence. Continuing the power series into the complex plane gives

a solution that has derivatives of all order. Thus, we may assume that
[fP(@)] < M,,

where the bound is independent of x € [—1,1].

Next, we note that a Chebyshev series is but a Fourier series in disguise! For, let § = arccos(x).

Then,
flz) = %040 + Z a, T, () = %ao + Z o, cos(nb).
n=1

n=1
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Differentiating both sides p times with respect to 6 gives

o0 &
;a nP’R (ipeme) = d_Qf
But note:
df dx df . df
@~ e ™
Ci—ef = sin? 9% — cos 9%,

and so on, implying that |d? f/dO?| < ]\Ajp, where the bound is independent of 6 or x. Hence,

< M,,

(o, ¢]
Z a,nPR (ipeine)
n=0

and this is a convergent series. It follows that the general term tends to zero:

lim |a,|n? = 0.
n—oo

At worst,

la,| < A’e‘V,”B, n — oo,

for some positive parameters A’, 7/, and § that are independent of n. Consider log |a,|/n asn — oo;
this is
log |an|/n ~ —yn®~!, with R = lim log |ay,|/n.
n—oo

Three possibilities emerge:

1. R = oo, corresponding to 6 > 1 and supergeometric behaviour. This implies that the true

analytic eigensolution is an entire function in the complex plane (analytic continuation);

2. R = Const, corresponding to § = 1 and geometric behaviour. This implies that the true
analytic eigensolution that is a meromorphic in the complex plane got by analytically continuing
the real solution, or has branch cuts, where these singularties are far from the (real) interval

of interest.

3. R =0, corresponding to subgeometric behaviour.

In any case, given the assumed regularity of the ODE to be solved, only cases 1 and 2 pertain, and
thus, in a worst-case sceario, we have the geometric case, so we can conclude that for the problems
of interest,

la,| < Ae™ ™, n — 0o,
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for some further positive parameters A and  that are independent of n. Hence, there exists Ny € N
such that
|| < Ae™ ™, for all n > Nj.

Returning to the bound in the Theorem 3.2 we have

@) = fro(@)] <20 ) Jaal,

n=Np+1
o0
< 24 Z e ",
n=No+1
(o)
< QA.gfw(NoJrl)Zef'W‘7
r=0
< Be o

The error is thus proportional to e~ and we therefore say that the Chebyshev collocation method
converges exponentially. Typically, this result generalizes to situations where the boundary con-

ditions are built in to the interpolation coefficients.

3.4 The Rayleigh—Taylor instability revisited

| have implemented a numerical spectral method for the computation of the eigenvalues of the
Rayleigh—Taylor instability. The eigenvalue problem is solved in a finite domain z € [—H, H]. In
numerical methods, it is convenient to nondimesnionalize the problem. The curious thing about the
Rayleigh—Taylor problem is that there is no natural unit of length, and even in the finite domain, using
the scale H as the standard lengthscale is problematic. Thus, we introduce an arbitrary lengthscale
ho and non-dimesnionalize with respect to that, as well as the typical velocity scale Uy = +/ghy.
Densities and viscosities are scaled relative to the bottom-layer density and viscosity — pg and ug

respectively. The non-dimensional problem to solve reads

orp (2= W)Wy = TE(@ =) T, e (Om), (3.2a)
org (02— 1) Uy = %(aﬁ-z&)?\pc, 2 € (~vg, 0). (3.2b)
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The following matching conditions apply at z = 0:

U (0) = ¥el(0), (3.2¢)
0.W,(0) = 0.06(0), (3.2d)
mp, (02 + k) U, = me (82 + k%) g, (3.2¢)
om0y + L (30,0, = 000L) = orad. Vg + 2 (3k20. ¥ — 0 )

—ik [(ry — re)k — SK*] no. (3.2f)
Here, n = noe!®** ! and 1 is the phase, determined by the kinematic condition
ony = —ikW(0). (3.2g)
Finally, the following boundary conditions apply:
Y, 0,0 — 0 as z — 00, Vg, 0,0g — 0 as z — —o0. (3.2h)

The dimensionless quantities are defined here as follows. First, we have v, = v = H/hy € (0,00),

which are variable parameters. For the densities, we have
rL=pr/pc € [1,00),  re=pc/pc =1,
For the viscosity parameters, we have
my, = pr/pe € [0,00),  me = pe/pe =1,

The Reynolds number is Re = Uphopc/jiq, also variable. Finally, S = /(pghUg2) is a dimensionless

surface-tension parameter.

It is not necessary for the students to write a code to solve the RTI eigenvalue problem (I have done

that already). Instead, you can take the codes

e OS_rti.m

e call OS_rti.m

and study them yourself. In particular, carry out the following exercise:

Exercise 3.2 Take the RTI eigenvalue solver. Take Re = 1000 and m; = mg = 1. Choose

further appropriate values for the other parameters. Show in this parameter regime of large
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Figure 3.3: Comparison between the inviscid theory and the numerical method

Reynolds number that the numerical results agree very closely with the earlier inviscid analysis.

Justify this finding.

Example: With Re = 1000, m;, = mg = 1, vy, = vg = 2, N, = Ng = 100 and § = 0 the
results in Figure [3.3] were obtained. Excellent agreement is obtained. The small discrepancies at
long wavelengths (small ) have been investigated by an M.Sc. student and are found to arise due

to the confinement of the numerical domain.



Chapter 4

Stability of viscous parallel flow

Overview

We introduce the Orr—-Sommerfeld equation for the stability of parallel flow. We demonstrate
one particular instance where exact solutions for the eigenvalue problem are obtainable. We then
pass over to numerical spectral methods to calculate the critical Reynolds number for the onset of

instability in Poiseuille channel flow.

4.1 Parallel flow

We consider the Navier—Stokes equations for a wall-bounded flow, such that z € [0, H], and such
that the velocity vanishes at z = 0 and z = H (no-slip). Suppose that the flow is characterized by

a typical velocity V. The Navier—Stokes equations then non-dimensionalize in a standard fashion:

0 1
8—1;+u-Vu:—Vp+§V2u, V-u=0, (4.1a)
where u and p have their usual meanings and
H
Re— VP (4.1b)
]

is the (dimensionless) Reynolds number. Here, p and p are the fluid density and viscosity respectively.

We henceforth work with these non-dimensional equations of motion.

Consider now a parallel flow Uy(z) shown schematically in Figure [4.1] The origin of such a flow
profile will be discussed in later sections in this chapter. For now, it suffices to notice that a flow u =
(Uo(2),0,0) is an equilibrium solution of the Navier—Stokes equation (4.1al). A small perturbation

50
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Y M M M, e, e M, e M, e e, Y M, My
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SRRy o SRR, SRR, SRRy

around this base state is now introduced (it suffices to consider two-dimensional perturbations in

the first instance), such that the following perturbed velocity field is considered:
u= (Up(z) +u(z,2,t),0,w (z,2,1))

This functional form for the velocity is substituted into the Navier-Stokes equations and the equa-

tions are linearized. One obtains

ou’ ou’ ,dUy 0

- - --v - _ 7 12 7
T + Uy e +w - ax5p+Re AVAITE (4.2a)
ow' ow’ 0
5;) + Uy al; = —gép—i—Re_lVQw', (4.2b)
o' ou'

We carry out our favourite trick by taking 0, (4.2a))—0..(4.2b]). We obtain

(93:+ 0z

1 / 2
; AU (au 8w> T _ Re 192 (0. — O

v o / I ’ “~o _
g (0 u" — Opw") 4+ Up (Optt’ — Ogzw’) 7 W
The term (dUy/dz) (0,u' + 0,w") obviously drops out because of incompressibility. To make further

progress, we introduce the streamfunction ¢ (x, z, t), such that v’ = 9,1 and v’ = —9,%, leaving

o o, WU,
(§+anm)v¢_%d22 = Re V@/)

As in previous work on stability theory, we now make a normal-mode decomposition ¥ (z, z,t) =

eMTike g (7). One obtains
(A + ikUp) (8% — k?) W — ikUy W = Re™" (92 — k2)° 0.

It is standard to write A = —ikc, where c is a wave speed. Thus, we obtain the following equation:

2

ik [(Uy —¢) (82 = K*) W — W] = Re™" (82 — k%)° 0. (4.3)
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Equation (4.3)) is the celebrated Orr—Sommerfeld equation. When supplemented with the no-slip
boundary conditions
U(0) =9'(0) =v(1) =¥'(1)

it is an eigenvalue problem in the eigenvalue c.

4.2 Couette flow

Consider again the two parallel plates in Figure [4.1] Suppose that the upper plate moves at a
constant velocity V. We work out the base state of the Navier-Stokes equations in this instance:
simply

Viu =0,

with u = (U,0,0) for a parallel flow, hence d*U,/dz* = 0, hence Uy = A + Bz. The no-slip
condition at the lower wall gives A = 0. Now, at the upper wall, no slip means ‘no relative motion':
the plate and the fluid-at-the-plate should move at exactly the same velocity, hence Uy(H) =V,
hence BH =V, hence

Up(z) = 2zV/H.

This is the celebrated Couette flow. Going over to non-dimensional variables, this is simply Uy = z,

and the corresponding Orr—Sommerfeld equation reads

ik(z—c) (07— k*) U =Re " (07 — k:2)2 v, (4.4)

Analytical progress can be made with respect to Equation (4.4). Call v = (9% — k?) U. Then, we
are left with the equation
ik(z—c)v=Re ' (92 — k*)v. (4.5)

Certainly, the trivial solution is a possibility for Equation (4.5), leaving v = (0? — k?) ¥ = 0, hence
U = cosh(kz), U = sinh(kz).

However, because the eigenvalue equation is fourth order, two other linearly independent solutions

can be found. We re-write Equation (4.5)) as

d*v ) ik
@—Relk(z—c——)v:
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Let Z = 2z — ¢ — ik/Re. Hence, we obtain

d2
av_ Reikzv = 0.

dz?

Introduce £ = Az, where X is constant. We have

d d§d
dz — dz d¢
Hence, ,
d*v  ikRe
N— — = 0.
e 3 Ev=20
Choosing \* = ik Re gives Airy's equation:
d*v
ag =0

with solutions
v = Ai(£), v = Bi(§).

We also choose the particular cube root of i'/3 = i/,

We must now solve the equations
(02 = k)0 = Ai(¢), (92— Kk*)¥ = Bi(¢). (4.6)

These are linear second-order inhomogeneous equations. We use the method of variation of param-

eters. We study first the solutions of the homogeneous problem
Uy (z) = cosh(kz), Uy (2) = sinh(kz).

Let's focus for definiteness on the case where the right-hand side is Ai(¢). We construct the

Wronskian
\Ifl (Z) \IIQ(Z)

Vi(z) Wy(z)

W(z) =

cosh(kz)  sinh(kz)
ksinh(kz) kcosh(kz) |

which gives W (z) = k. Next, we form the Wronskians W;(z), which is identical to W (z) except
that the i'" column is replaced by (0, Ai(¢))”. We have

0 sinh(kz)

Mile) = Ai(§) kcosh(kz)

= —sinh(kz)Ai(§).
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Also,
0 sinh(kz)

Wale) = kcosh(kz)  Ai(¢)

‘ = cosh(kz)Ai(§).

The particular integral in the method of variation-of-parameters by given by

U= izz;\lli(z)/

/

Wi(#)
W) dz.

Hence,

v :% {— cosh(k;z)/sinh(k;z')Ai(ﬁ)dz'—i—sinh(kz)/cosh(kz’)Ai(g)dz’ :

Using a trigonometric identity here, this becomes

1 . N A /
U= % /smh[k(z — 2] Ai(¢)dz.

Finally, we call this solution &;(z) and we fill in for &:

a(z) = % /0 sinh[k(z — /)] Ai {(isze)l/?’ (Z . ;Ti )} 0

Here, the limits of integration have been chosen such that x1(0) = x{(0) = 0, such that x;(z)
satisfies the boundary conditions at z = 0. A similar trick can be performed when the right-hand
side of Equation (4.6) is equal to Bi(), one obtains the solution x2(z), where

1 z . / . . 1/3 / lk !
x2(z) = — [ sinh[k(z — 2")]Bi | (ikRe) 2 —c—— || d?,
k Jo Re

with 5(0) = x4(0) = 0.

We have the following solution of the eigenvalue problem:
U = AU, (z) + BYs(2) + Cx1(2) + Dx2(2).

The vanishing of the streamfunction at the boundaries implies that

1 0 0 0

0 k 0 0 _0
cosh(k)  sinh(k) xi(1) x2(1) '
ksinh(k) kcosh(k) x1(1) x5(1)
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This determinant problem simplifies dramatically to

kDa(D)xa(1) = x2(Dxi (1)] = 0. (4.7)

The right-hand side can be viewed as a complex-valued function of k, Re, and ¢ (the latter a complex

variable). We therefore have the condition
F(k,Re,c) =0,

which is a rootfinding condition, with a set of roots ¢, (k, Re) such that F'(k, Re,c,) = 0.

Analytical progress based on Equation is difficult if not impossible [DR81]. Indeed, there is
a celebrated theorem due to Romanov [Rom73| that states that ¢;(k, Re) < 0 for all finite real
values of k and Re, indicating the unconditional linear stability of plane Couette flow. However,
this theorem uses a completely different approach in the proof, and the dispersion relation is
therefore something of a dead end. Therefore, in a later part of this chapter, we introduce numerical

spectral methods for solving the generic Orr—Sommerfeld equation.

4.3 Poiseuille flow

Consider the two parallel plates in Figure 4.1} Suppose now that both plates are stationary but that
a constant pressure drop dP/dL < 0 is applied along the length of the channel We work out the

base state of the Navier-Stokes equations in this instance:

dP 9
= —d—L-i-,uV U,

0 = V.

We assume only a z-dependence for the velocity, giving d*w/dz* = 0, with w(0) = w(H) = 0,

hence w = 0. Thus, the equations to solve reduce to

dP d*Uy

ar TH e

=0,

where the base state in the streamwise (z-direction) is denoted now by Uy(z). The equation is

integrated twice to yield

The no-slip condition at the lower wall gives A = 0. At the upper wall z = H, the same condition

gives
1 dP

_ﬂﬁ 7
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hence

This is tidied up slightly here to give

2
gly fl_];/ [%_ <%>2}

As before, it is necessary to introduce a velocity scale V', and to nondimensionalize the problem

based on the scales V' and H. We choose V' to be the so-called friction velocity,

dU
‘72 o 0
p H dz '7=0

hence

‘ 'H B HdP‘

2 ‘d_L |
Introduce also z = z/H, such that the base-state velocity profile reads

szP z_z2
dL||H H |-

We have

where
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is the Reynolds number based on the friction velocity and the channel depth H. We now omit all

ornamentation over the dimensionless variables and write down the Orr—Sommerfeld equation

ik [(Ug—¢) (02 = k) = UJ] W = Re; (02 — K)° W, Up(2) = Re.z(1 — 2).

(4.8)

It is now of pressing urgency to introduce a numerical method to obtain a reliable solution of both
Equation (4.8) for the Poiseuille problem, but also to illuminate the dispersion relation of the Couette

flow problem in Equation (4.4). We do this in the next section.

4.4 Spectral methods for the generic Orr—Sommerfeld equa-

tion
We start with the generic Orr—Sommerfeld equation
ik [(Ug—¢) (02 = k) = U] W = Re.* (7 — k2)° 0,

together with the necessary boundary conditions

A trial solution

z € (0,1),

(4.9)

is made, with n = 2z — 1, such that = 0 and 1 = 1 denote the boundaries. This is substituted

into Equation (4.9):

3 An{ik (U= o) (92— k) — U] m,)} — RS A, (8- B Tun)

This equation is now evaluated at N — 4 collocation points

T .
nj:cos(N_B), j=1--- N-3

(4.10)
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and the following set of equations is obtained:

N
A A [SPT (ny) = K Tu(ng)] +
=0
N
ik Y Ay [s*Us(2) Ty () — k*Us(2) T () — UG ()T ()]
7=0
N
=Re 'Y A, [$"T0 (ny) — 22T () + K*T(my)]  (4.11)
n=0

where s = dn/dz = 2 and z; = 2n; — 1. We now introduce a number of matrices:

doT; = T;(nm),
d2T; = T/ (m),
daT,; = S'T™ (),
dOTdoU;; = Uy(z)T;(m),
doTd2U,; = U!(z)T;(m:),
d2TdOU;; = s*Us(2)T) (ny),
A = (Ao, Ax)T,

such that Equation (4.11]) can now be written in matrix form as follows:

A (d2T — £°d0T) A = —ik (d2TdOU — £*d0TdOU — d0Td2U) A
+ Re™! (d4T — 2k*d2T + £*dOT) A.

However, since i = 0,1,--- N —3 and j = 1,2,--- N + 1, this equation set is not complete (four

rows are missing). We now impose the boundary conditions. ¥ (0) = 0 implies that

Similarly, ¥y (0) = 0 implies that
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and so on for the other boundary conditions. Thus, we now form a new linear problem:

0 0
3 d2T — £*d0T A
To(—-1) Ti(-1) o Tn(=1)
Ty(-1) Ty; (1) - Ty(=1)

—ik (d2Td0OU — k*d0TdOU — d0Td2U)

pr— A
+Re ! (d4T — 2k2d2T + k4d0T)
To(1) Ti(1) e Tin(1)
T5(1) Ti(1) e Ty(1)
or in a more abstract notation,
AMA =LA, (4.12)

which is now a straightforward finite-dimensional generalized-eigenvalue problem that can be solved
in Matlab (or any other linear algebra package). Obviously, the number of Chebyshev polynomials

N should be adjusted until numerical convergence is achieved.

Couette flow

Equation (4.12)) is solved for Uy(z) = z for various Reynolds numbers in the range Re = 100 up to
Re = 100,000, and in each instance N = 100 is sufficient for convergence. The results are shown
in Figure confirming (but by no means proving) the stability of Couette flow to infinitesimal

disturbances.

Poiseiulle flow

Equation ([4.12)) is solved for Up(z) = Re.z(1—z) and the results shown in Figure[4.2]for Re, = 100
and Re, = 1000. It can be seen that for the lower Reynolds number the flow is stable at all

wavenumbers, while for Re, = 1000, there is a range of wavenumbers within which the flow is
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Om=

=0.6f

‘”-I:-lqu..-“-:I--llI-

-0.8
0 2

0}

6 8 10

Figure 4.1: Numerically-generated dispersion relation for Couette flow for range of different Reynolds
numbers. Solid line: Re = 100. Dashed line: Re = 1000. Dotted line: Re = 10,000. Dot-dashed
line: Re = 100,000. It can be seen that the disturbances become less stable as Re increases but
the curve corresponding to the growth rate never crosses the horizontal axis, which underscores
the analytical result that Couette flow is stable to infinitesimal disturbances at all finite Reynolds

numbers.

[

s Re,=100

——Re,=1000

o

[
lsd

Figure 4.2: Numerically-generated dispersion relation for Poiseuille flow for range of different

Reynolds numbers. Solid line: Re = 1000, linearly unstable.

Dotted line: Re = 100, linearly

stable. In each instance NV = 100 is sufficient for convergence.
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unstable. This therefore suggests a critical Reynolds number Re,. at which the growth rate curve

just barely touches the horizontal axis. The numerical code indicates that to three significant figures,
Re,. = 2148

It is of interest to examine the Reynolds numbmer

H/2
Re:UmaX( /)P’

1
where U, is the centreline velocity. Now

Um ax

= Re, /4.

Also,

max (H /2
Re = Umex(H/2)p

L

~ VHp (1 Unnax
po \* V)’

= 1Re, (Re,/4),

_ 1 2
- gRe*a

hence
Re. = LRe,. ~ 5772

8

to four significant figures. This is the famous and oft-quoted result of Orzag [Orz71].

4.5 Analytical validation of the numerical method by long-

wave perturbation theory

How do we know that the numerical results in the previous section are correct? The answer is
that they have been validated with respect to known analytical solutions. Those solutions are

constructed in the present section and pertain to the longwave limit where & — 0.
We start by looking at the case k = 0, where we are to solve the equation

02V = Re(ikz + \)0?¥ = 01U = Re)O*V,  z€0,1].
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For simplicity, we change coordinates to 7 = z — 1/2, and the equation to be solved now reads

d*v d*v
—— = ReA\— —1/2,1/2]. 4.1
with boundary conditions
U(n) ="' (n) =0, n==+1/2. (4.14)

It is clear from Equation (4.13) and from the relevant boundary conditions that the eigenvalue
problem is self-adjoint and hence the eigenvalues are real. Moreover, that the four linearly

independent eigensolutions are
=1, n, cosh(kn), sinh(kn),
where k = v/ ARe. We split the eigensolutions up into odd and even cases.
Ueven = A + Bcosh(kn), Woaa = An + Bsinh(kn).
where A and B are complex constants. We consider the even case first. The boundary conditions
are applied at n = +1/2 to yield

1 cosh(k/2)
0 ksinh(k/2)

I

hence k =0 or
sinh(k/2) =0

which has solutions k& = 2inm, where n € Z. But £ = vV ARe, hence

4n2m?
An,even = - Re n e N,

where we do not include n < 0 so as to avoid double-counting.

Next for the odd case. The boundary conditions are again applied at n = 1/2 to yield

sinh(k/2)
k cosh(k/2)

Y

1
2
1

hence
(k/2) cosh(k/2) = sinh(k/2).

By inspection, this equation has no solution in real values of k, and complex values are ruled out

because of the reality of the eigenvalues. However, purely imaginary solutions are possible, with
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k= il%, where k is real. We must therefore solve

~ ~

k cos(k/2) = sin(k/2)

N | —

In addition to k = 0, this equation has an infinite family of roots 4z, with z,, € R, the lowest
value of which is z; = 8.987. But k = ik = +iz, = VARe, hence

.’E2

/\n,odd = —R—z, n € N.
We have
A17even = _394784:/.Fi67
Aoodd = —80.7662/Re,
Meven = —157.9137/Re,
Aaodd = —238.7025/Re.
Hence, the least stable mode is even, with n = 1, eigenvalue A = —47%/Re and corresponding

eigenfunction
U = cos(2mn) + 1.

We now make a regular perturbation expansion
A=+ kM +---

and
=W+ kU, +---

and substitute into the Orr—Sommerfeld equation. At order k° we obtain
Re)\[]agqfo = 83\110,

which is precisely the eigenvalue problem at k£ = 0 with the already-computed solutions. At first

order in k, the perturbation theory gives the following equation:
Re [1U0(7]) + >\1] 872]\110 - iRGU(/)/\I’O + )\082@1 = 6:;\111

Here is the trick: multiply both sides of this equation by ¥{ and integrate from n = —1/2 to
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n =1/2. The result is

1/2 1/2
iRe/ qufgagqfodn—me/ Uy 1Wo|?* dn + ReAi(Wo, 07W0) + Ao(Wo, 0701) = (¥o, 0 W1).

1/2 —1/2
Re-arrange slightly:

1/2

1/2
iRe/ Uowgaﬁwodn—iRe/ Uy 1Wo|? dn+ Rehi (Wo, 92Wo) = —(AgWo, 0;W1) 4 (¥, 0 W1),
— /2

1/2 -1
where we have used the reality of \g to take it inside the inner product
1/2
(f.9) = frgdn.

—-1/2

We next use the self-adjointness of the operators 8% and (97‘; with respect to the imposed boundary

conditions to obtain

1/2 1/2
1Re/ UO\IISQQI\IJO d?”]-lR@/ U6,|\Ijol2 d77+R€)\1<\IJ0,82q10> = —(82)\0\110,\Dl>+<63l110,\111>,
—1/2 -1/2
or
1/2 1/2
iRe/ Ug U020 dn — iRe/ Uy 1Wo|? dn + Red (Wo, 07W0) = (—XoD2AWo + 8 W, V1),
—1/2 -1/2

where the right-hand side is now manifestly zero because W satisfies the lowest-order eigenvalue

problem, hence
SR U2y [ UgWs02W, dn

—-1/2 —-1/2

)\ = 1 )
' (Wo, 02W) 1 (Wo, 02Wo)

or
1, U 1w dy f_l{z UoW50;Wo dn

-1/2

A= i 7
LT 0V, 00%0) | (9,W0, 0, W)

For Couette flow, Uj = 0, and the correction \; contains only one term. However, it is clear that
the numerator is identically zero: \IIE;@%\IJO is an even function while Uy = 7 is an odd function, and

the integral is over a symmetric interval, hence
A= X+ O(k?)

for Couette flow. On the other hand, for Poiseuille flow, we have Uy = Re,z — Re,2* and U] =
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-0.3944 05
-0.3946 -0.01
-0.3948 -0.02
<" —0.395 < =0.03
-0.3952 -0.04
-0.3954 _E(”'"c'fc‘_“ _ —0.05| | ° Numerics
mgwave theory = Longwave theory
03956, ] 5 5 3 5 —0.06; ] 5 S 5
¢ x 107 ¢ x 107
(a) (b)
—2Re,, hence Uy = Re,[(1/4) — n?] and
1/2 12 s 1/2 .
N S 1ol dy 1 6f_1/2 V3020, dn o S V50 W0 dny
(0,00, 0, 0g) 4 (0y W0, 0, Vo) (0,0, 0,%0)
We have the following results:
1/2
Loy [Yoldn - 3 (4.15a)
(0,%0, 0, Vo) 272 '
12 oy
Sy W0 Vo dn (4.15b)
(377\1’0, 377\110) 7
(4.15c¢)
/2 o« 92
f*l/? ?7 \IIOaW‘I]O dn — % (_%W?) + %ﬂ-) (415d)
(877\110, 8n\1!0> 271'2
hence
M =iRe (325 — 1+ 35 — 5%) =iRe (52 — &) = —(0.103340926890206 - - - )iRe. ~ (4.16)

Exercise 4.1 Prove Equations (4.15)) and hence prove Equation ({4.16]).

These results are now examined in the context of the numerical solution for the dispersion relation

Poiseuille flow (Figure . Clearly, excellent agreement is obtained, inspiring confidence in our OS

solver.
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Exercise 4.2 Some analytical progress is possible for the Orr—-Sommerfeld equation when Re =

0o. Then, the eigenvalue equation to be solved reverts to the Rayleigh equation:
(Up—¢) (07 = k*) ¢ — Ujp = 0, z€(0,1)

with no-penetration boundary conditions ¢ = 0 at z = 0,1. The Rayleigh equation has a
singular point if Uy(z) = ¢ somewhere, which is called a critcal layer. No critical layer exists if

¢; # 0. In this question, assume that the flow is unstable, namely that ¢; > 0.

e By rewriting the Rayleigh equation as

Ul/
82 o ]{?2 — 0
show that
LU 2dz =0
[ — Zz = ,
o — P 9]

and conclude that Uj must change sign at least once in (0,1).

e Using the two results

lU//(U _Cr)
| P s = - 0.l - o1,
o |U—(

and . -
0 2
————|o|*dz = 0,
T _CPW

show that

1 U// U _ Us
/ WM\@ <0, Ufz) =0, U(x) =l

and hence conclude for an unstable flow, U] (Uy—Upys) < 0 somewhere in the flow domain.

This is Fjortoft’s theorem.
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Exercise 4.3 Stability of an inviscid triangular jet: Let Uy(z) = 1 — |2| for |z| < 1 and

Uo(z) = 0 for |z| > 1. Show that the eigenvalue relation for the sinuous mode (¢ even) is

2k + k(1 — 2k —e M) e —[1 —k — (1 + k)e 2] = 0.

Hints:

e for the inviscid case, it suffices to solve the Rayleigh equation in region | with z > 1 and
region Il with 0 < z < 1. At the boundary between any two regions labelled by i and j,

the continuity of normal velocity implies that

bi = ¢;
where ¢(z) is the streamfunction in a normal-mode decomposition. Continuity of pressure
implies that 96 96
v _ J
(Ui =€) = ¢illo = (Ui = €)= — Uy

at the same boundary.

e At the boundary z = 0 the same conditions apply. Call the region —1 < z < 0 region Ill.
We have ¢;1(0) = ¢(07) and ¢ = ¢(0). Working with the even mode, we have

¢(O_) = ¢(0+)7 az(b(o_) - z¢(o+)‘




Chapter 5

Absolute Instability

5.1 Overview

The response of the linearized dynamics to a delocalized plane-wave initial disturbance is obviously
of great interest. However for parallel flows, a more pertinent question is to ask what is the response
of the system to a localized impulsive forcing. In other words, we want to find out if a localized
impulsive disturbance grows in situ at the initial source of the disturbance (absolute instability)
or grows merely as it is convected downstream by the base flow (convective instability). Absolute
instability can be thought of as ‘more dangerous’ as under such a situation the growing disturbances
constantly renew themselves and contaminate the whole system for all time. In contrast, in a
convective instablity the unstable disturbance does grow but is convected harmlessly downstream
and eventually leaves the system. In this section we formulate a mathematical criterion that is

‘usually’ able to distinguish between the two types of instability.

5.2 Simplified Model Problem

Instead of starting our study with the full Orr—=Sommerfeld equation for parallel flow, we begin instead
with the following greatly simplified model problem, which nonetheless captures the essential features

of absolute versus convective instability:
4+ Uy— = — 5.1
+Uog = put 5 (5.1)

where € C, v € C, with ®(y) > 0, and Uy € R*. The idea here is that u(z,t) represents some
disturbance that is convected by the constant base flow Uy. The problem is posed on the whole real

line, with initial conditions to be prescribed in what follows.

68
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We first of all note that Equation (5.1)) is amenable to a modal analysis, wherein a normal-mode

solution u(z,t) = et is possible, provided the following dispersion relation is satisfied:
w=1i(p—ye?) +al (5.2)

In this context, a complex diffusion coefficient with positive imaginary part is necessary to give
a growth rate w; = u — v,a? that is negative for short wavenumbers, leading to a well-posed
problem. This is a minimal model of linear instability, and it includes longwave growth and shortwave
stabilization. Clearly, the flow is unstable if i > 0, where instability exists for a band of wavenumbers

with a? < 7, /u.

More importantly, we have a minimal model of absolute instability when the following initial condition
is prescribed:
u(z,t =0) = d(x — x). (5.3)

This initial condition represents an impulsive disturbance localized at x(. By direct computation,
the solution to Equation ((5.1)) with the initial data (5.3) reads

1 [xz— 2 2
- — -U
: 47( t )

The flow is absolutely unstable if lim; ., G(x,xo,t) = o0, i.e. if

G(z,xo,t)

1
= t > 0. 4

p— 3UR(1/7) > 0. (5.5)

Intriguingly, the condition (5.5)) can be recast as follows:

wi(ag) > 0, Z—Z =0 (5.6)
i.e. g is the (complex) saddle point of the dispersion relation . The derivation of Equa-
tions involves the computation of a Gaussian integral over all wavenumbers. Here lies the wide
applicability of CGL theory: a wide class of dispersion relations in fluid mechanics is locally quadratic
in wavenumber, enabling a saddle-point approximation of the generic Green’s function, such that all
Green'’s functions in this class resemble Equation in the limit as ¢ — oco. Thus, for this wide
class of fluid-mechanical dispersion relations, the condition for absolute instability is simply that the
imaginary part of the frequency at the saddle point be positive [HM90]. Of course, there is a variety
of fluid-mechanical problems where naive application of the saddle-point criterion fails [tS13)].

These issues are discussed below.



70 Chapter 5. Absolute Instability

Exercise 5.1

1. Using Fourier transforms, show that the solution of Equation (5.1)) with the initial

data (5.4)) reads

[ee] eiaz
t) = W) —, 7
wat) = [ w5 (57)
where p
U
_a:>\a a
dt Y

where )\, is to be determined.
2. Evaluate the integral in Equation (5.7)). Hence, derive Equation (j5.4)

3. Find a formula for u(x = 0,t). Hence, derive the criterion for the flow to be absolutely

unstable.

5.3 Parallel flows and the adjoint eigenvalue problem

We are interested in the following Cauchy problem:

VQa_w_U” a_wzi

9 <o
7Y V() ox 0(?) ox Re

4
Py V&, (5.8a)

with boundary conditions

Yv=19,=0, at 2 =0,1, (5.8b)
and
lim ¢ = lim ¢, =0, (5.8¢c)

subject to an initial impulsive disturbance
Y(x,z,t =0) =d(x — x0)0(2 — 20). (5.8d)

Obviously, a particular solution to the parallel-flow problem is the plane-wave solution ¥ (z, z,t) =

eMtiazg(2), where ¢ solves the Orr—Sommerfeld eigenvalue problem:

L6 =AM, (5.9a)
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where

L- é (& — ) — ialp(=)(@ — o?) + ialY(2), (5.9b)

and

M = (82— o?). (5.9¢)

Denote by (¢, \,,) a particular eigensolution of Equation ((5.9)). We are interested also in the adjoint

eigenvalue problem, solved by a pair (&, mu,):
£+£n = ,U/nM+€n7

where the adjoint operator is obtained with respect to the usual inner product in the z-variable in

the interval [0, 1]. We have the following theorem:
Theorem 5.1 (¢,,, M&,,) o O,

Proof: From the definition of the adjoint operators, it is obvious that if A\, is an eigenvalue of the

direct problem, then \* is an eigenvalue of the adjoint problenﬂ. Therefore, consider

£+£m = )\:r/\/l+£m7

Take inner products of both these equations: the first with &, and the second with ¢,,. We have:

<£ma£¢n> = >\n<€m7M¢n>7
<£+§m7¢n> = /\m<M+§m7¢n>a

Take the adjoint of the second relation to obtain the following equation pair:

<£m7£¢n> = )‘n<£maM¢n>>
<£m7‘c¢n> = )\m<5m7M¢n>7

Subtract to obtain
()\n - >\m)<€m7M¢n> = 07

LFor finite-dimensional vector spaces, this really is obvious by looking at the characteristic polynomial
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or

(§ms M) o O,

and by the self-adjointness of the M operator (with M = 9? — a?), we also have

(G, MEp) X Sm,

5.4 The solution of the Cauchy problem

Equation ([5.8a)) is rewritten in Orr—Sommerfeld operator form as follows:

%Mos[am, O (x, z,t) = Log[0x, 0.]0(x, 2,t) + F(x, 2, 1), U(x,z,t=0)=0. (5.10)

Here, F(x,z,t) represents the momentum source; this can either be continuous-in-time, or be an
initial impulse imposed on the system. In the impulsive case, the source can be written as §(t) F'(z, z),
with Laplace transform F(x, z). We proceed with the general case, and specialize to the impulsive

case as required. The solution can be written in terms of Fourier transforms as follows:

w(x,z,t):/ d—aeimzza(z,t),

oo 2T

where the Fourier coefficients @Za(@ t) satisfy

%Mog[ia, 0.)0a(2,t) = Los[iov, 0.]tha(z,t) + Fa(z,1).

Each Fourier component Ja(z,t) can be decomposed further via an inverse Laplace tranform:

Ja(zat) = L/ d>\e”JaA<Z)7
B

21

where B is the Bromwich contour. The components Ja,\(z) of the inverse Laplace tranform in turn
satisfy
MMos (i, 2)Par(z) = Los(ia, 0.)Yar(2) + Fulz, A), (5.11)

where the Laplace transform of the force function S has been taken with respect to time. This is

the Orr—Sommerfeld eigenvalue problem.

The (formal) solution to Equation ([5.11)) reads

Qza)\(2> = — [EOS — )\Mog]_l ﬁa(z, )\)
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This purely formal solution is understood as follows. We write the solution of Equation (5.11)) as
JQA(Z) = > anPan(z). Here, the ¢y, 's are the eigenfunctions of the Orr-Sommerfeld equation at
wavenumber «. Equation (5.11)) is therefore re-written as

A 4 Mostan(z) = anLosdan(z) + Falz,N). (5.12)

n

The eigenfunctions ¢ (=) of the adjoint OS problem satisfy

/dz (650 (2)]" Mosban(2) = Gnm.

We multiply both sides of Equation (5.11)) by [¢;"(2)]" and integrate with respect to z; the result is

o [ ) e = 5 s P ),

Ay, =

and

Yar(2) = [Los — AMos] ™ Ful(z,\) =
2 ) [ o o) P ) o= 3 el

Thus, the solution to the Cauchy problem (§5.10)) becomes

d 3 an aTL
¢(x,z,t):2im/ i m/ dx Mzd) ), (5.13)

where the Bromwich contour C' is a straight line parallel to the imaginary axis, to the right of all
the eigenvalues {\,} of the Orr—Sommerfeld equation. A key property of Equation is the
absence of any contributions from a continuous spectrum: for a bounded domain z € [0,1], the
spectrum of the Orr—=Sommerfeld equation is entirely discrete. Using the theory of residues, one

obtains for the innermost integral
W(x, z,t) Z / 20Tt (0 Y dan(2). (5.14)

The outermost (a-) integral can be computed in certain special cases. This is discussed in the next

two sections.
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5.5 Explicit asymptotic solutions

5.5.1 Monochromatic forcing

For monochromatic, impulsive forcing, F(z, z,t) = e0%5(t) f(2), Fal(z, A) = 27 f(2)8(a— ap), and

Fon(\) = (o — o) /dz [0k .(2)] f(2) == 6(a — @) fagn-

From Equation ([5.14)),
W, z,t) = Y 00T L Gagn(2): (5.15)

Thus,

llm Q/J(ZL” Z’ t) = [faonrxlaxeia0$+>\7Lmax (aO)] ¢O¢()’I’Lmax (2)7
t—o0

where np,.x is that eigenvalue whose real part is maximal over the entire spectrum {\,(g)}. Note

also,
llm ||¢||2(t) = ||¢O¢O7’lmax |2 |f0&0nmax’ egﬁp\”max(ao)]t7
t—00

where || - [|2(t) is the transient L? norm; for a function ®(x, 2, 1),

1/2

J@lla(t) := ( [ dedzjo(e,z,0))
Thus, as t — 00, the disturbance grows exponentially fast, at a rate
%[Anmax (O[O)] °

This is called the most-dangerous mode. Obviously, if R[\,,.. (ag)] > 0 the system is (convec-

tively) unstable. The system is completely linearly stable if R[\,,..(ao)] <O.

5.5.2 Localized impulsive forcing

For localized impulsive forcing, F(z, z,t) = 6(2)8(z — 20)8(t), with Fa(z,\) = 6(z — 2), and

Fan(X) = [an(20)]*

Thus,
> do

Vant) = 3 [ SR ) (). (5.16)

oo 27T
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This integral can be regarded as being in the form
1 o0
Y(w,2,t) = o ;/_OO do F(a, z)e (@1
where

Fular, 2) = €[00, (20)]" Gan(2)

This integral is now in a form where the saddle-point method can be applied. We need the following

additional assumptions:
Assumption 5.5.1

1. The phase function \,(«) has a single dominant saddle point;
2. The saddle point is not degenerate.

3. If the phase function or the F,(«)’s do have singularities, they are located ‘far away’ from
the saddle point, in the sense that they do not prevent us from deflecting the contour o €

(—00,00) to pass through the dominant saddle point.

For the dominant saddle point, we compute
1. Saddle-point location: ayp, such that (d\,/da),, = 0.
2. The value \,(ayp),

3. The derivative A (ap)

4. The phase ¢, = 7 — 5 arg(\! ()

5. fn(()éo).
Applying the saddle-point method to the integral (5.16)), we get

iaox[ + (zoﬂ*¢a0n<z)e/\n(ao)teiapn

1 2me
=Y aon 5.17
P (a0 7 .

We assume a dominant saddle point, taken over the full OS spectrum. We therefore take ...

to be the mode corresponding to
sup R [A(aon)]

Then, the limit (5.17)) simplifies further:

. ei@nmax [ :Onmax (ZO)] * ¢a0nmax (Z) icgz+A (ap)t
da? ap
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Absolute instability

From Equation (5.18), we see that the instability grows (asymptotically) at the source x = 0 if
R [Anpa (0)] > 0. This is the notion of linear absolute instability. Of course, the simplification that
leads from Equation (5.16)) to Equation (5.18]) is possible only when the phase function possesses

no singularities close to the saddle point, and when the saddle point is non-degenerate.

The pinching criterion

Recall the formal solution to Cauchy problem (55.10) (Equation (5.13)):

o, 2 1) _/_OO d—o‘eiaw/BdAeMZW, (5.19)

oo 27T

where the A-integration is done first. To get a self-consistent answer, it should be possible to reverse
the order of integration, doing the a-integral first, to arrive at a result identical to Equation (5.18)).
However, only so-called pinching saddles satisfy this self-consistency property. A pinching saddle
is one where the a-curves of constant w (in particular, curves of constant w, with w; = wi())

ramify into different half-planes. See [HM90].

5.6 Example and exercise

Consider the base flow
2A

U(z)=1—-A+ ’
0(2) 1 + sinh® [z sinh ™ (1)]

where A < 0 and N > 1 are real parameters. This is a model for the wake flow past a bluff
body and was introduced in the paper by Monkewitz [Mon88]. The boundary between absolute and
convective instability in the (A, N') parameter space is derived in that paper and is reproduced below

in Figure 5.1}

Exercise 5.2 Download the Matlab codes from the module website. Choose one parameter set
corresponding to absolute instability and another corresponding to convective instability. Run
the Orr—Sommerfeld solver in each case for a range of complex-valued a-values and reproduce

the saddle point(s) in both cases.
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0 02 04 06 08 10
/N

Figure 5.1: Boundary between the absolute and convective regions for differennt Reynolds numbers.
Curves without symbols correspond to direct OS eigenvalue calculations in the complex a-plane and
agree exactly with the results in [Mon88]. Curves with symbols correspond to the semi-analytical
cubic approximation of [NS13]. Dashed curve: Re = 20; solid curve: Re = 100.



Chapter 6

Transient Growth

Overview

We have already seen that plane Couette flow is linearly stable at all finite Reynolds numbers, while
plane Poiseuille flow is stable below a critical Reynolds number Re ~ 5772. However, it is well
known that such linearly stable flows undergo a transition to a complicated chaotic time-dependent
state (turbulence) below the threshold for the onset of linear instability. This is called the subcritical
transition to turbulence. Below we introduce a toy model to explain this phenomenon and then

connect the toy model back to the Orr—Sommerfeld equation.

6.1 The basic idea

Historically, the linear stability of a system of evolutionary equations was tackled via eigenvalue
analysis. Consider a generic evolutionary system 0;u = F'(u; i), where u(t) is a trajectory in C"
and p is a real parameter. A base state u of the system is a solution of the equation F'(ug; i) = 0.
The linearization around the base state refers to the following equation: 0,u = Ju, where J is the
Jacobian matrix, with J;; = (0F;/0u;)(uy,. Let {A\1,---, A} = spec(J), and let Ay denote the
eigenvalue with largest real part. The full system is said to be linearly stable if ®()\g) < 0. Suppose
for a critical parameter value = . we have R()\g) < 0 for u < p. and R(Ag) > 0 for p > pe.
Then the system undergoes a bifurcation from linearly stable to linearly unstable at the critical value
[t = fic. The same analysis can usually be applied to spatially extended systems by projecting the
evolutionary equation on to a set of basis functions of dimension n and taking n — oo, assuming

that the weak solutions so constructed tend to a strong solution.

Such systems can exhibit transient growth in a subcritical parameter regime whereby for suitable

initial conditions involving a superposition of eigenmodes, the L? norm (or some other more ap-

78
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propriate measure of the energy) of the solution grows initially before eventually decaying at a rate
dictated by \g. This can happen in two ways. If the eigenvectors do not form a complete set
spanning C", then the solution to the initial-value problem will involve contributions such as tPetit
where p > 1 and j € {1,--- ,n}, such that transient algebraic growth is possible before the onset
of the asymptotic decay of the solution. We do not consider this case further here (but see Refer-
ence [SHO1]). Instead, we consider situations where the eigenvectors of J do indeed span C" but are
non-orthogonal, corresponding to a situation where J is not a normal operator. In such a scenario,
the L? norm of solutions involving certain combinations of eigenvectors can grow transiently before
eventually decaying, with transient growth factors ||u(t)||2/||u(t = 0)||2 that can be as high as
O(10°) (e.g. Reference [CC97]). This is the phenomenon of transient growth.

6.2 The toy model

In this section a two-level system is introduced that exhibits the twin effects of non-normality and
nonlinearity. The aim is to start with a set of linear equations and to quantify the influence of the
non-normality on the transient growth at subcritical parameter regimes. Next, a cubic nonlinearity
is introduced and an exact solution for the global mode (and its stability) is obtained. The section

concludes with a crucial discussion about the physical relevance of the system in optics.

6.2.1 Non-normal linear model

We consider the following two-level system

i% =Hu+1i(ul+ G)u, u € C? (6.1)

Ey, A — 0
H— 0 ’ G = [ ’
A Ey 0 —92

where Fjy, A, 119, g1, g2 are positive real numbers, and where H and ol + G are Hermitian matrices,

with [#, G| # 0, where [-, -] denotes the matrix commutator. Note that [, G] # 0 implies that the

where

operator on the right-hand side of Equation (6.1]) is non-normal. One writes down the trial solution

u(t) = upe™! to obtain the following eigenvalues:

we = Bot5\/442 — (1 — )%, wi=po—3(91+92), 447> (g1—g0)*,  Case 1, (6.2)

and

w, = Ey, W = ,uo—%(gl—l—gg):l:%\/(gl — )% — 4A2 4A% < (g1—g0)%, Case 2, (6.3)
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The corresponding eigenvectors for both Case 1 and Case 2 are

s — e—ip/2 Y —elv/2 o — sin! 91— go
0+ eiv/2 |7 0= e—iv/2 |’ 2A '

For Case 1, we have |(g1 — ¢2)/2A] < 1, hence ¢ € R, while for Case 2, ¢ is complex. For

both cases, the eigenvectors are non-orthogonal; the degree of non-orthogonality is expressed by
the relation (ugy,ug_) = 2i(g2 — g1)/2A. Here, (-,-) denotes the usual scalar product on C?, with
(u,v) = uTv, for all column vectors u,v in C2. Orthogonality of eigenvectors is regained for
g1 = go; this corresponds precisely to [H,G] = 0 and the normality of the (symmetric) operator
‘H + iG. The crossover between Cases 1 and 2, where (g; — gg)2 = 4A? is referred to as a diabolic
point in the literature concerning non-Hermitian quantum mechanics [Gra09, [Rot09]; this point truly
is fiendish, since the eigenvectors degenerate and fail to span C? in this instance. However, in this

work, consideration is given strictly to Case 2, for reasons given in what follows.

Exercise 6.1

1. Call L = H + (uol + G). Compute explicitly [L,LT], where the dagger denotes the
Hermitian conjugate of the matrix. Hence veryify that [L, LT] # 0. This is the definition

of a non-normal operator.

2. Drive the eigenvalules and eigenvectors for Case 2.

For all possible parameter values, the intrinsic non-Hermiticity of the operator in Equation (6.1)

implies the following nontrivial evolution equation for the L? norm of the general solution u(t):

d
el == (), g lulls = (, (po +G) ). (6.4)

The quadratic form on the right-hand side can be evaluated in the eigenbasis of the operator G and

a bound on the growth of the L? norm is obtained:
d :
%£IIUII§ < [po — min(gu, go)] [Jull3. (6.5)

In this work, we focus on models that exhibit transient growth. Since this relies on the ‘mixing’ of
eigenstates with eigenfrequencies whose imaginary parts are distinct, we are forced by this constraint

to work in Case 2 (this rules out of consideration the diabolic point). With reference to this case,
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and to Equation (6.3)), transient non-asymptotic growth is possible in the paramter range

min(gi, g2) < fio < (g1 + g2) — V(g1 — g2)% — 442 (6.6)

This is the ‘sweet’ operational range where the system is subcritical, in the sense that w; < 0 for
both eigenvalues, but where the balance between forcing and dissipation is ambiguous, so that the
sign of the upper bound of the growth rate in Equation (6.5]) is not definite.

6.2.2 Introduction of nonlinear terms

We add non-linearity to the problem by modifying Equation (6.1]) as follows:

.Ou . ’U1‘2 0
i—=Hu+i(pwl+G)u-+a u, 6.7

where a is real. The evolution of the L? norm ||u||3 is again unchanged under the addition of the
nonlinear term: the quantity ||u||3 still evolves according to the norm-evolution first written down for
the linear problem (i.e. Equation (/6.4)). However, in contrast to the linear model, Equation (6.7

has a nonlinear periodic solution, which we find by making the trial solution
u = Re My, luol2 = 1, QeR. (6.8)
Substitution of Equation into Equation ([6.7)) yields the following eigenvalue problem for u:

‘U01‘2 0

O ‘U02|2

Qug = Lug + aR? ( ) Ug, L=H+i(ul+G). (6.9)

In general, Equation has a family of solutions labelled by the continuous parameter R, with
corresponding eigenvalues 2(R). However, there is a finite number of R-values consistent with
the requirement S[Q(R)] = 0; all other R-values correspond to eigensolutions of Equation
that are nonetheless inconsistent with Equation (6.8)). It is as if we are solving a nonlinear double
eigenvalue problem in the parameters €2 and R (the analogous double eigenvalue problem of linear
algebra is addressed elsewhere [BC78]). Solutions of this double eigenvalue problem are called self-
consistent in the remainder of this work, and can be found analytically for the simple two-level

system considered in this section. Indeed, we have the following theorem:

Theorem 6.1 Let go < o < g1, and let

2 _ (10 — 91)(po — g2)
X =— yE )

(6.10a)
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Assume that X? < 1. Then Equation has the following self-consistent solution:

— 1 rel®
O=E 2 2 N7 - - 6.10b
o+ aR?, R o X2 ) Ug . ) ( )
where
o= 92 o= —sin~}(X). (6.10c)
g1 — g2

Proof The so-called self-consistent nonlinear eigenvalue problem refers to the solution ug of Equa-
tion (6.9) with the constraint that

(uo, (1o + G)ug) = 0. (6.11)
To obtain such a solution, we take
reie(R)
Uy = , r, o, x €R, r? 42t =1; (6.12)
x

this amounts to a fixed choice for the (arbitrary) global phase of uq. Substitution into Equation ((6.11])
yields
(o — g1) + 2 (1o — g2) = 0, r?fa? =1, (6.13)

hence
Ho — g2

) 6.14
g1 — g2 ( )

where r and x are both real because go < 19 < g1. The phase ¢ is not determined by this analysis;
this is obtained by consideration of the full nonlinear eigenvalue problem, which is written out in full

as follows:

Qre'¥ = Lyre? 4+ Loz + aR*r3e%, (6.15a)
Qr = Lore"¥ + Logx + aR%23. (6.15b)

The imaginary part of the second equation is set to zero to yield a root-finding condition for ¢:
£ sin g + LY cos + £ (z/r) = 0. (6.16)

Because the operator L is symmetric, setting the imaginary part of the first equation to zero yields

precisely the same condition for . Equation (6.16]) simplifies drastically, once the coefficients Lgl)
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etc. are filled in:
Asing + (1o — g2)(z/r) = 0.

Using Equations ((6.13])—(6.14)), this expression can be written as an explicit function of the problem

parameters alone:
Asing & (po — 92)\/—M0 —9
Ho — G2

where the two branches come from taking = ++/1 — 2 in Equation (|6.14)), and where the radicand

is positive because of the constraints on the parameters in Theorem [6.1] Hence,

p=Fsin ! <\/— (ko — 9121(2“0 - 92)> = Fsin!(X), (6.17)

with ¢ € [—7/2,7/2]. Upon satisfaction of the condition (6.17]), Equations (6.15a]) and (|6.15b]) are

consistent, but only in the sense that both equations now imply that €2 is real. The equations (6.15al)
and (6.15b)) are made totally consistent by choosing a value of R such that the value of 2 in both

these equations is the same. In terms of the explicit values of the £-matrix, we have

Q = Ey+ Acosp(z/r) + aR*?,
= FEy+ Acosp(r/z) + aR*x*.

This is a simple quadratic equation in R, for which R has a single real positive root:

g—g2 |1
R* = \/— — L.
a X2

This procedure therefore picks out two isolated pairs (F, R) that leads to a self-consistent solution

of the nonlinear double eigenvalue problem. |}

Further analytical progress is possible with respect to Equation (6.9): the family of complex-valued

eigenvalues Q(R) can be controlled in the following manner:

Theorem 6.2 Take as given the non-linear eigenvalue problem (|6.9), with eigenvalues Q(R) € C
for R > 0. Then

(o — g2) — (91 + 92) < () < o — g2

Proof Take re'¥[Eq. (6.15a])] + = [Eq. (6.15b])] to obtain
Q = Ey+ 2Arvcosp + aR*(r* + 2*) +i(po — g1 — go?).

Since 22 + r2 = 1, we have

I(Q) = (1o — 92) — (g1 + g2)17,
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with 0 <72 <1, hence (pp — g2) — (g1 + 92) < () <po— g2 |1

Thus, the range of allowed values of J(€2) is bounded above and below. In order for 3(2) = 0 to be
achievable, the upper bound must be non-negative, so that a necessary condition for the existence
of a global mode is py > g2. By Equation (6.5)), this is the same necessary condition as the one

required for linear transient growth to occur.

6.2.3 Stability of nonlinear oscillatory state

The stability of the self-consistent oscillatory state is investigated by consideration of a trial solution
u = Re %y + du,

where R = R, and where ug is the solution of the nonlinear eigenvalue problem. Linearization

around the periodic state yields the following ODE:

20 . 2 g\ __
iiéu = Lou+2R% ( [uon| ) Su + R2e~ 2 ( Upy ) 5.

dt ]u02]2 O u%?
= Adu+ e B u. (6.18)
The manifestly time-dependent term is removed by making the trial solution du = Jve ¥, such
that Equation (/6.18)) becomes
d _
i—dv = (A—Q)dv+ Bov. (6.19)

dt
Equation (|6.19]) can be further simplified by breaking it up into real and imaginary parts. We take
ov = (a—i—ib,u—l—iv)T, where a, b, u, and v are real-valued functions of . We also take B = 3+ﬁ,
where B and 7 are real matrices. Similarly, we write ®(A — Q) = H. Finally, we note that

(A — Q) = pol + G. Using this notation, we obtain the following real system of equations:

a po— g+ Hi — B 0 A a
d| b —Hy - — ~A 0 b
a _ u—05u fto— 91— - R R _ (6.20)
at | « 0 A Ho — G2 + o2 Hoo — Pao u

v —A 0 —Hoo — Paz pho — g2 — Va2 v
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The results of Theorem [6.1] are now used to fill out the entries in the matrix in Equation ((6.20])) with

closed-form expressions involving the model parameters:

Ho — g1 aR*(2r* — 1) 0 A
a
+aR%*r?sin2¢ | —aR*r? cos 2¢p
—aR?*(2r* — 1) fo — g1 —A 0 )
d —aR*r? cos2¢ | —aR*r?sin 2y
dt 0 A Ho — G2 —aR?(2r* — 1)
u u
—aR?*(1 —1?)
—A 0 aR?*(2r* — 1) o — G2
v v
—aR?*(1 —1?)
(6.21)

Based on this expression of the stability equations, we prove the following theorem:

Theorem 6.3 The oscillatory state in Equation ((6.10)) is asymptotically unstable.

Proof We write (a,b,u,v)T = e (ag, by, up, vo), and search for eigensolutions where aq, by, 1y and
vo are real. Calling the matrix in Equation (6.21)) M, it can be shown by direct computation
that det(M) = 0 identically (e.g. using a symbolic algebra package), such that the characteristic

equation of the matrix M is

o [0% — tr(M)o® + mio + ms] =0, (6.22)

where m; and mo are real constants that depend on the problem parameters. A further direct
computation yields

Under the twin assumptions that we are in the operating range given by Equation and that
0 < X? < 1, we have that my < 0, such that the cubic polynomial in the square brackets
[---] in Equation has at least one real positive root, with a corresponding real eigenvector
(ag, by, ug, vo)T. The corresponding real eigenvalue therefore has o > 0, hence the system ([6.21)) is

asymptotically unstable.  |j

6.3 lllustrative numerical examples

It is of interest to examine whether the periodic unstable state has any bearing on the dynamics of

Equation (6.7]). Thus, temporal numerical simulations of the same equation are performed. We use
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the parameter values

Ey=1, A=01, ¢=001, g =g+ 4A2+001H)Y2  a=1,

fo = 0.95 [% (91 +g2) — \/(91 — g2)* — 4142} . (6.24)

Also, the initial condition was taken to be (Ay/v/2)(i,1)”, where A, is taken to be small in an ap-
propriate sense, so that the early-stage dynamics correspond to linear theory. The parameters (|6.24])
correspond to a subcritical case: both eigenfrequencies of the linearized dynamics possess negative

imaginary parts. However, the same parameters are appropriate for (linear) transient growth, as
outlined in Equation (6.6)).

The results are shown in Figure[6.I The numerical solutions are obtained using an eight-order accu-

rate Runge—Kutta scheme [Gov]. Solutions under the linearized dynamics are shown in Figure a).

10 10°

A =01035
i)

A =010345
5]

A =003
I 00
10 A =00335

A _=00329
i)

A =01032
i)
=
0 A =0 03
A _=01029
5]

Tl
-
=
S

0 50 100 150 200 250 0 50 100 150 200 250
t t

() (b)

Figure 6.1: Solutions of (a) the non-Hermitian linear Schrodinger equation; (b) the non-Hermitian
nonlinear Schrodinger equation. The initial data are the parameters are the same in (a) and (b).

Significant transient growth occurs for the initial data and parameter values in Equation (|6.24)), in
spite of the negatativity of the linear growth rates, i.e. ' [spec(£)] < 0: the maximum amplifi-
cation is over 500% in the figure. In contrast, solutions under the nonlinear dynamcis are shown
in Figure b). The linear transient growth operates in the same manner as in Figure , up to
t ~ 80. Thereafter, a range of possibilities exists, depending on the initial amplitude of the distur-
bance. First, one notes that there is a critical initial amplitude Ag. such that lim; . |[ull2 = Re;
this is precisely the critical radius for which the nonlinear oscillatory state exists, as in the analysis in
Equation . Also, for initial amplitudes above this threshold, the same nonlinear oscillatory state
is excited, but is subsequently destabilized, and indefinite exponential growth takes place. Finally,
for initial amplitudes below the same threshold, the nonlinear oscillatory state cannot be maintained,

and the linear dissipation eventually causes the disturbance to decay to zero. For the case Ay > Ay,
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one obtains the eery result that the disturbance grows exponentially fast, in spite of the fact that
the eigenfrequencies of the linearized problem possess negative imaginary parts. This is a subcritical

transition to (nonlinear) instability.

These results point to the following conclusion: linear transient growth by itself is not sufficient
to induce a transition from a regime of small-amplitude disturbances to one of nonlinear instability
in the model equation . Rather, the transient growth must have available an excitable non-
linear eigenmode, and moreover, the operating parameter regime must be such that the nonlinear
eigenmode is linearly (asymptotically) unstable or neutral. These findings are consistent with the
literature on a vastly more complicated system, namely the subcritical transition to turbulence in
parallel shear flows [SHO1, [Gro00], where a combination of transient growth and the secondary

instability of coherent states [Wal95|, Wal98] is required for subcritical transition to turbulence.

Exercise 6.2

1. The maximum transient growth rate is defined as

efty
7(t) = sup o]

LA (6.25)
wro lul

where the L? norm is taken. Show that at each time t the disturbance u that realises the

maximum in Equation ((6.25)) is the solution of the eigenvalue problem
LMol = Auy, (6.26)

where the subscript t indicates that w; is the disturbance that maximizes the growth rate
~(t) at the particular time t. The quantity u, is called the optimal disturbance at time
t.

2. Use the parameters (6.24]) and the solution (|6.26)) to generate numerically the curve ~(t),
with 0 < t < 300, say.

3. Download the “.m” code from the website. Run the linear and noninear version of the
code with the initial condition u(t = 0) = uso (say). Plot the L* norm of the solution

versus t and compare with Figurel6.1]
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6.4 Interlude: Three-dimensional disturbances in plane par-

allel flows and Squire’s Theorem

Before applying the theory of transient growth to plane parallel flows, we must first all make a
digression and consider in more detail the notion of three-dimensional disturbances to a plane
parallel flow Uy(z), with u = Uy(z)& + du, where du = (du,dv, dw), such that the perturbed
velocity u has three non-trivial components. The reason for this is that we will find out that the

optimal disturbance is three-dimensional.

As before, the basic non-dimensional equation of motion is

9 o dUy .

where dp is the perturbation pressure. We operate on both sides with the curl to obtain the linearized

vorticity equation:

%5(.0 + UO%(SQJ — Uy (20,00 — §0,0u) + Ul (900w + 20,0w) + gUJ 6w = Re™'V?w

Call n =z - dw. Clearly,
@ + U @
ot ox

Next, consider dw, = & - dw and dw, = Y - dw. We have

+ U}0,0w = Re V. (6.27)

0 o o,

aéwm + UO%&% — UO%(SU = = Re "V*w,, (6.28a)
g&u + U ﬁ&u + U'E&L + U'Q(Sw +UJdw = Re V0w (6.28b)
ot Y 097 Y 09z 092 0 N v ’

We go over to a normal-mode decomposition with dw o €% such that 9, = ia and 9, = i.

Thus, the two vorticity components dw, and dw, become

dwy, = 0O 0w — 0,6v =ifdw — 0,0v,
dwy, = 0,0u— 00w = —iadw + J,0u.

Put these into Equation (/6.28)):

% (iB0w — 8.6v) + Upiax (iB0w — 0.0v) — Ujiadv = Re 'V (iB6w — 0.0v) , (6.29a)
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% (—iadw + 8.6u) + Upiar (—iadw + 8.6u)

+ Ujiadu + Uy0,6w + UJswRe™ ' V? (—iadw + 0.6u), (6.29b)
Take i/3(6.29a)):

% (—F0w — i80.0v) + ialy (— 826w — i30.6v)

— iaUj (iBév) = Re™'V? (—B%0w — i0.0v) . (6.30a)

Also, take ic(|6.29b)):

% (oz25w + ioz@z(Su) +ialU (042510 + ia@zéu)

+ iaUj (iadu) + iaUj0,0v + iaUjdw = Re™'V?* (a®0w + iad,0u) . (6.30b)

Subtract:

% (—BQ&U — 6w — 180,00 — ia@zéu) + ial, (—52510 — o?6w — 180,0v — ioz@z(Su)

+ iaUj (—=1B6v — iadu — 9.6v) — iaUjdw = Re™'V? (26w — o*dw — iB0.0v — iad.ou)

Use incompressibility:
icdu + iBov + 00w = 0

hence
025w — iadu — 1Bdv,
and thus 5
§V25w +ialy V2w — il dw = V4w,

Going over to the normal-mode decomposition, this is

% (92 — k) 6w + il (92 — k?) 6w — iaUgdw = (92 — k2)2 dw, =’ + 5

With dw o e™@ this is

ia (Up — ¢) (82 — k) 6w — iaUY/dw = Re™* (6% — k?)” dw, (6.31a)

which is precisely the Orr—Sommerfeld equation. However, we have a further equation for the

wall-normal vorticty (Equation (6.27])) which now reads

ia(Uy — e)n +ipU 6w = Re 1 (02 — k*)n. (6.31b)
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Equations (|6.31)) are the Orr—Sommerfeld—Squire equations.

Equation (6.31a)) can be mapped into a two-dimensional Orr—Sommerfeld equation by the introduc-

tion of the variables

Qop — k:\/QZ—i—BQ, (6323)

Resp = —Re= |—%" Re (6.32b)
o Q9op - a2+62 ' ’

Thus, Equation (|6.31a]) can be rewritten as

2

icop (Ug — ) (83 — agD) Sw — iaU}dw = Reyp (83 — OéQD) ow,

which is precisely the Orr—=Sommerfeld equation in two dimensions. From Equation ((6.32)) we have
Resp < Re.
Thus, we have shown the following result:

Lemma 6.1 To each three-dimensional Orr—Sommerfeld-Squire mode there corresponds a two-

dimensional Orr—Sommerfeld mode at a lower Reynolds number.
This enables us to prove Squire’s theorem:

Theorem 6.4 Given Rej, as the critical Reynolds number for the onset of linear instability for
a given («, 8), the Reynolds number Re. below which no exponential instabilities exist for any
wavenumbers satisfies

Re. :=min Rey (o, 3) = moin Rep(a,0).

a,

Thus, parallel shear flows fisrt become unstable to two-dimensional wavelike perturbations at a
value of the Reynolds number that is smaller than any value for which unstable three-dimensional
perturbations exist. That is the reason why no generality was lost to date in studying only the

two-dimensional disturbances for the plane parallel flows.

The proof of Squire's theorem follows directly from the Squire transformation (6.32): if a three-

dimensional mode is unstable, then a two-dimensional mode is unstable at a lower Reynolds number.

We also have the following result for so-called pure Squire modes (A solution of the Orr—Sommerfeld—

Squire equations with w = 0 is called a pure Squire mode):

Theorem 6.5 The eigenvalues of all pure squire modes are damped, i.e. ¢; < 0 for all o, 5 and

Re, for all pure Squire modes
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The proof here is straightforward: we take w = 0 in the Squire equation (6.31b)). We then multiply
by »* and integrate from z =0 to z = 1:

1 1 1
)\/ In|*dz + ia/ Uo|nl® = Re_l/ n* (82 — k*) m, A = —iac. (6.33)
0 0 0

Since n = 20w = iadv —ifdu we have n = 0 at z = 0, z = 1. This enables us to do integration by
parts on the right-hand side of Equation (6.33]) and to set the boundary terms to zero. We obtain

1 1 1
A / nf? dz + ia / Unlnl? = —Re™! / (100 + K| P) d.
0 0 0

Taking real parts, we have
Mlinllz = =Re™ ([19:nl3 + &*|1n]]3)

hence \.||n||3 < 0, hence ¢; < 0 as required.

Transient behaviour

It is tempting to ask why wave introduced the Orr—-Sommerfeld Squire equations when the end
result has been a theorem showing that as far as eigenvalues are concerned, the three-dimensional
disturbances are not important. The answer is that stability theory is about more than eigenvalues.
Eigenvalue analysis is only valid as t — oo. For finite times, we must consider the full initial value

problem. The initial value problem for the Squire equation reads

% +ialy(z)n +ipUs6w = Re™" (07 — k*) 1.

For o« = 0O this reads
on o 1

5t R Eafn + 18U, 0w. (6.34)

Let us further focus on the large-Reynolds number flows, and focus on the case where we can take
Re — o0, such that Equation (6.34)) reads

o _ .o
5 = —iBUyow.

This is a first-order separable ODE, with solution

n(z8) = 1(=,0) — iU} (2) /0 (e 1) dt.



92 Chapter 6. Transient Growth

For short times we can take dw(z,t) outside the integrand, leaving
n(z,t) = n(z,0) —ipUs0w(z,0)t (6.35)

Thus, the vorticity grows linearly with time for short times. This is the notion of a transient
instability. Of course, what happens as t — oo is not predicted by Equation ({6.35)) — that is
determined by the eigenvalue analysis. But it is of interest to study in a systematic way the transient
behavior of the Orr—Sommerfeld—Squire equations at finite times, i.e. before the eigenvalue analysis

becomes the factor determining the time evolution. We do this in the next section.

6.5 Transient growth in plane parallel flows

6.5.1 Formulation

The Orr-Sommerfeld-Squire equation for a generic problem in the hydrodynamic stability of a

parallel flow can be written down in generic form as follows:
Lx = IMx, (6.36)

The stability problem is solved at a particular set of wavenumbers («, ), and the Orr—Sommerfeld—
Squire matrices £ and M and the eigenvalue X\ all depend on the wavenumbers. Recall, the
state vector x is obtained by writing the wall-normal velocity and vorticity in a finite Chebyshev

approximation:

N N
w(z) :ZAz'Ti(%), ﬁ:ZBiTi(l’), xr=2z—1,
i—0 i—0

such that
X = <A07"' 7ATL7B()7"' 7Bn)T‘

Now, it can be shown that the matrices in Equation (6.36]) can be used to solve the corresponding

initial-value problem (e.g. Reference [ONSS13]). The initial-value problem is formulated as follows:

%MX = Lx, t >0, (6.37a)

with initial condition

X(t:O) = Xo;, X0 = (Z'(),"' y Lns Yo, - - 7yn)T7 (637b)
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and where
- 1/1T(x)w (I +1),1 = 0) 2 (6.382)
0o — 7_(_10 2 U — /—1—I2’ .
T, = 2/1 Ti(z)w (3(z+1),t =0) do i #0 (6.38b)
[ - . 2 2 v m? ’ -
- l/1T(a:) (l(x—l—l)t—O)d—x (6.38¢)
Yo = ), 0 n 2 y v m> :
= z/1T(:c) (1(x+1)t—0)d—x i£0 (6.38d)
y’L - T ), 1 77 2 » v m? . .
It can be easily seen that the solution to Equation (6.37]) can be written as
X(tn) = X(tn>X07 tn = nAta n= 07 17 T
where At — 0, keeping t, =t finite. Also,
X(t) = lim [(M—AtL)' M]" (6.39)

At—0

Note that Equation (6.39)) amounts to solving the linear differential algebraic equation (DAE) (/6.37a))
using the backward Euler method.

6.5.2 The method
The idea of the transient-growth calculation is to start with the energy norm
1
E(t) = / (|0.w]? + k*|w|* + |n]?) dz, k? = a® + 3, (6.40)
0

and at each point in time to optimize the energy norm subject to the constraint that F(0) = 1.
The resulting maximum energy is called the transient growth rate, G(t). These calculations can be
done within the framework of Section as follows. First, the energy norm in Equation ((6.40)) is

identified with a scalar product on the space of admissible x-vectors:

2 2

1 N N N
! dl"
B) = 4 [ 4o |[YAeTi@)] + 8|S AT [ LB [ =2
a =0 i=0 i=0
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Call

We have

By = Y AATY +#2Y 4A4TO + Y BiBTY,

0,9 1,3 2
T 4+ k27O 0
- (x R o
= (X, 9x)-

Here, the brackets denote the usual scalar product on the space of x-vectors, and the matrix G is

symmetric positive-definite. Thus, the equation
E(t) = (x,9x)

defines a scalar product on the space of x-vectors. However, we have
X = X(t)X(b

hence
E(t) = (x0, X(1)'GX(t)x0)-

Thus, the optimization to be performed can be recast as an optimization of the functional
Elxo] = (xo0. X(1)'GX (t)x0),

subject to the constraint that

<X0,QXO> =1

In other words, we have the following Lagrange-multiplier problem:
Elxo) = (x0, X(1)'GX (t)x0) — X ((x0,Gx0) — 1) -

The optimum vector is obtained by setting

oF
ox*
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Figure 6.2: Validation of our code for the maximum transient growth rate compared to known
benchmark case in the literature (data from Reference [SHO1]). The small discrepancies between
the two datasets are due to errors in scanning and digitizing the data from the reference text.

in other words,
XTGX (t)x0 = A\GXo- (6.41)

Equation (6.41)) is a generalized eigenvalue problem, and it is readily checked that the eigenvalues
are real (both matrices appearing in the problem are Hermitian) and moreover, that the eigenvalues
are non-negative. It can be further shown by a straightforward calculation (backsubstitution into

the constrained functional) that

sup [E]xo0] — A ({x0,Gx0) — 1)] = max A,

X0

where the maximum is taken over the spectrum of the generalized eigenvalue problem (6.41)). Thus,

at each point in time, the transient growth rate is

G(t) = max \.

6.5.3 Results for Poiseiulle flow

We have validated this procedure against the known test case of Poiseuille flow. We work in the units
used by Orzag and other later researchers for their stability calculations of single-phase Poiseuille
flow [Orz71]. Thus, we take « = 1, # = 0, and two cases for the Reynolds number: Re = 5000
(asymptotically stable) and Re = 8000 (asymptotically unstable). A comparison between known

results for G(t) in this instance and the results from our own calculations are shown in Figure[6.2]

It is now of interest to examine the behavior demonstrated in Figure [6.2] a little further. We go back

over to our own units based on the full channel height and the friction velocity and examine the
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Figure 6.3: Time evolution of the optimal transient growth rate as a function of the wavenumbers
« (streamwise) and [ (spanwise). Between ¢t = 0.1 and ¢ = 10 the optimal disturbance moves from
being spanwise-dominated to streamwise-dominated.

features of the transient growth in the supercritical case Re = 8000, Re, = /8 x 8000 =~ 252.9822,
for various times t € [0, 2] (corresponding to times [0, 2] Re, /2 in Figure[6.2). The resulting study
is presented in Figure [6.3  where it should be noticed that it is the square root of the energy of the
most-amplified disturbance that is plotted in a wavenumber space, for different t-values. For very
short times (¢ = 0.1) the transiently most-amplified mode has a wavevector with components in
both the streamwise and spanwise directions (at ¢ = 0.1, max, g G, g(t) occurs at (o, 5) =~ (3,8)).
As time goes by, the most-amplified mode moves to a more spanwise wavenumber such that by
t = 1 the maximum value max, 3 G, 3(t) occurs at &« ~ 0 and § = 6. Thereafter, there is a slow
evolution of the trajectory of the most-amplified disturbance through the wavenumber space away

from spanwise wavenumbers towards streamwise ones (the eigenvalue theory predicts that as t — co
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-2

0
0

Figure 6.4: Eigenvalue of most-dangerous mode of the Orr—-Sommerfeld-Squire equations, with
Re = 5000. The most-dangerous mode according to eigenvalue analysis (valid as t — o) is a
streamwise one.

the most-amplified disturbance is a streamwise-only mode — Figure . By ¢ = 10 the asymptotic

state is reached and the most-amplified disturbance is indeed streamwise-only.
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Weakly nonlinear theory

7.1 Overview

Beyond linear theory, analytical progress can be made in certain scenarios wherein a separation of
scales occurs. The idea here is to break up the eigenmodes of the linear theory into two sets. In
the first set, the growth rates of the linear theory are O(1), while in the second set, the normal
modes possess large damping rates of magnitude 1/¢, so that a separation of timescales between
the two sets occurs. Thus, two sets emerge, corresponding to fast dynamics and slow dynamics.
The modes belonging to the fast set can be viewed as slaved to the slow modes, and do not evolve
dynamically. Analytical expressions for the fast modes in terms of the slow modes can be derived,
which in turn are substituted back into the equations for the slow modes, leading to a simplified

system of differential equations for the fast modes.

7.2 Example — Cahn—Hilliard equation

We will start with an example of a nonlinear equation amenable to a weakly nonlinear analysis.
The direct relevance to Fluid Dynamics here is not immediately obvious, but it serves here as an
excellent example of the methodology. We therefore study the following Cahn—Hilliard equation

in one spatial dimension:

%_? =V2(C?*—C—AV3C), t>0, x€(0,L), (7.1)

with initial date C'(z,t = 0) = Ciu(z) and periodic boundary conditions on the interval (0, L).

Also, D and ~y are positive constants.

98
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It can be seen that the Cahn—Hilliard equation is mass-conserving,

d L
- t = 2
i |, C(z,t)dz =0 (7.2)

In this example, we take
L
/ C(z,t)dz =0,
0

corresponding to a symmetric mixture. It can also be seen that the state C(x,t) = Cp, with
Cp is a solution of the Cahn—Hilliard equation for a symmetric mixture, and that the state is
linearly unstable with respect to small-amplitude perturbations. For, starting with the trial solution

C(z,t) = Cy + ee” k@ the growth rate v satisfies the dispersion relation
v = DE*(1 — vk?),

with cutoff wavenumber k. = 7'/ and most-dangerous mode A = ke/V/2.

We now explore the weakly nonlinear dynamcis of Equation . For simplicity, we will examine
a scenario where the set of fast modes comprises a single normal mode, and that all other modes
are damped according to linear theory. This corresponds to a situation just above criticality. The
application of weakly nonlinear theory to this scenario where the set of fast modes contains only one
element is called Stuart—Landau theory. Parameters appropriate for this regime are L = 1 and
v = 1/87n2. The most-dangerous mode therefore occurs at k; = 27 and the cutoff is at k. = 2k,
with ky < k. < 2kq, such that precisely one unstable mode fits inside the box.

The complete solution of Eq. (7.1)) is expanded as a Fourier series,
Clz,t)= Y Au(t)e*™*  ky=(2r/L)n, A_,=A;, (7.3)

with Ay = 0 for symmetric mixtures. The solution (7.3 is substituted into Equation (7.1). One

obtains the following amplitude equations:

dA,
dt

= v(kn)An = Dk > > AA AL, (7.4)

p=—00 g=—00

Equation is an example of a nonlinearity by way of a four-wave interaction. Four-wave
interactions are the hallmark of a cubic nonlinearity. Now, for a barely-supercritical system, the
fundamental mode (n = £1) has a positive linear growth rate, while all other modes have a negative
linear growth rate. Initially therefore, the fundamental dominates the evolution. Overtones will only
be relevant if they couple to the fundamental. We therefore simplify Eq. by considering the

dominant modes. These will be the fundamental and a handful of overtones. In fact, we reduce
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the equations down to a triple by considering the fundamental and the n = 2, 3 overtones, and by
neglecting all other modes. A further simplification occurs in the overtone equations, wherein one
considers the most-dominant interaction terms only; i.e. those that involve a power of A;. One

arrives at the following set of equations

dA

— = (k) A — DE{A; (642 + 6] A3 + 3| Asf) — 3Dk A3 A7, (7.52)
dA

d_t2 = V(kQ)A2_6Dk§|A1|2A2, (75b)
A

% — U(ky) Ay — DI2AZ. (7.5¢)

Because of the cubic interaction, a strange thing occurs, whereby the right-hand side of the A,
equation is proportional to A, itself, meaning that the amplitude |As| can be controlled in the

following manner:

|As|* = (v(ka) — 6Dk3|A1]?) |Asf® < v(ks)|As|?,

=~

1
2

By Gronwall's inequality, we have the following further inequality:
[A2(1)] < [A5(0)[e" "2,

which is exponentially decaying because only the fundamental is linearly unstable. Thus, in the set of
modes { A;, A, A3}, the mode A, is decaying. In contrast, the right-hand side of the Aj-equation is
not proportional to A3, and the corresponding amplitude is not controlled. Indeed, Equation ([7.5b)
is a first-order homogeneous ODE for A, while the corresponding equation for Aj is first-order and

inhomogeneous, with solution
t
A3 = Ag(O)e”(k?’)t - Dk%ey(kB)t/ e_”(k3)s[A1 (S)]g ds. (76)
0

We now invoke the separation-of-timescales argument, assuming that |v(k;)/v(ks)| < 1, and
lv(k1)/v(ks)| < 1, with v(k;) > 0 and the other two growth rates negative. It is as if we are
taking the limit v(ky) — —oo and v(k3) — —oo. In this limit, the A; mode is damped rapidly to

zero, so that under separation of scales, we have
As = 0.

Consideration is given to Equation ([7.6)) in the same limit. In this limit, the most-rapidly varying

v(ks)s

term in the integral is e~ , compared to which A;(s) varies slowly and can be taken outside the
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integral, leaving

t
Aglt) = Ag(0)e"™" — Do) / e 5[4, (s)] s,
0

Q

t
As(0)e ) = DI A, () [ o0 ds,
0

v(ks)t _Dkg v(ks)t 3 (o—v(ka)t
= A3(0)e + V(k2)e [A1(1)] (e _ 1) ’
Dk 6Dk2
= —2 (At 3 4 |:A 0 el/(ks)t _ o7 A (t 3eu(k3)t:| 7
V(kg)[ 1( )] 3( ) V(kg)[ 1( )]

which in the limit of infinite separation of scales reduces to

Summarizing, in the limit of infinite separation of scales, we have

Dk2
V(kz)

These identities are now substituted back into Equation ([7.5a]) for A;, which now is constituted in

closed form:

dA,

il v(ki)Ar — DkT Ay (3|A1]” +6C% 1 41]°) — 3C Ay 4%,

= v(ki)Ar — DE{A; (3|A1]* + 3C| A" + 6C% 1 44]°) . (7.8)

A solution to the Aj-equation is readily available in closed form, and backsubstitution into Equa-
tion ([7.7)) yields As. Thus, under the separation-of-scales assumption, A3 does not evolve dynami-
cally — it is slaved to the mode A;. Also, from Equation ([7.8]), we can see that

. d

2 1A = v(R)IA = DELLA PP (| Ad),

where
P(2?) = 32 + 3Cax* + 6C22° > 0

meaning that exponential linear growth term v(k;)|A1|? is eventually balanced by the nonlinear term

DE?|A1]*P(]A1]?) and the nonlinearity in this instance is saturating.

The theory can be extended to involve the five modes { A, Ay, A3, Ay, As}, leading to the following
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amplitude equations:

dA
d—tl = v(ki)Ar — Dk{ Ay (3| A1) + 6] Az|? + 6| A3|* + 6] Au|* + 6] As5]?)
—3DE>Ag( A2 + 24, A% + A3 Az) — 6DE? A4 (AT AL + Ay AY)
—3Dk{ A5 (A5 + 245 A3), (7.9)
dA
d_t2 = V(k?g)AQ — 6Dk’§|A1|2A27 (710)
A.
% k) Ay — DE2AS, (7.11)
A
dA
d—; — w(ks)As — 3Dk2A%As, (7.13)

where in the equations for the harmonics we have kept only those interaction terms that involve the

highest powers of A; and Aj.

Again, in the limit of infinite separation of scales, we have A, — 0 and hence by recursion, A4 — 0,

and thus we reduce to a triple of equations for odd modes:

dA
d—tl = v(k)Ar — DEIA; (3| Ar]* + 6| A3 + 6] 45])
—3DkA3(A? + A3AL) — 6DK; AT A3 As, (7.14)
A
dA
d—; = v(ks)As — 3Dk2A%A;. (7.16)

The limit of infinite separation-of-scales is invoked again and we obtain

D 2 D2 21.2

o (hs) = —V(krg)z/(kg))Al' (7.17)

Thus, we have A,, oc A7, valid clearly (by recursion) for all n. € {3,5,7,---}. This is a hallmark of
the Stuart-Landau theory: the amplitude of the harmonics is a power of the amplitude of
the fundamental. The Stuart-Landau law ([7.17)) is substituted back into Equation (7.14]). One

obtains
dA;

dt

where again, Q > 0 and the nonlinearity is saturating.

= V(k?1>A1 — Dk%Al Q(’A1|2)7 (718)

The theory in Equations ((7.17))—(7.18)) is now checked against numerical simulation. The numerical
simulation is carried out with the FDCH parallel Cahn—Hilliard solver [NSN15]. The numerical
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simulation seeded with the initial condition
Cinit = € cos(kyz), e=10"% (7.19)

A spectral analysis of the numerical solution was obtained and the results plotted in Fig. [7.I An

10
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|

Figure 7.1: (Figure from Reference [NSN15]). Comparison between weakly linear theory and direct
numerical simulation. Model parameters: D = 1, L = 1, and v = 1/872. Simulation parameters:
Az = 1/304, At = 1078, The simulation results are shown in thick lines: solid line: |A;|, dotted
line: |Ajs|, dashed line: |A;5|. The predictions from weakly nonlinear theory are shown in thin
lines with symbols. Squares and circles: predictions based on Equation for |As| and |As|
respectively. Diamonds: prediction based on Equation for |A1]. The main figure is presented
again in the inset using a log-log scale to show the initial layer of the dynamics before the onset of
slaving.

additional log-log plot shown in the inset of the same figure reveals the presence of odd-numbered
harmonics even at ¢ = 0. This is due to roundoff error in the simulation (the simulations used the
IEEE double precision format). A combination of roundoff error and numerical error also leads to
the the presence of some transient noise in the amplitude |A5|. However, these effects are rapidly
dissipated, such that the eventual outcome of the simulation demonstrates excellent agreement
between the theory based on Equations — and the FDCH code.
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7.3 General theory

The general theory of slaving involves a set of ODEs,

d
d—f = f(x,y), reC, (7.20a)
d 1
Yo —=Dy + g(z,y), ye Cm, (7.20b)
dt €
valid for ¢ > 0, with initial data
z(t = 0) = xo, y(t =0) = yo. (7.20c)

where D is a diagonal matrix with D;; > 0.

An implicit solution of the y-equation is obtained as follows:

t
yi(t) = ys(0)e Pl 4 emtDule / e Pulg,(x(s),y(s)) ds
0

Clearly, y;(t) varies on two timescales: the rapid timescale 1/¢, and the slow timescale which is

O(1), and we write
yi<t> = yi(t7 t/E),

such that .
yi(t) = y;(0)ePii/e 4 e_tD”/E/ ePiileg,(x(t), y(t, t/€)) dt
0

suppressing the difference between the dummy variable of integration and ¢ for the time being. We

make the substitution £ = ¢/e. Thus,

t/e _
yi(t) = y;(0)etPilc 4 ee_tD“'/e/ e'Piig;(x(et), y(et, 1)) di.
0

We now solve the integral equation recursively. To lowest order in €, we have

t/e N L
yi(t) = y;(0)etPile 4 cetDu/e / et Pii g (x(et), y;(0)e Put) dt.
0
We take ¢* < t, where a < 1. Then the first term is bounded by
yi(0)e~Pi/e ™" 5, e —0,

such that

Y

t/e _ t
yi(t) — eetD“'/E/ e'Piig(z(et), 0)dt = etDn‘/e/ etPiile g, (x(t),0)dt, e—0,
0 0
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and provided ¢ < 1/¢ the term g(x(t),0) can be treated as a constant, leaving
t
yi(t) — e tPileg(x(t), 0)/ etPi/qt e—0,
0

leaving

g:(z(t),0), t<1/e, e — 0,

which is the final result.

7.4 Example — Kuramoto—Sivashinsky equation

Consider the following longwave model for waves on a thin film in the presence of surface tension
and inertia, taken from Reference [BCF95):

oh 0 ) Oh 9°h  ReS 0%h B
EJra_x coh +h (V+hW>+Re<R+hT)a_x+Max2 + e 9 =0,

ze(0,L), t>0, (7.21)

with applied periodic boundary conditions in the z direction. Here {co, V, W, Re, R, T, M, S, We}

are positive real constants of the model.

Exercise 7.1 Compute the dispersion relation for the linearized equation of motion.

Answer clue:

‘ S
v =ik(—co + ME?) + Re k? (R - %1&) :

Exercise 7.2 Show that the amplitude equation corresponding to Equation ([7.21)) is

= vAy+ o+ np) S pA A, i Y ) pAAA (7.22)

p=—00 pP=—00 qg=—00

where
a=kV, B=21k’ReT, X = ik W

— 2

and where k, is the fundamental wavenumber.

Exercise 7.3 Assume that the fundamental is a standing wave, with co = Mk?. By keeping only
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the first three modes, and by taking § = Mk?, derive the following amplitude equations:

dA

d—tl = 1A+ (ia + B) AT Ay +ixAA], (7.23a)

dA

d—t? = (03 — 6i6) Ay + (ia 4 28) A2, (7.23b)
A

% = (03 — 24i0) Az + 3(ia + 38) A1 Ay + i A3, (7.23¢)

where o,, = R[v(k,)].

Exercise 7.4 Working near criticality, with o1 > 0, 0, < 0, and |o,| > oy for n > 2 argue as

before that
A, o AT, n > 2.



Chapter 8

Direct numerical simulation of the

incompressible Navier—Stokes equations

8.1 Overview

In this section we outline a numerical method to solve the incompressible Navier-Stokes equations.
The method will be broken down piece-by-piece and numerical algorithms to solve each piece will
be introduced. Analysing and implementing these algorithms will be the subject of this and future

chapters. The aim is to develop a complete understanding of a parallel DNS solver called TPLS.

8.2 The basic equations

We start with the incompressible Navier-Stokes in non-dimensional form:

%_?+u-vu:—Vq+éV'[MWHWT)} Vou=0, t>0,  (81)

with initial conditions
u(x,t =0) = uyg, q(x,t =0) = qo, V- uy=0,

defined on the domain (z,y, 2) € [0, L,] x [0, L,] x [01]. For definiteness, we work in a channel

geometry, with the following boundary conditions:

and with periodic boundary conditions in the other two directions. Ordinarily, the viscosity u is a

constant; however, it is treated here as a quantity that potentially varies in space and time, meaning

107
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that our discussion is quite general, and can be extended to large-eddy simulations and Reynolds-

averaged simulation modelling of turbulence. A schematic of the computational domain is illustrated

=~
3
k3
IS

Figure 8.1: (Picture thanks to James Fannon) Computational domain Q2 = [0, L,] x [0, L,] x
[0, L, = 1]. Periodic boundary conditions are used in the streamwise (faces AB) and spanwise
(faces CD) directions, while no-slip boundary conditions are used on faces E and F.

in figure [8.1}, where the length scale is normalised with respect to the channel height i.e. L, = 1.

A driving force is introduced in the streamwise (z-direction), such that
q(x,t) = p(x,t) — |dP/dL|x,

where |dP/dL| is the constant pressure drop. Thus, the equations to be solved now read

0 1
SruVu=—Vp+ =V [u(Vu+ Va')] +ildP/dLl,  V-u=0, t>0. (82)

It is difficult to evolve these equations forward in time because there is no explicit equation for p.
The solution to this problem is to use a projection method. This will be done in tandem with a

finite-volume discretization.

8.3 The method

We employ a uniform finite-volume discretization. This is similar in spirit to a uniform finite-difference
discretization, except that more attention is paid to the physics of each computational cell. Each
cell is of size Ax?, but now scalar quantities are defined at cell centres and vector quantities on the
appropriate cell faces. In this way, the divergence of a vector flux is automatically defined at cell
centres and also, is automatically computed by a centred finite difference, which has higher-order

accuracy than a more naive approach, and also takes account of the physics of the fluxes flowing
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| I
—r a I a —t
| [
—_— | ] . . .
Two-dimensional staggered grid on which flow variables are defined: T, vertical component of velocity; —, horizontal component

of velocity; e, scalar variables (pressure and volume fraction).

Figure 8.2: Schematic description of a two-dimensionial MAC grid

into and out of each computational cell. A schematic description of this setup is given in Figure[8.2]

This choice of grid is called a marker-and-cell (MAC) grid.

To evolve the equations forward in time, operator-splitting is carried out in two distinct half-steps.
In the first half-step, an intermediate velocity u* is computed by momentarily ignoring the pressure
contribution in the momentum equation:

u*—u":—u-Vu%—%V- (1 (Vu+Vu')].

The precise manner in which u* is extracted from this equation is discussed below. We first of all

however describe the second half-step which is got by considering the pressure contribution:

*

n+l
L Y vt 4 |dP/dL). (8.3)
At
We take the divergence on both sides and impose the constraint that V - u"*! = 0, leading to

V- -u*

n+1 —
vp Al

(8.4)

By solving the Poisson equation ([8.4) the pressure at timestep n + 1 is obtained. This is then
substituted back into Equation ({8.3) to give

w"t = u* — AtVp"t! + At|dP/dL|z.

We now describe in detail the implementation of the momentum half-step.
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8.4 Discretzation of the momentum half-step in space and

time

Recall, in the momentum half-step, the equation

u* —u” 1
® +u-Vu=—

A =V (1 (Vu +Vu')] (8.5)

is solved for u*. Here, u is the (possibly varying) viscosity, defined at cell centres. Below we show
how Equation ({8.5) is disctetized in space and time.

Temporal discretization

The viscous term is broken up first of all into contributions that are more convective in nature and
other contributions that can be treated are more of a diffusive character. The more convective parts

are identified as

— =1,2,3
Reaxl Maxj)7 ] )=y

while the more diffusive parts are identified as

i (9 3uj
Re Ox; ”6931-

) =D (u), j=1223.

For example, for j = 1 (with u = (u,v,w)), the more convective parts are

Qo (ou) B o0) 0 ou
Re | Ox “895 oy “ax 0z Max

and the more diffusive parts are

Ao oy 0 oy o (o]
Re |0z \Mox oy M@y 9. \Faz )| — ~1\W

Thus, Equation ([8.5)) is rewritten as

* n

e A e 0 Ou,
A7 _[ u Vu+Reaxi <u ')}Jr’D(u). (8.6)

where e; is a unit vector in the j* Cartesian direction. The terms in the square bracket are now
bundled together as a convective term C and Equation is discretized in time using Adams—

Bashforth discretization on convective terms and Crank—Nicholson discretization on the diffusive
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contribution, giving

u'=u"+ At (C"—1C" + 2C"?) + LAL[D(u") + D(u")],

where D(-) is identified as a linear operator. Thus,
[I—3AtD]u* = At (C" — 3C" ' + ZC"?) + LAtD(u") := RHS,

or

[1— LAtD] u* = RHS. (8.7)

Spatial discretization

Equation (8.7)) is now discretized, using a flux-conservative treatment for the diffusion terms. What
this means is explained in the context of the particular equation in the z-direction. Here, we are

working on the u-grid. We have

ou ou du Ou
B :“+(1/2)$%|+1/2 - :“—(1/2)93%|+1/2 o u+(1/2)yﬁ_y}+1/2 - “—(1/2)ya_y‘+1/2

Di(u) =
() Az Ay
du du
“+(1/2)Z$|+1/2 T H=/2)25z |1 1)2
Az ’
where

M1z = Hit1,j4+1,k+1,

H—(1/2)x = Mij+1,k+1,

Ha(1/2)y = }1 i gkt + Mgt grihen + Higao kst + Miv1j42.k41)

P2y = g Higriken F Rip ik + ik + ikl

ez = g Hagese F Rir gk T ek T i ke

H(1/2): = le [ g1 o1 T i1 141 F M1,k + Misk1,j+1,k]
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are the viscosity interpolated linearly on to the u-grid, and

@ o Uig15k — Uik
0T |1 /9 B Az ’
@ o Ujgk — Ui—1,5k
ox 12 N Az ’
8_u Uik — Uik
|41/ Ay ’
@ o Uigk — U1k
Y| 1/ Ay ’
8_u o Uigjk+1 — Uik
02|11 B Az ’
@ o Uigk T Wigk—1
0z 1y N Az ’

Putting these rules together with Equation ([8.7]), the linear equation to solve is

[L+ pray2e(/2) + poqyoe()/2) + o (/2) + oy (@/2) + pya(a/2) + poae)=(/2)] ujy,
= RHS;ji+(0/2) by (1/2)0 741,60/ 2) e 200051 5 () 2) g (12005 1 et () 2) e 2y 5 o1 o
(a/Q)H’Jr 1/2)Zuz] k+1 + (O{/Q) 1/2)2u7,] k-1

where o = At/Ax?, and Az = Ay = Az. Calling
Diagonal = 14414 (1/2)x (a/2)+p— (1/2)x (04/2)+M+(1/2 (a/2)+p— (1/2)y (a/2)+ﬂ+ (1/2)z (04/2)+M (1/2)= (04/2)

we have

o — (a/2)puy 1/2)x“z+13 p+(a/2)p (1/2)a Ui 1k T (Q/Q)N+(1/2)yuz Gtk T (a/2)p— (1/2)y zgfl,k

ik = Diagonal
(a/2)pr1/2)207 g1 + () 2) -1 y2)205 5 -1 + RHSy
+ _ (8.8)
Diagonal
Boundary condition
In a MAC grid, the z-index will range from ¢ = 0,--- , ¢, the y-index from 5 = 0,--- ,m, and the
z-index from k = 0,--- ;n at cell centres. However, each velocity grid will have its own range

of indices; in particular, the index k ranges from &k = 0 to kK = n — 2 on the u-grid. A sketch of
the MAC grid (e.g. the schematic diagram in Section [8.5] below) indicates that u at & = 0 and

n — 2 corresponds to a location half a grid-spacing away from the wall. Thus, it is not physical to
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implement a no-slip condition at £ = 0 and n — 2. Instead, we use linear interpolation to define u
at ‘ghost’ cells at fictitious sites at k = —1 and k = n — 1 as follows. If k& = 0, then we are at

z = Ax/2 away from the bottom wall, and we therefore take

W = 40T gt (8.9)

Ui jk—1, otherwise.

If K =n — 2, then we are at at z = 1 — Ax/2 away from the top wall, and we therefore take

_2ui'n— +lui'n—7 k:n_Qa
Ups = Jnm2 TN (8.10)

Ui G k+15 otherwise.

These identifications are then used to compute (Ou/02)41/2 and (Ou/0z)_1/2, €.g.

@ _ Uyy — Uijk
- )
0z 12 Az
and
@ Ui — U
— T A
0z P Az

The aim of subsequent chapters is an abstract study of the Helmoholtz equation (8.7)) and Poisson
equation (8.4). When this is complete we will apply our knowledge to solving these particular

equations and thus, to constructing a functioning flow solver.



114 Chapter 8. Direct numerical simulation of the incompressible Navier-Stokes equations

8.5 Detailed description of a notional two-dimensional MAC

grid
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8.5. Detailed description of a notional two-dimensional MAC grid
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Chapter 9

Simplified model problems involving

Poisson and Helmholtz equations

Overview

We consider analytical solutions to a two-dimensional diffusion problem. The reason for examining
this particular problem are manifold: it is a minimal model that nonetheless has a small amount
of complexity sufficient to warrant the use of a number of interesting numerical methods. Also,
analytical solutions in this section will be used as benchmarks for future numerical simulation studies.
Throughout this chapter and beyond, the problem considered in herein be referred to as the model

diffusion equation.

9.1 Boundary conditions — review

For this discussion, let

oC 0*C

oC
5 :a(x,t)w—i—b(x,t)——i—c(x,t)C’+d(x,t), z € (0,L), t >0,

Ox

be a parabolic partial differential equation in one space dimension, on x € (0, L), with smooth initial

conditions
C(l’,tZO) :Cinit<x)a x € [O,L]

Then the following boundary conditions are possible.

117
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1. Dirichlet conditions The function C'(z,t > 0) is specified on the boundaries:

C(O’t>0) = gl(t)a

If the functions g; = g2 = 0, then we have homogeneous Dirichlet conditions:

C(0,t>0) = 0,
C(L,t>0) = 0.

2. Neumann conditions: The derivative C,(z,¢ > 0) is specified on the boundaries:

C.(0,t>0) = q(t),
Cx(Lat>0) = 92(t)

If the functions gy = g = 0, then we have homogeneous Neumann conditions, corre-

sponding to no flux through the boundaries.

3. Mixed conditions: As the name suggests, this set is a mixture of Dirichlet and Neumann

conditions:

a1C;(0,t > 0) + a2C(0,t > 0)
ang(L,t > O) + a4C(L,t > O) = gg(t)

I
K
—
~—

S+
~—

4. Periodic boundary conditions: The function C'(z,t > 0) has the same value on either
boundary point:
C(0,t) = C(L,1), t>0.

In practice, these are not very realistic boundary conditions but they are used in numerical
experiments because they are easy to implement. However, they can be used to mimic an

infinite domain, if the periodic length L is made long enough.

9.2 The model diffusion equation

We are interested in solving the following partial differential equation (PDE) for diffusion, given here

in non-dimensional form as follows:

%—f = V°C + s(x, 2), (x,2) € Q, (9.1a)
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where
Q=(0,L,) x(0,1), (9.1b)

and V2 = 9?2 + 9? is the Laplacian. The partial differential equation is subject to the following

boundary conditions:
oc

5 =

together with periodic boundary conditions in the x direction:

0, z =0, z =1, (9.1c)

Cr=0,2,t) = C(x = Ly, 2, 1). (9.1d)

Finally, an initial condition is prescribed:

C(z,z,t =0) = Cinit(z, 2), (x,2) € Q, (9.1e)

where Cinit(z, 2) is a continuous function. Here, the system of equations ((10.1)) is made non-
dimensional on the channel depth L. (herein set to unity), and the diffusive timescale 7 = L?/D,

where D is the diffusion coefficient.

9.3 Physical interpretation

Physically, Equation ([10.1)) is a model for diffusion of particles in the presence of a source. The
amount of matter in the system changes over time, due to contributions from the source s(z,y, z).
There are no contributions from the boundary conditions. For, consider the following evolution

equation for the total system mass

M:/deC(ac,z,t).
Q
We have

dM , oC
i /Q‘“'E?

= /Qd2a: [V?C + s(z,2)],

= /d%s(s,z)—i—/ din -V,
Q

o0
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where 0 is the boundary of the set €2, d/ is a line element on the boundary, and n is the outward-

L,
z=1 0 0z 2z=0

L,
_ / 1. ¢
z=L, 0 al'

However, all of these terms cancel, either because of the no-flux boundary condition (0C/0z)(z =

pointing unit normal to 0€2. We compute

Lz
/ dAn -VC = / dzx @
o0 0 0z

L= oC

=0

0,1) = 0, or because of periodicity, meaning that

dd_]\f = LoLo(s),  (s):= LlezAd2x8<8’z)' (9.2)

9.4 Decomposition

In view of the formula (9.2)), it is sensible to split the solution into two parts:

C ={(C)(t)+ C'(z, z,1), s=(s)+5'(z,2).

By linearity,
9 (C)Y = V*HO) + (s)
ot B ’
oc’ oy
% VC' +s.

Indeed, the solution to the mean contribution is known:
(C)(t) =(C)(t = 0) + (s)t = (Cinir) + (5)1.

while the PDE for the fluctuations inherits all the properties of the basic PDE ({10.1]), such that

oc’
ot

= V20" +5(z,2), (x,2) € Q, (9.3a)

subject to the following boundary conditions:

ac

P 0, 2 =0, z =1, (9.3b)

together with periodic boundary conditions in the z-direction:

C'(x =0,2,t) = C'(x = Ly, 2, ). (9.3¢)
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Finally, an initial condition is prescribed:

C'(z,2z,t =0) = Cine(, 2) — (Chnit) (x,2) € Q, (9.3d)

9.5 Analytical solution

We prove the following theorem:

Theorem 9.1 Equation (9.3) has at least one smooth solution, namely

L S D (P B Y ) IS

z
n=1i=—o00

where

Ly rL-

A2 o[/ Laia] o <”L” Z) [Chuie (2, 2) — (Chuie)] (9.4b)

z

L,L,

and where we have restored the definition of L, for clarity’s sake.

Proof: Take Equation (9.1al), multiply by cos(nmz/L.) (with n = 1,2,---) and integrate with

nmz L= 192" nmwz

I dz + ; 07 cos I dz
L,

—I—/ s(x, z) cos (mrz) dz.
0 L,

respect to z. The result is

L, L,
0, ' cos <n7rz> dz = 02 C' cos (
L 0

0 z

We call

. 2 [l
il 1) = L_/o ' (2, 1) cos (an

8@L A 2 (L= rp2C nmwz N
5 = 0:C, + L_Z/O ( 9.2 ) cos ( I ) dz + 5, (). (9.5)

hence, we have
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Consider now the following (with k, = nxw/L,):
/Lz aCs cos nre dz = /Lz 3 cos nrz) 0C" + k, sin nmz\ 07 dz
0 022 L. ) 0z L. ) 0z " L. ) 0z ’
_ nnz\ 0C’ z:LZ+k /Ly L [ 8_C”d
B L, ) 0z],_, " Jo i L., ) 0z =
L, /
= 0+ k‘n/o sin (ngj) 880 dz,
Lo 7. (nrz\ ., nrz\ .,
= k:n/o {@{SIH(LZ)O} k:cos(L)C}dz
z=L,
= [sin <n7rz> C”} — kz2 co (mrz) (x,2,t)d
Lz z=0
Hence,

L, 820/ Nz ) L, nwz ) ) -
_/ ( 7 ) ( I ) dz = -k, (Q/Lz)/o cos ( I ) C'(x,z,t)dz = =k, C,,.

Thus, Equation ((9.1a)) is transformed — via Equation (9.5) to

oC,

A A -
pr 2Cp = 050, + 38,(2). (9.6)

However, this is now a standard diffusion problem in one (periodic) dimension, which can be solved

by standard Fourier-series methods: we propose

oo

i=—00

we also decompose S, () as

S(x) = Z s, ell2m/Ladia]

1=—00

Thus, the following amplitude equations are obtained:

dam

Tt —kZ @in + Sin, (9.7)

where
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Equation (9.7)) has solution

€ kg [am(()) — Zlgn:| + I:QW 5 kln 7& Oa
ayﬂ(t) — in ign
CLO(O) + sot, km = O,

where the second case follows because k;, = 0 if and only if i = n = 0. However, this case is ruled

out because n # 0. Thus, the solution for an(x,t) is therefore

an(x,t) = Z {e—kfnt [am(O) _ %} 4 %}ei[(zﬂ/h)m]'

i=—00

We now note that a cosine transform has been taken in the z-direction:

~ 2 [l
Ch(z,t) = L_/ cos <nlirz) C'(z, z,t)dz, n # 0.
z J0 z

{=(E)1.

is a basis for mean-zero continuous functions whose first derivative vanishes at z = 0, L., meaning

However, since

that the cosine transform can be reversed:

xzt Z xtcos(n[im).

z

Hence,

", 2, t) ZZ{ [am())—k—z]va—?}em/L”]COS<L )

z
n=1 i=—o0

Finally, it is of interest to determine the coefficients a;;,(0). We have

oo o)
Cinlt(x Z 1n1t Z Z CLij(O)ei[@ﬂ/Lw)iﬂ cos (ngz> ’

z
n=1 i=—o0

hence, by Fourier transformation,

L,L,

L. ‘
A o-iln/LaYia] (o (n;rz) Co (2 2) — (Co)]

(the factor of 2 comes from the cosine series). Having constructed a solution to Equation (9.3)), it

is also the case that this is the only such smooth solution:

Theorem 9.2 Equation (9.4) is the unique smooth solution of Equation (9.3)).



124 Chapter 9. Simplified model problems involving Poisson and Helmholtz equations

Exercise 9.1 Prove Theorem (9.2)).

9.6 The model Poisson problem

We shall also consider a simpler problem than the diffusion problem posed previously. It will be

referred to throughout the course as the model Poisson problem, given here as follows:

V2Cy + s(x,z) = 0, (z,2) € 0, (9.8a)
where
Q=(0,L;) x(0,1), (9.8b)
with boundary conditions
9C _ 0 z2=0 z=1 (9.8¢)
0z - - .
and
Co(x =0,2,t) = Co(x = Ly, z,1t). (9.8d)

9.7 Solvability condition and explicit solution

Consider Equation ({9.8a]). Integrate both sides over z and z and apply the boundary conditions on

C'. The result is . .
O:/ daj/ dz s(z, 2).
0 0

Thus, in order to get a self-consistent solution, we require that the source should have zero mean:

1 La L.
(s) := LxLz/O d:zc/0 dz s(x,z) = 0.

This is referred to as the solvability condition.

Assuming that Equation satisfies the solvability condition, a solution is available through a

N = Sin il(9m/LVia nmz
Co(z) = Z Z e [/ La)izl ¢og ( 7 ), (9.9)

. z
n=1 i=—o0

Fourier-cosine series:

where k;,, and s;,, are defined as in Section [9.2]
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9.8 Relation between model diffusion and Poisson problems

It is clear from Equation that

lim C'(xz, z,t) = Cy(z, 2),

t—o00

where C’(z, z,t) (LHS) is the fluctuating part of the solution of the model diffusion problem, and
Co(z) (RHS) here denotes the solution of the model Poisson problem. Thus, the following theorem

is shown:

Theorem 9.3 Let (s) = 0 in the model diffusion equation. Then the solution C(x,z,t) of the
model diffusion equation — given smooth initial data — converges to the solution of the model
Poisson problem, as t — oo:

lim C(x, z,t) = Cy(z, 2), V2Cy(z, 2) + s(z,2) = 0.

t—o00

Exercise 9.2 Prove Theorem using a second approach: show first that

0 :
5 (C=Co)=V*(C =),

and hence show that
lim C(x, z,t) = Co(z, 2). (9.10)

t—o0
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Non-uniqueness of solutions

Consider again the model Poisson problem with solution . It is clear that Cy + Const. is also
a solution, since V?(Const.) = 0, and Cj + Const. also satisfies the boundary conditions (hybrid
periodic—-Neumann). The solution is therefore not unique. This is because the operator V2,
equipped with the hybrid periodic-Neumann boundary conditions has a non-trivial kernel — the set

of all constant functions is a one-dimensional vector subspace and is the non-trivial kernel of the

PDE.

Exercise 9.3 What happens to the kernel of V? if the boundary conditions are modified to
be a mixture of periodic BCs in the x-direction and homogeneous Dirichlet conditions in the

z-direction?




Chapter 10

Simplified model problems — numerical

setup

Overview

In this chapter we consider numerical solutions of the model equations We introduce centred differ-
encing in space as a way of approximating the Laplace operator numerically. For the model diffusion
equation, we introduce Crank—Nicholson temporal discretization as a way of discretizing the tempo-
ral derivative 9/0t. Crank—Nicholson is a so-called implicit method, which means that a certain
equation must be inverted in order to evolve the numerical solution forward in time, stepping from
one time step to the next. For this reason, Jacobi iteration is introduced as a method for solving

such implicit (linear) equations.

10.1 Diffusion equation

We are interested in solving the PDE from Chapter [§] recalled here to be

% = V°C + s(x, 2), (x,2) € Q, (10.1a)

where
Q=(0,L,) x(0,1), (10.1b)

and V2 = 92 + 0? is the Laplacian. The partial differential equation is subject to the following

boundary conditions:
oCc

r =0, z2=0, z=1, (10.1c)
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together with periodic boundary conditions in the z- and y-directions:
Cx=0,2,1t) =C(x = L, 2, t). (10.1d)

Finally, an initial condition is prescribed:

C(x,z,t =0) = Ciie(z, 2), (x,2) €€, (10.1e)

where Cinii(z, 2) is a continuous function. Here, the system of equations ((10.1)) is made non-
dimensional on the channel depth L. (herein set to unity), and the diffusive timescale 7 = L?/D,

where D is the diffusion coefficient.

10.2 The discretization

We discretize the PDE and compute its approximate numerical solution on a discrete grid:

such that
(ny, — 1)Az = L,, Ax = L,/(n, — 1),

and similarly, Az = L,/(n, — 1). The PDE is also discretized in time, such that the solution is
only available at discrete points in time ¢, = nAt, with n = 0,1,---. The solution at ¢, and
x = (iAz,yAj) is written as Cj;. The diffusion operator in the PDE is approximated by
centred differences:
L~ Cit1, + illej — 20 n Cij1 + Zz;l — 20 — D(C})

1 =23, ,ng — 1, j=2,3,---,n,— 1

(V*C)

The discretization in time is done using a Crank—Nicholson scheme:

cpt—cr
]TJ:%[D(CZ>+D(CZ+1)]+SU7 i:2737"'7n:1:_17 j:2>37"'7n2_1'
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Re-arrange:

[1— 3AtD] (CHY) = [1+ 3AtD] (CF) 4 Atsyj,
i=23,- -1, j=23--,n—1 (102)
On the left-hand side, the quantity [1 — $A¢D] is in fact a matrix operator, and the solution is

available only in implicit form: an inversion needs to be performed to extract C’[‘j“ from this implicit

equation:
Ot = [1—LAtD) T { [1+ LAD] (CF) + Atsy; ). (10.3)

The implicit equation ((10.2)) is written out in more detail now:

(1+ az + ay) Ci =La, (CFAY + O ) —tas (CFFL + CPFY) = [1 4 LAED] (CF) +si; == RHS!!

2 Z+17.7 2_17j 27.7_1 7/]"

where a, = At/Az? and a, = At/Az% Tidy up:

(1+a; +ay) Cij“ — 3a, (C{fﬁj + Cf_ﬁl,j) — 3a. (Cz";;ll + C{L;F_ll) = RHS},. (10.4)

This is an implicit equation for CZ-"]-Jrl that we must now endavour to solve.

10.3 Jacobi method

The focus of this course is on the use of iterative methods to solve problems such as Equa-
tion ((10.3) or equivalently, Equation ((10.4). The idea is to make an initial guess for the solution,
plug this into some algorithm for refining the guess, and continue until this iterative procedure

converges.

The simplest and most naive iterative method os the so-called Jacobi method. Let v = C™""! be

the array to be found by solving Equation ((10.3]):
(1+ as + ay) vij — 50z (Vip1g + vie15) — 505 (Viga1 +vij1) = RHS;;.

This can be re-arranged simply as

%aw (UiJrl,j + Uifl,j) + %CLZ (Umqu + Um;l) + RHSU

10.5
1+a, +a, ( )

Uij =

The idea of the Jacobi method is to take a guess for v, say v%, and to create a new guess vy via

the formula . N N ) N N
va1 30 (Vi ol ) +gay (0 o) + RHS

. 1+ a, + ay

v (10.6)
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If this iterative scheme converges, then limy_ oo v = limy_,oo vV !, and the approximate solutions

vV and oVt

Equation ([10.6]) to be identical to Equation ({10.5]).

can be replaced in Equation ([10.6) with some identical array v*, thereby forcing

10.4 Boundary conditions

The idea to solve the PDE ([10.1a]) is to do implement a Crank—Nicholson-centred difference scheme
at interior points. Inversion of the resulting implicit problem is then achieved by the Jacobi method.

However, this approach can only be used at interior points
i:2a37"'7nx_17 ]:2737anz_1

At boundary points, the boundary conditions are enforced: 0C'/0z = 0 at z = 0,1, and periodic
boundary conditions in the z-direction. These are implemented numerically in a straightforward

fashion. The Neumann conditions at z = 0, L, are implemented as
Cij=1 = Cj j=2, Cij=ny = Cij=n,—1,
while the periodicity conditions at = = 0, L, are implemented as follows
e i=1C(i—1,j)=C(n. — 1,),
e i=mn, Ci+1,7)=C(2,7).

Thus, the points ¢ = 1 and 7 = n,, are identified.

10.5 The algorithm

We can now assemble an algorithm to solve Equation ([10.1a)) numerically:

1. Set up a discretization scheme with Az, Az, and At defined by the user. Also, prescribe an

initial condition Ciyit(, 2) and a source function s(z, z).

2. Obtain C’Z}Zl from C’?j at interior points using centred differences, the Crank—Nicholson tem-

poral discretization, and Jacobi iteration.

3. Implement many iterations of the Jacobi method, until the method has converged to some

user-defined tolerance.

4. Implement the boundary conditions on C"=.
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5. Repeat steps 2—4 for the desired number of timesteps.

Matlab codes to implement this problem are given in Appendix [A]



Chapter 11

Analysis of numerical setup

Overview

The idea of this chapter is to take a generic linear problem Ax = b, and to formulate a sufficient
condition on A that guarantees the success of the Jacobi iterative method. It turns out that
this sufficient condition is something called diagonal dominance, which means that the diagonal

elements of A should be large (in some sense) compared to the off-diagonal ones.

11.1 Generic discussion

Consider the Jacobi scheme for solving
Av =0, (A);; = a;; € R.
The idea is to write A = D + R, where
D = diag (a11, a2, , Gnn) , n €N,

and where
R=A-D.

hen, the iterations ’UN, vVt that generate approximate solutions are obtained as follows:
g
DvV*t = —RoY + b,

132
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for a given starting-guess v”. Assume that

lim = v*.
N—oo
Thus,
DoVt = —Ro" + b,
Dv* = —Rov*+0b.
Subtract:
D (v —v*) = —R (vV —v"),
or
DrVt = Ry, (11.1)
where 7V = vV — v* is the residual vector at level N. Take L? vector norms on both sides:

[V |2 = [DTIRrY 2.
Now, use the L? operator norm:
[#Y )y < IDTR o]l 2.

Telescope this result:
_ N
Iz < (ID™'Rl2) ™ [|7°]|2-

By requiring that |[D™'RJ||, < 1, we obtain
lim |7, =0,
N—o00

hence

lim Y =0,
N—oo

hence
*

Iim v" = v*.
N—o0
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Thus, we have shown the following theorem:
Theorem 11.1 A sufficient condition for the convergence of the Jacobi iteration algorithm
DvV T = —RoY +b, V=Y = v,
is the following bound on the L? operator norm:
ID7'R|; < 1. (11.2)

For systems with entries on the diagonal that are relatively large (in absolte-value terms) compared
to entries off the diagonal, this constraint is usually satisfied, and the Jacobi iteration converges.
However, this is a relatively vague criterion, which is of limited use. In addition, the L? operator norm
is difficult to compute numerically, so in practice it is not known a priori — using Theorem (|11.1])
alone — whether the Jacobi method will converge. For that reason, we need a more rigorous notion

of diagonal dominance.

11.2 Diagonal dominance
Definition 11.1 (L°° matrix norm) Let M € R"*". Then

HMHOOZ sSup HMmHom

[2lloo=1

where ||z ||, denotes the ordinary L™ norm for vectors: for x = (z1,--- ,z,) € R",

] = max ]
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Lemma 11.1 (Consistency of the L>* norm) Let M; and M, be square matrices in R"*".
Then
MM oo <[V oo [ Moo

Proof: It suffices to consider the case with |[M;M;||o # 0.

IMiM|loe = sup [[MiMoxu,

[[#]loo=1

= ||M1M2w0”ooa
= M1yl y = Myx, # 0,

_ (IMyyll
= 1Yl
[17][pe

My

< oo (=) ol
AT
= Myl

= [[Mi]|oo||[M2xo|| o0,
<Moo M2 ] .-

Definition 11.2 Let M € R"*". The spectral radius p(M) refers to that M-eigenvalue with
maximal absolute value:
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Theorem 11.2 (Bound on the spectral radius) Let M € R™"™. Then

p(M) < [[M]|.

Proof: Let Mx = Az, with  #£ 0. Let

Thus,
MX = \X.

Take L°° norms on both sides:
MIX oo = Moo < [[M]oo]| X[ oo,

hence
Al < [[M]] oo,

for any eigenvalue A, and the result is shown:

p(M) < [ M.

Now, by this stage, | am tired of proving theorems, so | shall simply state this last and crucial

theorem:

Theorem 11.3 Let M € R™ ™, Then

M. = max (Z |mz-k|> .

k=1

Note the sum over columns!

(11.3)
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Putting it all together

We now apply these results to M = D™'R.. In view of Theorem and Theorem [11.3| we have

p(DT'R) < [DT'R| = max (Z |<D1R)ik‘)

k=1
But
0 @z ... %ol din
ail ail ail
D 'R — ,
anl . An,n—1
ann ann 0
hence

1 n

p(D—lR) < |ID'R||s = max _I | § ||
g Q| T
ok

This motivates a definition:

Definition 11.3 A matrix A € R"*" is diagonally dominant if

foreachi=1,2,---  n.

Along the way, we have established the following facts for a diagonally-dominant matrix:

Theorem 11.4 Let A € R"™" be diagonally dominant. Then

1 n
p(DR) < DR = max | 3 e | <1,
v Q5
ki

where D and R have their usual meanings.
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We now consider a final theorem:

Theorem 11.5 Let Av = b be a linear problem, where A € R"*" s diagonally dominant. Then

the Jacobi iteration method converges.

Proof: Start with the definition of the Jacobi residuals, Equation ((11.1)) or, equivalently,
P’ = DRV, (11.4)

Telescope the result:
rN = (1) (D_lR)NTO.

Write
D 'R=P 1P,

where J is the Jordan normal form associated with D™'R. We have

rNo= (=1 (—D_lR)NTO,
= ()Y (P71 IP)" ¢,
= (-)N (P1IVP) r°.

We now use the fact that p(D™'R) < [[D™'RJ|» < 1 as in the hypothesis of the theorem. Thus,
all the eigenvalues have modulus less than one. Hence, each block in the Jordan matrix, raised to
the N'*® power, tends to zero as N — oo. It follows that
lim JV = 0. (11.5)
N—o0

Therefore, finally,

lim rY = 0.
N—o00

11.3 Operation count

An elementary (non-iterative) method of solving linear problems is Gaussian elimination. The op-
eration count of Gaussian elimination is O(n?®), meaning that the number of operations (addition,
multiplication etc.) required to invert the matrix is proprtional to the cube of the size of the matrix.
This can be regarded as a relatively good performance result, since it compares very favourably with
the operation count of determinant-type calculations, the latter being another candidate method for
matrix inversion. However, for massive calculations (e.g. n ~ 10°), even the relatively good per-
formance of Gaussian elimination (O(n?)) is not satisfactory. For such large calculations, iterative

methods such as the Jacobi scheme are preferred; clearly in such iterative methods, the count is
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O(nen?), where n, is the number of iterations required for the method to converge, with n. < n

for n large.

Recall theorem above: given a diagonally-dominant problem Ax = b, the Jacobi iteration
method will converge. In this module, we are always working with such systems. Thus, the Jacobi
method will always work for us. However, its convergence is quite poor. In other words, a relatively
large number of iterations is required in order to obtain a sufficiently converged solution. In this
section we outline a new method. Superficially, it is a straightforward extension of the Jacobi
method; however, on deeper reflection, the improved method represents a conceptual leap. This is

the method of successive over-relaxation (SOR).

11.4 SOR

Start with the generic problem

Recall the Jacobi solution:
DvV ! = —Ro" +b.

In index notation,
1 n
Qg y
J=1

The idea behind SOR is to retrospectively improve the ‘old guess’ v” that goes into formulating the
‘new guess'. If the ‘old guess' can be retrospectively improved, then this makes the new guess even
better. To do this, the right-hand side of the Jacobi equation ((11.6)) is updated with just-recently-

N+1

created values of v . Where this is not possible, the old values of vV are used. The result is the

following iterative scheme:

i—1 n
1 1 b;
"og=1 " k=i

a”L’L

But R; =0, and R;; = a;; otherwise. Hence, Equation ({11.7]) can be replaced by

1 i—1 n
N+1 _ N+1 N
v = b; — E appvy, " — E aipvr | - (11.8)
" k=1 k=i+1

Equation ([11.8]) is not yet optimal (however, it is already the Gauss—Seidel method for solving a
linear system). Instead, we introduce an extra degree of freedom, which allows us to weight how

much or how little retrospective improvement of the old guess is implemented in the (N + 1)
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iteration step. This is done by a simple modification of Equation ({11.8)):

i—1 n
N+1 _ (1 N W CNHL N
v T =(1—-w)v; + o b; Zazkvk Z iV, (11.9a)
k=1 k=i+1
The factor w is restricted to the range
0<w<2 (11.9b)

this preserves the diagonal-dominance of the system and hence ensures convergence. The exact

choice of w can be made by trial-and-error in order to speed up convergence.
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Elements of turbulence theory

Overview

We give a qualitative definition of turbulence and introduce the phenomenological Kolmogorov

theory of the turbulent spectrum in three dimensions.

We discuss averaging techniques to reduce the complexity of the fully turbulent Navier—Stokes
equations. These are exemplified in the theory of wall-bounded turbulent flows and the famous
‘law of the wall’, Finally, we introduce large-eddy simulations as a half-way house between the full
direct numerical simulation (DNS) of the turbulent Navier-Stokes equations and the relatively crude
averaging techniques. At the end of the chapter, the students will be asked to carry out a large-eddy
simulation of a wall-bounded flow and to extract various turbulent statistics from the simulation

data.

Much of the description in this chapter is taken quite directly from the book by Pope [Pop00].

12.1 Turbulence phenomenology

Turbulence is defined here as a particular kind of fluid motion characterized by a velocity field that

varies in space and time in a complicated way, with the following two essential features:

e In the spatial domain, turbulent motion is characterized by the presence of many lengthscales,
from the domain scale (whereupon an external forcing is typically applied), down to small

lengthscales where viscous motion dominates.

e In the temporal domain, the velocity field is characterized by a non-periodic, non-constant

variation in time (i.e. chaotic motion).

141
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Note that by itself the existence of a chaotic temporal dynamics is not sufficient to characterize

turbulence: it is possible for example to observe chaotic advection in laminar flows [Are84].

Because turbulence is generated from an underlying deterministic set of equations (i.e. the Navier—
Stokes equations), it can be characterized in a deterministic fashion. However, the system contains
a large number of degrees of freedom. Focusing for definiteness (but without loss of generality) on
the case wherein the domain is a periodic box, the Fourier modes of the system form a complete
discrete set of degrees of freedom, all interacting nonlinearly to produce the complicated dynamics
alluded to in the definition. In this way, the discrete modes can be thought of as analogous to
particles in a gas: each particle can be thought of as obeying deterministic Newtonian dynamics,
but on the macroscopic level, a statistical description of the collection of gas particles (all possibly
interacting) is possible and indeed, desirable. Thus, in the case of a turbulent velocity field, we
introduce a statistical description of the flow, characterized by a probability distribution function
f(V;a,t) for the velocity field U = (Uy, U, U;), such that

a; < U1 < b1 by b bs
Prob | ay, < Uy < by ;2,t —/ / f(Vix,t)dV; dV,dVs.
a1 Jaz Jaz
as < Us < b3

The average velocity is therefore
U, t) = [[[ @V f(Vias0)V,
and the fluctuation velocity is defined as
u(x,t) =U(x,t) — (U(x,t)).
The probability distribution function relates to quantities evaluated at a single point in space and
time. Of interest also are so-called N-point statistics: let
fn (V(l), 2 1Dy @ 2@ 4@y (V) (V) t(N))
be the joint probability distribution for the velocity random-variable V' at space-time points
(D, M), (™) V),

It should be noted that turbulent velocity fields are found not to be Gaussian: a Gaussian field is

be fully characterized by the mean (U (x,t)) and by the covariances (u;(zV),tM))u;(x®, 1?)),

The random field U («, t) is statistically stationary if the N-point correlation function is invariant
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under a shift in time:

fv (VO 2® 0 4 7 v @ AP Ty VI @) V) Ty
_ (Vu W) 40, Y@ g® 4@,y O G 4Ny

Similarly, U (x,t) is statistically homogeneous if the N-point correlation function is invariant

under a shift in the coordinate:

P (VO 20 1y t 0, V@ 5@ 4 gy 4@y () () gy ()
= fi (VO 20 10,y @) 5@ @)y ) ) ()

Then, in particular, the distribution function f(V'; x,t) is itself translation invariant, and we obtain

U,0) = [[[ @V (Vi@ [[[ @V (Vi +y:t)V = Uz +y.1))

for all y € R3 and hence, the average velocity field is constant in space. Obviously this is quite
restrictive: too restrictive in fact. We therefore define a homogeneous turbulence to correspond
to a turbulent velocity field wherein the N-point distribution function for the fluctuations is ho-
mogeneous (translation invariant). Later on, in the context of Reynolds-averaging, we shall show
that for homogeneous turbulence, the mean strain rates (0/0x;)(U;) are uniform (but can depend

on time).

Because the distributional averages, e.g. (U(z,t)) = [[[ dV f(V;x,t)V are equivalent to ensem-

ble averages, e.g.

(U(x,t)) = lim —ZU“ (x,t),

Nooco N

where the superscript denotes the i*" realisation of the velocity field in a set of N identical experi-

ments, it follows that the averaging and the derivatives commute, i.e.

%<U,-> = <88?>, (12.1a)
" a%<U"> _ <ggj> (12.1b)

These facts will be crucial in the next section concerning Reynolds-averaging.
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12.2 Reynolds averaging

We take the instantaneous Navier—Stokes equations and we perform the averaging operation, using
the properties [12.1] We obtain

0

5 Ui + (U -VU;) = =V(p) + LU,

Re
The problematic term here is the quantity

Uy = U9,

J&L‘j

= (U + ) | 2 +
( 0+ 5

= (@@ + (T + (urge @) + (w5}

We use the obvious properties

to obtain

WV0) = Upet0)+ (o),

We introduce

Tij = —(uiu;)
as the Reynolds stress tensor. Then, the averaged equations of motion become

0 ]

S{U) + (U) - V{U) = ~Vip) + LAy, vewy =0, (122)

8ZE j Re

These are the Reynolds-averaged Navier-Stokes (RANS) equations.

12.3 Closure problem

The Reynolds stresses cannot be determined a priori — this is the closure problem of turbulence.

Certainly, one can write down a transport equation for the Reynolds stresses themselves, e.g.

(209
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but the right-hand side will involve tensors of at least rank three built out of the fluctuating veloc-
ities. To constitute these tensors, one needs a further transport equation and so on, ad infinitum.
Additional knowledge from outside the set of RANS equations is needed to break this infinite chain
of equations. At the very simplest level, this is done by constitutive modelling of the Reynolds
stress tensor; at higher levels of detail, tensors of higher rank are modelled and fed back into the
transport equations for the tensors of lower rank, thereby closing the problem. Consideration is given

herein to the simple approach.

Eddy viscosity model

In the simplest possible closure model, the Reynolds stresses themselves are modelled. The concep-

tual approach is to identify the total stress tensor in the RANS equations:
Ty; = —pdij + Re™ (0:,(U;) + 0;(Us)) — (wiuy),

and to assume an analogy between molecular diffusion and the effects of turbulence. Namely, on a
small scale, one pictures a fluid parcel undergoing thermal fluctuations due to molecular diffusion,
and further fluctuations due to the small-scale motions of the neighbouring turbulent eddies. One
assumes that these effects are similar, such that on average, the effects of the turbulence can be

modelled as though they were somehow viscous in nature, with
r = v (04Uy) + 0, (U)).
where vr is the eddy viscosity. Dimensional analysis then suggests
vy = CSP?,

where § is the mean rate of strain,

0 0
4 J

and ¢ is the so-called mixing length, which in turn must be constituted and depends on the

geometry of the problem.

12.4 Eddy-viscosity model for channel flows

In wall-bounded channel flows (e.g. Figure [12.1)), the mixing length cannot exceed the size of the

largest eddy, which in turn cannot exceed the distance to the nearest wall, hence vy x z. This
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Z

Y Z=0
B HAATEELS

Figure 12.1: Schematic diagram of turbulent channel flow

is the Prandtl theory of wall-bounded turbulence. Suppose that an applied pressure dP/dL < 0
drop drives the flow from left to right in Figure[12.1] Then on average, the flow will only be in the
x-direction. Once a balance between the forcing and the dissipation is established, the flow will also
be (statistically) steady. Thus,

U(x,t) = (Uy(2),0,0)

(Compare with laminar Poiseuille flow). Then, the Reynolds-averaged Navier-Stokes equations

reduce to
dP 0Ty

But the only non-trivial derivative is now 0/0z, since the flow is (on average) translation-invariant

=0,

in the x- and y-directions, hence the RANS equation reads

_dp | dTi
dL dz

=0,
where we have used the symmetry of the stress tensor. Integrating once, we have

TIQ(Z) = Ty — |dP/dL|Z

We have ar
Tio = Re_ld—zo + Tr, TR = —(uw).
hence U
Re ' 4+ 75 = 7, — |dP/dL|>.

dz
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where 7, is the wall shear stress, to be determined. Using the mixing-length theory, we obtain

TR = K? @ z,
dz
and thus the RANS balance equation reads
dU dUy | dU,
-1 0 2 2 0 0 _ .
Re = + K"z 7l el ke |dP/dL)|z.

This equation contains a lot more information than is apparent superficially. We identify a viscous
sublayer where the viscous stress dominates over the Reynolds stress, which will exist for z — 0,

wherein the dominant balance reads

py—— ~ T, i= puy,

dz

hence

dU;
_ONu2

*

dz
where we have momentarily restored the dimensional variables. The typical velocity scale in this

zone is u, and the typical lengthscale is the friction scale d,, giving

ru
* ~u2

* )
*

hence d, = v/u., where the friction velocity u, is to be determined. The range 0 < z < d, is

therefore called the viscous sublayer of the flow. We next identify a region d, < z < H/2 where

the dominant balance in the RANS equation reads

dU, | dU,
2 2@%0 1Yo 2
dz | dz T = Pl
hence
dUy
KZ—— ~ Uy,
dz

where we have assumed that we are near the bottom wall, such that dU,/dz > 0 (the same
arguments will apply near the top wall, by symmetry around the channel centreline). Integration
now gives

U
Uy ~ — log z + Const.
K
which is the famous law of the wall of turbulence theory.

It would be useful to find an expression for the friction velocity in terms of the problem parameters,
and at the same time, to solve for the velocity profile Uy(z) throughout the entire domain 0 < z < H.

This is done now here a very simple eddy-viscosity model. However, before presenting this model, it
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is useful to understand the scaling of the Reynolds stress (and hence the base-state velocity profile)

near the wall at z = 0. We therefore Taylor-expand the velocity fluctuations near the bottom wall:

U(:L',y,z,t) = ao(ac,y,t)+a1(x,y,t)z+a2(x,y,t)22—|—-~-
U(:E,y,z,t) = b()(I’,y,t)+b1(l',y,t)2+b2(l’,y,t)22+"‘
w(%%%ﬂ = C()(C(],y,t>+Cl($,y,t)2+02($,y,t)22+"'

The no-slip condition obviously gives ag = by = ¢¢, hence

U(CC,y,Z7t) = al(xayat)z+a2(x,y,t)z2—|—'--

'U(SU,'y,Z,t) = bl('ruy7t)z+b2(x,y,t)22+'~~
QU(J?,y,Z,t) = Cl(lU,y,t)Z—i—Cg(x,y,t)zQ—{—---

The same condition gives
ow Ow Jdv OJv OJu OJu

at z = 0 and hence, by incompressibility,
ow
I
0z
at z = 0. Therefore, ¢; = 0 identically, and hence,
uw = (al(aja y>t)z + (12(1', y7t)22 + - ) (CQ(SL" y,t)Z2 + - ) )

3
= a1C2° + -,

hence

T = —(uw) = ~{aer)2 +O(="),

as z — 0.

12.4.1 The model

Instead of starting from the mixing-length theory, we start from scratch, and derive the eddy viscosity
using an alternative approach. We first of all introduce from first principles the non-dimensionaliztion

scheme for the RANS balance equation. Thus, we introduce a velocity scale

U, = V/[dPJdLTnjp
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and the Reynolds number
Re, = pUph/p

The problem contains a further, apparently unknown parameter, Re,, based on the friction velocity:

Re, = pUJL, pU? = @
1 dz

z=0
which will be determined by the model. These considerations therefore suggest the following func-
tional form for the (dimensionless) eddy viscosity:

pr(z) = Re.F(z/h)

where henceforth we use z for z/h. We are therefore dealing with an algebraic closure model.

We make the inspired guess

F = H¢w(2)¢w(1 - Z)G(Z)7

where 13201 — 2)
—3z(1 -z
=2z(1 - _— 12.
6o =1-2) [T (123)
and where
dolz) =1 — e
is a wall function (See References [Bib07, NSMZ11])). The parameter « is fixed such that
U(z = 5d,) = 0.95(u?2/v),—54. = 0.95 X 5u,.
Thus, the velocity is obtained through the relation
2z (1 — R—Zés) ds
U(z) = 6 / et (12.4)
Rey Jo 1+ kRe.G(8)y(5)1hy (1 — )

The friction velocity is thus obtained through the following root-finding condition for Re,:
U(z = 1; Re,) = 0.

The clever thing about the choice (12.3) for the algebraic closure is that the correct scaling is
recovered for U(z) in the log layer and in the viscous sublayer. Also, the model is symmetric around
the centreline, with G(z) = G(1 — z).
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Figure 12.2: A comparison with Reference [WWL87] for single-phase channel flow. In the experi-
ment, the Reynolds number based on the friction velocity was 1.143 x 103, which corresponds to a
model Reynolds number Re, = V2 x 1.143 x 103. The mean Reynolds number in the experiment
was Rep, = 2.158 x 10* — a Reynolds number based on the mean velocity and channel depth. For
comparison, the corresponding mean Reynolds number in the model is Re,, = 2130 x 10%.

Exercise 12.1 Work though the derivation of Equation (12.4)) explicitly. Implement the velocity
profile numerically and compute Re, for a given Reynolds number. Show also a plot of the

dependence of Re, on the input parameter Re. The computations can be validated with the
data in Figure[12.2,

We have compared the model an experimental paper [WWL87], and the model gives excellent

agreement: both the curve Uy(z) and the interfacial shear stress are predicted well (Figure [12.2)).

12.5 Turbulence intensity

The turbulence intensity is defined as

k= 1w+ 0" +w?), p=1.



12.5. Turbulence intensity 151

We derive a transport equation for the turbulent kinetic energy, writing the Navier—Stokes equations

in the following decomposition:

%«U)+u)+(<U>+U)-V(<U>+U) ——V<p>—Vp'+é

1
V(U V2
o) Re '

But we also have the RANS equation

0 1,
E<U> +(U) -V({U)=-V(p) + EV ({U)y+V-r.
Subtract these equations and take components to obtain
0 B 0 0 op 1 _,
{815 + ((U) +u) V] U = —U; o, (U;) + o, (uiug) . + R@V u;

Multiply both sides by wu;, sum over ¢ and average. On the LHS we obtain

0 ok ou; ou;

ok 0
= S+ (U) Vh+ i (ulu).

anj

where we have used

U,Z’UZ’UJ‘>,

N

() = (v e ) =

On the right-hand side, we work on each term individually. We identify the production of turbulent

0
oz,

kinetic energy:

9
8xj

AN,
uzal'i N aZL‘Z w7

Finally, the term (u;V?u;) is re-arranged as

0 ou; Ou; Ouy;
Vi) = — i S (e
<UZ uz> (91:]- <u18xj> <8x3 (931:]>

We identify the dissipation of turbulent intensity:

o Re an 8xj -

P = —(uiug) 5—{U;) = 7 : V(U).

Also,
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Thus, the equation for the turbulent kinetic energy reads
0
(§+(U>-V>k+V-R:P—e, (12.5)

where the vector R represents redistribution of turbulent intensity:

1 ou,
R; = H{|ulw;) + (up) — —<u ] >
L2 ‘ ‘ Re \ 7 Ox;
These results give great insight into the energy budget that underlies turbulence generation: it is
the interaction between the Reynolds stresses and the mean flow that generates turbulence via the

production term 7 : V(U), while the turbulence is dissipated via molecular dissipation.

Exercise 12.2 Show that Equation ([12.5) can be rewritten in the following (equivalent) way:

<%+<U)-V)k+V-R’:P—6’, (12.6)

where the meaning of P is unchanged, but where
R = 5(lul*u;) + (wp') — (2/Re){u;sq;),

and
6, = (2/36) <Sij8ij> .

Also, s;; is the rate-of-strain tensor associated with the fluctuating velocities,

6 — 1 ﬁuz 4 8uj
w2 al'j (9:61 ’

We now use this theory to prove an important result:
Theorem 12.1 For homogeneous turbulence, the most general form for the mean velocity profile
is

(U) = ai(t) + b (t)z;

Recall, the definition of homogeneous turbulence means that the statistics of the turbulent velocity

fluctuations are translation invariant. Thus, for homogeneous turbulence, we have

E=3(ul),  Ri= 5lulu) + (up) - <“iax->’ o _§<0$' 3$‘>’
j J J



12.6. K-41 theory 153

Energy- Inertial Range Dissipation
containing range
range
7
; ; ;
& 4
4 £
Lengthscale
of domain Boundary Boundary
between energy- between inertial
containing range range and
and inertial range dissipation range
Z£=(1/6) £ £=60n

Figure 12.3: Schematic description of the different lengthscales involved in turbulence

all independent of space. We substitute these results into the turbulent kinetic energy equation to

obtain

ok
E—FE—’P

and it follows that the production is independent of spatial coordinates, i.e.

(i) - ()

is independent of space. But —(w;u;) is independent of space also, and so (9/0z;)(U;) is indepen-

dent of space. It therefore follows that
(Ui) = ai(t) + bij(t)z;,

such that (0/0x;)(U;) = b;;(t), independent of space, as required.

Having now understood something of the mechanisms underlying the production, transport, and
dissipation of turbulence intensity, we can now study a more detailed (but phenomenological) theory

for these processes, which underscores the multiscale nature of these turbulence mechanisms.

12.6 K-41 theory

The idea of the Kolmogorov-1941 (K-41) theory is to break up the motion into three ranges (Fig-

ure [12.3)).
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Energy-containing range

On these scales, the motion is made up of large-scale coherent motions called ‘eddies’. A typical
eddy in this range is of size ¢y, with ¢, ~ L, where L is the lengthscale of the domain. The
characteristic velocity of the eddies will be uy = u(fy), with ug = [(2/3)k]*/2, where k is the
turbulence intensity, which in turn is comparable to U/, the typical flow magnitude on the domain
scale. We have Rey = ugly/v, which is the Reynolds number associated with the large eddy. Also,

Reg ~ Re, where Re = UL /v, which is the Reynolds number associated with the domain scales.

The large eddies interact with the smaller eddies via the nonlinear term in the NS equation, leading
to a transfer of energy from the larger eddies to the smaller ones. This process continues (in three
dimensions) down to the smallest scales where dissipation dominates over inertia in the Navier—

Stokes equation, such that energy is eventually dissipated from the system.

The large eddies have an energy of order u3 and a timescale 7y = {y/1p, so the rate of transfer

of energy can be supposed to scale as u?/7g = u3/ly. Because the dissipation is controlled by
the transfer, it can also be supposed that the dissipation rate ¢ scales as uj//,, independent

(shockingly) of v!!

Inertial and dissipation ranges

In the inertial range and the dissipation range, Kolmogorov's similarity hypotheses are assumed to
hold:

e At sufficiently high Reynolds number, the small-scale turbulent motions (¢ < ¢;) are statisti-

cally isotropic.

e In every turbulent flow a t sufficiently high Reynolds number, the statistics of the small-scale

motions (¢ < {g;) have a universal form that is uniquely determined by v and .

In the dissipation range, dimensional analysis gives

n = (v*/e)Y/*.. lengthscale
u, = (ev)"/*- .- velocity scale
7, = (v/e)'/*-. time scale.

Note that
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meaning that dissipation is important (not surprisingly!) in the dissipation range. The ratio of the

smallest to largest scales is thus given by

3/4
loel/
3/4

K

o
1%

Co(ud/ o)+
L3/4

= (v/uolo) ™,

~ R673/4,

—3/4

hence n/ly ~ Re*/*. Similarly,

Uy /ug ~ Re 4, 7,/To ~ Re /2.

Thus, at very high Reynolds numbers, the scales of motion (length, velocity and time) are all much
smaller in the small eddies in the dissipative range than in the larger eddies in the energy-containing

range.

Crucially for direct numerical simulation of turbulence, the numerical simulation must resolve down
to the dissipative scales, such that
Az <,

hence
Az /by < (n/ly) ~ Re™/*,

The number of gridpoints in the problem is N = ({y/Ax)? for a full three-dimensional simulation

and hence,
N ~ Re%*

is the number of grid points required in a three-dimensional direct numerical simulation of turbulence.

A further consequence of the formula 1/fy ~ Re™3/* is the obvious fact that n < ¢, at high

Reynolds numbers, meaning that there is a range of lengthscales ¢, with
n << géo

which correspond neither to the dissipative range nor the energy-containing range. This is the
inertial range. Again, in this range, it is expected that the Kolmogorov hypotheses should hold,
giving

u(l) = (65)1/3 = l/3p1/3,
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But
s e
K (,/3/6)1/4]1/3’
3/4
- [,/3/6 1/4} )
3/4,3/41/471/3
- { |
= Y
hence
u(l) = u,(¢/m)">.
We have

(/M) = oy /o) (Co/ £y) ' (€/0)'?,
(€/€0)""* (un fu0) (Lo €)' ?,
o(¢/t0)"/* Re™ " Re! ",
o(t/t0)"?,

I
2

0

I
2

Il
2

hence u(f) ~ uo(¢/lo)'/3. Similarly,
w(l) ~ug(£/)3, T(0) ~ To(€/ o), (12.7)

such that, in the inertial range, the velocity scales u(¢) and timescales 7(¢) decrease as ¢ decreases.

The energy cascade

The rate at which energy is transferred from a scale ¢ to (smaller) scales is denoted by 7 (¢) and is

expected to scale as
T(€) ~ u(0)*/7(0).

By Equation (|12.7)), we have
w2230 23 u2

T~

Tol2/30 23 1

and thus, the transfer rate is independent of the scale: the transfer rate is the same on all

lengthscales.
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The energy spectrum

The energy spectrum is introduced as follows, starting with the total turbulent kinetic energy:
E = /d3x (3|ul?),
d3k
_ 1 = 12
- 4/ Gl
— / dk (%/ﬁ/dmam),
0 Q
- / dk E(k),
0

and E(k) is called the energy spectrum.

In the inertial range, by Kolmogrovo's similarity hypotheses, the energy spectrum is determiend
entirely by € and v: we have
E(k) = eVPke,

and dimensional analysis gives

20 +3b—c = 3,
3a+b = 2.

The system of equations is underdetermined. However, in the inertial range, the viscosity does not

have a direct effect on the eddies. This can be seen as follows:

Re(y — “ol/O]T

v

7(5/«%)”3@/%)7
= Reo(l/6)*? > 1,

uplo

with Re(¢) = 1 at the onset of th dissipation range. This direct viscous effects are negligible in the

inertial range, and we therefore take b = 0, hence a = 2/3 and ¢ = —5/3, giving
E(k) = C&3k=5/3,
which is the celebrated Kolmogorov spectrum of turbulence.

The Kolmogorov spectrum is a fairly well-established feature of three-dimnensional turbulence (e.g.
Figure [12.4). To understand this figure fully, consider for definiteness a channel flow with walls
bounding the flow in the z direction, with (z,y, z) € [0, L,] x [0, L,] x [0, H]. One starts with the
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Figure 12.4: Experimental validation of the Kolmogorov spectrum in the inertial range for a variety of
different turbulent flows, taken from Reference [Pop00]. As the statistics of turbulence are universal
in the inertial and dissipative ranges, it is expected that the Kolmogorov spectrum will hold, not
matter what are the details of the large-scale geometry and forcing.
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following two-point correlation function in real space:

11
ty —t, Ly L,

to L, Ly
Rij(e..2) = [t [T [T vt gy U - G W)
t 0 0
1 (12.8)
Then, based on Equation (12.8)), one takes a Fourier transform in plane parallel to the walls at

location z, defined as follows:

Rij(ks ky, 2) = ﬂ dedy e ™V Ry (2, y, 2).

[0,Ls]%[0,Ly]

The vertical axis in Figureshows En(ky, 2) := | Rij(ks, 0, 2)|. For a channel flow, this would be
typically taken at the channel midpoint z = H/2. Because turbulence is homogeneous and isotropic
at sufficiently small scales, it shouldn't matter that we are looking at a Fourier transform involving
only the k,-wavenumbers. Also, it shouldn’t matter that we are looking at the correlation function
in the particular directions 1 = 7 = 1. Thus, it is expected that the famous Kolmogorov scaling law
Eq(ky) ~ k2™ should apply, as indeed it does in Figure [12.4) - in the window where the spectrum
exhibits the straight-line behaviour on the loglog scale — to a wide range of different experiments at
different (sufficiently high) Reynolds numbers. For sufficiently small scales, and across the range of
experiments on show, the spectrum exhibits exponential decay (or possibly faster-than-exponential

decay), corresponding to the dissipation range.

The Kolmogorov scaling theory is also self-consistent, in the following sense. For, taking E(k) =

Ak~P, the energy contained in a wavenumber range k € (kg, 00) is

o A
Energy[k € (ko, 00)] = / E(k)dk = ———k; @Y,
ko p—1

meaning that p > 1 for a finite energy. Also, the total dissipation can be expressed as

€ l// T Si5Sij, Sij 2<35L‘j+31’i)

where S;; is the instantaneous rate-of-strain tensor. Using Parseval's identity, this is

€= 21// dk K*E(k),
0

and the amount of dissipation occuring in the scales k € (0, ko) is thus

L ko 9 WA 5,
Dissipation[k € (0, ko)| = 2v dkm°E(k) = 3 pko :
o _

Therefore, in order for the dissipation in the scales (0, ko) to remain finite as kg — 0, we need
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p < 3. Thus, we need 1 < p < 3, and the K-41 theory is definitely consistent with this requirement.
Indeed, with the K-41 theory, we have

Energy[k € (ko, 00)] ~ /{62/3,

which properly deceases as one goes to larger ko (smaller lengthscales), and
o 4/3
Dissipation[k € (0, ko)] ~ ky'",

which also properly decreases as one goes to smaller kq (larger lengthscales).

The second-order structure function

We introduce the following two-point correlation called the structure function:
Dij(r,z,t) = ([Ui(x + r,t) — Us(z, t)] [Uj(z + 7, t) — Uj(x,1)]).
For homogeneous turbulence, we have
D;j(r,xz,t) = D;j(r,t)

only, and we therefore have the following fact:

Theorem 12.2 For the second-order structure function in homogeneous turbulence, we have

(9Dij(r, t)
aT’i

=0.
Proof: We have

Dij(r,t) = (Ui(x+r, t)Uj(x+r,t))—(U(x+r, t)U;(z, ) —(Ui(z, ) U (x+7, 1) +(Ui(x, ) Uj (2, 1)).

Hence,

wg—g,t) _ < [aiUi(“r’t)} Uj(m+r,t)> + <Ui(af:—|—r,t) [%Uj(w+r,t)] >

([ 2vtes o) 60 - {600 [ L5 ]
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A few of these terms are obviously zero because of incompressibility, and we are left with

0Dg—7(:,t) _ <U(w+,r 1) LiU (z -+, t)} > <Ui(a:,t) [%Uj(a"f"r,w} >

= ( [Uf(x+r,t)—Ul(x,t) in(aH—r,t)
or

)

We break up these terms into the fluctuating component and the mean component, remembering

that
(Us) = ai(t) + by (t)r;

for homogeneous turbulence. Thus,

U(x +r,t) = U(z,t) = [ui(z+7,t)—u(z, )]+ bipry,
0 0
ar, Ui(x+rt) = ariuj(m +7,t) + bim T
Hence,
8Dw r,t) 0
o < wi(x 4+ r,t) — ui(x, t) + byry] [87"2- (x+7r,t)+ bij] >,
0
= (It + 0 = )] | o+ 0] )+ (Gt + ) = )]
<blkrk |:a_7“z (l‘ +r t):| > + <b2ksz7’k>
Hence,

o [+ o [ i) )

0
+ <bszk {a—ru](m —+ T, t)} > + <bzkbwrk>

and these correlations now involve only the (homogeneous) fluctuations and are therefore indepen-

dent of r. We can therefore set » = 0 everywhere, giving

GDZ-]-(T, t)

= 0.
87’i

We now return to the structure function D;;(r,t) for homogeneous isotropic turbulence. Now,

the only second-order homogeneous isotropic tensors that can be formed from the vector r are §;;
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and 77, hence
rr;
Dij(r,t) = Dnn(r,t)dij + [Dpp(r,t) — Dyn(r,1)] sz-

Using 0, D;(r,t) = 0, we obtain

0
DNN(T, t) = DLL(T, t) + %TEDLL (129)

Exercise 12.3 Prove Equation ((12.9)).

Now, it follows from the Kolmogorov similarity hypotheses that any kind of turbulence is homo-
geneous and isotropic on the small scales, and thus the previous arguments will apply to any kind
of turbulence for r sufficiently small. Therefore, in the inertial range and below, for any kind of

turbulence, and using the second similarity hypothesis, we have
Dyri(r,t) = (er)”* Dy (r/n).

where ELL is a dimensionless universal function. In the inertial range, where the effects of the

viscosity are only indirect, we will have
Dypi(r,t) = C(er)??,

where C' is a universal constant. Using Equation ((12.9) above, we will also have Dyy = (4/3)Dpp,

and hence, in the inertial range,

T
Dij = 02(67”)2/3 <§5U — % J) .

r2

12.7 Direct numerical simulation (DNS)

As the name would suggest, the full three dimensional and time dependent Navier—Stokes equations
are solved on a computational mesh which is fine enough to resolve the smallest length scale eddies
present in the flow, and for a domain which is large enough to allow the largest eddies to develop.
The main drawback of this method is its associated computational cost, and it cannot be applied
to large Reynolds number flows which are of interest (e.g. for the flow about an airplane with a
characteristic velocity of 30 m/s, the Reynolds number is typically 2 x 107 requiring in excess of 107
grid points). However, due to the resolution used, they provide the most accurate computational

results attainable, which can then be compared to direct experimental results in certain cases
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12.8 Large-eddy simulation

With thanks to James Fannon who provided text for this section.

LES can be thought of as a middle road in terms of complexity between RANS and DNS. Main idea
behind an LES is to obtain a so-called filtered velocity w by forming a convolution between the full

velocity field and a given homogeneous (i.e. space independent) filter function G (r) such that:
u(x,t) = / G(r)u(x—rt)d"x (12.10)
Q

where the integral is taken over the domain 2. Typical examples of such filter functions are the box

filter:

l7 r <
G(r) = L Irl <
0,

ol ol

r| >

and Gaussian filter:

which allow for local averages of u(x,¢) in the neighbourhood of x to be computed, where the
average is taken over a length scale L [Dav09]. The effect of this process is to allow for the
larger, energy carrying eddies to be resolved exactly while filtering out the small-scale eddies (Fig-
ure [12.5)). Although these eddies are not simulated directly, their effect on the rest of the flow
is modelled [Dav09]. As such, a LES is more accurate than a RANS simulation as the unsteady
large-scale eddies are computed exactly, while it is not as computationally expensive as a full DNS
as the smaller scales are not resolved. Thus, it provides a very useful middle ground between both

methods. According to Reference [Pop00], the four main steps involved in a LES are given by:

1. A filtering operation is applied to the full velocity field in order to form the filtered velocity
w(x,t), which describes the motion of large-scale eddies, and the fluctuating velocity field

u’ (x,t) which describes the motion of the smaller, unresolved eddies.

2. Obtain the governing equations for w (x,t) from the NSE. These contain an additional term

known as the residual stress tensor.

3. The residual stress tensor is modelled in such a way that it takes into account the effect of

the unresolved eddies on the rest of the flow. Hence closure is obtained.

4. The governing equations, which are now closed, are then solved numerically. This allows for

the large-scale eddies in the flow to be computed exactly.

We now place our focus on deriving the governing equations for u (x,t), for a general form of the
filtered velocity as defined by equation [12.10] Let us apply the filtering process to the dimensionless
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Figure 12.5: Application of a filtering process to the full velocity field u, yields a filtered velocity ut
which accurately represents the large-scale features but removes the small-scale fluctuations [Dav09].

NSE. We apply the filtering operation (as defined by equation [12.10)) to these equations and use the
fact that the operations of filtering (denoted by the barred variables) and differentiation commute

(Technically, this is only true for homogeneous filters [Pop00]), i.e.:

ou\  owm (9w 0w
at - 8t ’ ﬁmj N 8xj

and similarly for the pressure. Hence one obtains:

au_"_‘_i(u‘u.)—_aﬁ_k 1 aQu_i
ot Ox; "7 0Ox; Re,0x;0z,
du;
=0
0@-

By rewriting the first equation and using the incompressibility condition, we arrive at the filtered

equations of motion [San09):

ou; ou;  Jp 1 w07

I gt 12.11
ot T Oz, oz; * Re, 0x;0r;  Ox; ( )
o,
=0 12.12
o ( )
where we define the residual stress tensor as:
Tij = WU, — U; Uj (12.13)

Note that these equations are analogous to the RANS equations derived previously, but the interpre-
tation of what the variables signify is very different. In the RANS equations, u; represents the mean
flow, while in the filtered equations of motion, the variable %; represents the motion of large-scale

eddies and hence can be thought of as the mean flow plus the large-scale turbulent motion [Dav09].
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As the residual stress term contains the unknown variable u;, it remains to formulate an appropriate

method of modelling this term so to achieve closure of the system.

Over the past 40 years, LES have proved to be an invaluable tool for researchers interested in
studying turbulent flow. The method was first implemented in Reference [Dea70] who, despite
using a resolution of only 6720 grid points, obtained some promising results, and paved the way for
a number of future researchers e.g. Reference [Sch75] and Reference [Pio93]. Despite the positive
aspects of LES, its main weakness, as stated in the critical review carried out in Reference [Mas94],
occurs at near surface regions where the turbulent length scales become small in relation to the filter
width (the filter width associated with a LES is the cut-off length scale beyond which no eddies
are resolved). Here, a much finer computational mesh would be needed to take into account the
effect of these small-scale eddies. Ideally, one would use an adaptive grid when solving the NSE
computationally, where the grid spacing itself is a function of position. In such a scheme, a higher

resolution would be used close to surfaces than would be used in the rest of the domain.

12.9 LES method — implementation

The filter function G (r) as discussed in section is incorporated implicitly into a numerical
simulation by means of the resolution of the computational mesh itself i.e. the grid spacing provides
a natural filter for defining the smallest length scale eddies resolvable in the simulation. As such, it

remains to model the residual stress term (also known as the Subgrid-Scale (SGS) term):

In a turbulent flow, the net transfer of energy from large to small eddies appears as an energy loss or
dissipation from the large-scale eddies. As such, the primary function of the SGS term is to remove
energy from the resolved eddies at an appropriate rate, and thus the proposed model for it should
be dissipative in nature [AB97]. The most common method of modelling this term is that proposed

by [Sma63|, known as the eddy-viscosity model:
Tij = =28
where 1, is the so-called eddy viscosity, while the rate of strain tensor with respect to the filtered

=L (2, 0
”_2 ﬁxj ze

The eddy viscosity should be determined by the most energetic of the unresolved eddies in the simu-

velocity is given by:

lation [Dav09]. As such, let A denote the characteristic length scale of the largest, and hence most
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energetic, unresolved eddies. According to [Dea70], this length scale is proportional to (AzAyAz),

and here we take the value as quoted by [AB97]:

A =2 (AzAyAz)?

On dimensional grounds, one knows that [v;] =

= [Length]?/Time, and thus a natural proposition for
v, is of the form:

vy ~ A (va)

where v, is a velocity scale for eddies of size A. [Sma63] took this velocity scale to be:

va = Als[,  where [s] = /2(5;) (5;)

As such, the eddy viscosity term becomes:

Wall damping function ¢,,(z)

.
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Figure 12.6: Plot of ¢, (z) for p = ¢ =1, A = 25 and Re, = 360, the Reynolds number used in
the LES.

v, = C2A* 3| (12.15)

where C's is a dimensionless constant known as the Smagorinsky coefficient, usually taken to be
Cs = 0.1 [Dav09]. Furthermore, in order to take into account the turbulence near the walls
z = 0,1, where the largest unresolved eddies decrease in size, we use the method of near wall

modelling (NWM). This method amounts to introducing a wall damping function ¢, (z), which is

(12.14)
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given by [San09]:

1 —exp [(=2He=)1")7 <1
S vt ST R
o[ o

as an additional prefactor for the length scale A. In this LES, we take the values p = ¢ = 1 and
A = 25, in keeping with the standard Van Driest components. A plot of the wall damping function
for the parameters of interest is given in figure [12.6] The use of this function is both simple to
implement numerically and saves computational cost, as compared to introducing a finer mesh grid
at the wall which would provide a much more accurate means of modelling the turbulence there.
As such, by incorporating the wall damping function, the eddy viscosity term to be implemented
numerically is given by:

v = (CsAdy)* I8l (12.17)

Now substituting the model for the SGS term:

— ou;  0u;
Tij = — UVt (8]3] + al‘l) (1218)

into Equation ((12.11]), we find that:

o, 0w o 1 0 9] ( (am 8u—j))
— _yt +
J

ot U Oz - 8_@ + Re, 0x;0z;  Ox; Ox;  Ox;

which can be rewritten as:

on gm0, 0 ((1 .\ (0w 0%
ot 70x;  Ox;  Ox; \\Re, ') \0x; O

again using the incompressibility condition.

12.9.1 Initialization

The turbulence initialization technique which will be implemented in this study is that presented
by [BGC04] and [BBP08]. A summary of the method and its numerical implementation will be
presented below. First, the initial velocity field to be constructed (u(x)) is written as a vector
potential:

u(x) =V x (A(x) f(2)) (12.19)
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where the function f (z) is an appropriate scaling function of the vector field A () which ensures

that the no-slip boundary conditions at z = 0, 1 are enforced. Expanding Equation ({12.19)) we have:

u=f(=)(V x A=)+ (Vf) x A(z)

X y z X y z
= u=f(2)|0, 9, 0,|+|0 0 f,
A, A, Al A A A,
and hence each component of u(x) is given by:
df
u=f(2)(0,A, —0,4,) — Ayd— (12.20)
2
d
v=f(2)(0,A; — 0. A,) + As df (12.21)
w = f(z) (0,4, — 0,A,) (12.22)

As such, in order to ensure that each component vanishes at z = 0, 1 we use the following form for

the scaling function:

1 1 2rz T df s 2rz T
_ 11 _ T o _ T T 12.2
f(z) 5 T 5sin ( I 2) = - I cos ( I 2) (12.23)

where L, = 1 is included explicitly for completeness. It now remains to define the velocity field

A (). There are a number of features which we want this field to have:

1. As we wish to initialize the system with a turbulent velocity field, the field A should incorporate

some randomness.

2. It must satisfy the periodic boundary conditions in the streamwise and spanwise directions.

This suggests that we take a Fourier sum for each component of the field (where i = z, vy, 2):
Ckz Cky Ckz
= > [Si (ke ky, ke) sin (k- x) + Ci (kq, Ky, k2) cos (k- )] (12.24)

ko=1ky=1k,=1

where we have a sum over the wavenumber k:

2T 21 2
k= (Lz ks, L—yky, L—Zkz)

and the constants S; (k,, k,, k.) and C; (ks, ky, k.) are random numbers between 0 and 1.
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12.10 TPLS

TPLS stands for Two-phase Levelset, and is a code created by the present author (along with
Dr Prashant Valluri, University of Edinburgh), for simulating two-phase flows. This code solves
the Navier—Stokes equations for two fluids, simulating the interface between the two phases using
a levelset formulation. The code, written in Fortran 90, is fully parallelized using the MPI and
OpenMP parallelisation schemes, so that it can be run on thousands of CPU cores, and has been
rigorously validated. A single-phase version also exists and is capable of simulating turbulence using

LES with the Smagorinsky model above — see

https://sourceforge.net/p/tpls/code/HEAD/tree/trunk/s-tpls/

Exercise 12.4 Obtain the single-phase turbulent version of TPLS. Configure and compile a
version on whatever multicore machine you can find. Run the code for a sufficient length of

time to generate turbulent statistics. Plot the average streamwise turbulent velocity field.



https://sourceforge.net/p/tpls/code/HEAD/tree/trunk/s-tpls/
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Appendix A

M codes

A numerical method for solving the model diffusion problem is implemented below.

function [xx,yy,C,time_vec ,norm_decay]=test_diffusion_jacobi()

% Numerical method to solve
% (d/dt)C=[D{xx}+D{yy }]C+s(x,y),
% subject to periodic boundary conditions in the x—direction ,

% and Neuman boundary conditions at y=0 and y=L_y.

0 sk sk sk sk s ok ok ok sk sk sk sk sk sk sk sk sk ok kS K ok ok sk sk sk sk sk sk sk sk sk kK K ok ok sk sk sk sk sk sk sk sk sk kS Kk ok ok sk sk sk sk sk sk sk sk sk kR ok ok ok ok ok ok ok ok

% Simulation parameters
[Nx,Ny,”,” A0,dx,dy, kx0, 6 ky0,dt,”,n_timesteps]=fix_all_parameters();

% max_iteration for diffusion:

max_iteration=30;

0 sk sk sk sk s ok ok ok sk sk sk sk sk sk sk sk sk ok K S K ok ok sk sk sk sk sk sk sk sk sk kKK ok ok sk sk sk sk sk sk sk sk sk sk Kk ok ok sk sk sk sk sk sk sk sk sk kR ok ok ok ok ok ok ok ok

% Poisson solution:
[7,”,C_poiss,”,"]=test_poisson_jacobi();

% sk sk sk sk sk sk skoskoskoskosk sk sk sk sk sk sk sk sk sk sk sk sk skoskoske skeoskeoske sk sk sk sk sk sk sk sk sk sk sk sk sk skoske sk sk sk sk sk sk sk sk sk sk sk sk sk skeoske sk sk sk sk sk sk sk sk sk sk sk ok kok
% lInitialise source and concentration fields.

% Initialize source and concentration fields.

s_source=zeros (Nx,Ny);
C=zeros (Nx,Ny);

xx=0%(1:Nx) ;
yy=0x(1:Ny);
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kx=kx0 ;
ky=3xkyO0;
for i=1:Nx
for j=1:Ny
x_val=(i —1)*dx;
y_val=(j —1)xdy;
xx(i)=x_val;
yy(i)=y-val;
s_source(i,]j)=A0xcos(kxxx_val)xcos(kyxy_val);
C(i,j)=cos(kx0xx_val)xcos(kyOxy_val)+cos(2xkx0xx_val)xcos(kyO*y_val)+cos(
kxOxx_val)xcos(4xkyO*y_val);
end
end

00 5k sk sk 3k sk sk 3k sk ok sk 3 sk ok sk 3k ok sk 3k sk ok sk 3 sk sk 3k sk ok sk 3 sk ok 3k 3K sk sk 3K 3K ok 3k 3K sk ok 3 3 ok sk 3k sk ok sk 3 sk ok 3k 3 ok sk 3 sk ok o 3 sk sk 5k K ok sk K K ok K K
Enter into time loop now

% Enter into time loop now

norm_decay=0x*(1l:n_timesteps);

time_vec=(1l:n_timesteps)x*dt;

for iteration_time=1l:n_timesteps

RHS= get_RHS(C, dt,dx,dy,Nx,Ny);
RHS=RHS+dt*s_source;

for jacobi_iteration=1:max_iteration
C_old=C;

C=do_jacobi_C(C_old ,RHS,dt,dx,dy,Nx,Ny);

% Implement Neumann conditions at y=0,y=L_y.
C(:,1)=C(:,2);
C(: Ny)=C(: Ny—1);

end

errl= get_diff(C, C_old ,Nx,Ny);
if (mod(iteration_time ,100)==0)

i

display(strcat(num2str(iteration_time),': Residual is ...", num2str(errl

)))

[",myhandle]=contourf(xx,yy,C');
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set (myhandle, "edgecolor ', "none’);
colorbar
drawnow

end

norm_decay (iteration_time )=sqrt (sum(sum(C—C_poiss)."2)/(NxxNy));

end

end

0 5 ok sk ok ok sk ok ok ok ok ok ok koK ok ok ok R kK R ok K R oK K K oK K R K R KK KK R KK KK K kK K kK K ok K R kK K ok K K K KK R KK KK K R
Enter into time loop now
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Enter into time loop now

function RHS=get_RHS(C,dt,dx,dy,Nx,Ny)

ax=dt /(dxxdx);
ay=dt /(dy=dy);

Diffusion=zeros (Nx,Ny);

for j=2:Ny-1
for i=1:Nx

if (i==1)
iml=Nx—1;
else
iml=i—1;

end

if (i=Nx)
ipl=2;
else
ipl=i+1;
end

Diffusion (i, j)=axx*( C(ipl,j)+C(iml,j)—2.d0*xC(i,j))+ay*( C(i,j+1)+C(i,]
~1)-2.d0xC(i,j) ):
end

end

RHS=C+0.5d0*«Diffusion;




114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

173

end

Enter into time loop now

function C=do_jacobi_C(C_old ,RHS,dt,h dx,dy,Nx,Ny)

ax=dt /(dxxdx);

ay=dt/(dyxdy);
diag_val=l+ax+ay;

C=zeros (Nx,Ny);

for j=2:Ny-1
for i=1:Nx

if (i==1)
iml=Nx—1;
else
iml=i —1;

end

if (i=Nx)
ipl=2;

else
ipl=i+1;

end

temp_val=(ax/2.d0)*(C_old(ipl,j)+C_old(iml,j))+(ay/2.d0)*(C_old(i,j+1)+C_old
(i.—1)+RHS(i )
C(i,j)=temp_val/diag_val;
end
end

end

% >k ok ok ok ok ok 3k sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok sk sk ok ok sk sk sk sk sk sk ok ok sk ok ok ok ok ok ok ok sk sk sk ok kR ok sk sk sk ok sk sk sk sk skook ok ok okookook ok ok ok

Enter into time loop now

function errl=get_diff(C,C.old,” ")

errl=max(max(abs(C-C_old)));

end
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m_codes/diffusion_matlab/test_diffusion_jacobi.m

Subordinate subroutines

It can be noted taht the code calls two subordinate subroutines, which can be downloaded from
the website. One is obvious: it is a global subroutine to fix all the parameter values. The second
subroutine computes the solution of the model poisson problem to which the solution of the diffusion
equation relaxes. Thus, the relaxation to the equilbrium can be monitored as a diagnostic to keep
track of the accuracy of the solution. The solution to the model Poisson problem is included herein

(below) for completeness.

For completeness, a numerical method for solving the mode Poisson problem is also provided

herein (below).

function [xx,yy,C,C_true, res_it]=test_poisson_jacobi()

% Numerical method to solve
% [D_{xx}+D_{yy}]C+s(x,y)=0,
% subject to periodic boundary conditions in the x—direction ,

% and Neuman boundary conditions at y=0 and y=L_y.

[Nx,Ny,”,”,A0,dx,dy,kx0,ky0]=fix_all_parameters();

iteration_max=5000;

dx2=dxxdx;
dy2=dyx*dy;

s_source=zeros (Nx,Ny);

% Initialise source

kx=kx0 ;
ky=3xkyO0;
for i=1:Nx
for j=1:Ny
x_val=(i —1)*dx;
y_val=(j —1)xdy;
s_source(i,]j)=A0xcos(kxxx_val)*cos(ky*y_val);
end

end
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% Compute analytic sOlUTION sk sk ok ok skt sk ok ok sk ok sk sk ok sk sk ok ko sk ok K kR Sk ok KOk ko Sk kK Ok

xx=0x%(1:Nx) ;
yy=0x(1:Ny);
C_true=zeros (Nx,Ny);

for

end

i=1:Nx

for

j=1:Ny

xx (i )=(i —=1)*dx;
yy (§)=0 —1)*dy;

C_true(i,]j)=(A0/(kxxkx+kysxky))*cos(kxxxx(i))*cos(kyxyy(j));

end

% Tteration Step sk ko skokokosk ko sk okok ok ko sk ok ok ok ok ok ok ok ok ok ok kK ok KK ok KK ok KK koK ok KKk koK Sk KOk

% Initial guess for C:
C=zeros (Nx,Ny);

res_it=0x(1l:iteration_max);

for

iteration=1:iteration_max

C_old=C;

for

i =1:Nx

% Periodic BCs here.
if(i==1)

iml1=Nx—1;
else

iml=i —1;

end

if (i=Nx)
ipl=2;
else
ipl=i+1;
end

for j=2:Ny-1
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diagonal=(2.d0/dx2)+(2.d0/dy2);

tempval=(1.d0/dx2)«(C_old (ipl,j)+C_old(iml,j))+(1.d0/dy2)«(C_old(i,]
+1)+C_old (i ,j—1))+s-source(i,j);

C(i,j)=tempval/diagonal;

end

end

% Implement Dirichlet conditions at y=0,y=L_y.
C(:,1)=C(:,2);

C(:,Ny)=C(:,Ny-1);

res_it(iteration )=max(max(abs(C—C_.old)));

end

end

m_codes/diffusion_matlab/test_poisson_jacobi.m




Appendix B

Introduction to Fortran

Overview

| am going to try an example-based introduction to Fortran, wherein | provide you with a sample
code, and then tell you about it. | will then ask you to some tasks based on the code, and to modify

it.

B.1 Preliminaries

A basic Fortran code is written in a single file with a . £90 file extension. It conists of a main part
together with subroutine definitions. A subroutine is like a subfunction in Matlab or C, with one

key difference that | will explain below.

The main part

The main code is enclosed by the following declaration pair:
program mainprogram
end program mainprogram

At the top level, all variables that are to be used must be declared (otherwise compiler errors
will ensue). Variables can be declared as integers or as double-precision numbers (other types are
possible and will be discussed later on). Before variable declarations are made, a good idea is to

type implicit none. This means that Fortran will not assume that symbols such as i have an

177
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(implicit) type. It is best to be honest with the compiler and tell it upfront what you are going to

do. Equally, it is not a good idea for the compiler to try to guess what you mean.

An array of double-precision numbers is defined as follows:

integer :: Nx,Ny
parameter (Nx = 201, Ny = 101)

double precision, dimension(1:Nx,1:Ny) :: my_array
This creates an array of double-precision numbers where the indices go from ¢ = 1,2,--- 201, and
j =1,2,--- 101. there is nothing special in Fortran about starting arrays with ¢ = 1: they can

start from any integer whatsoever (positive or negative).

After defining all arrays and all other variables operations are performed on them using standard
manipulations. These typically include ‘do’ loops (the Fortran equivalent of ‘for’ loops), and ‘if" and

‘if-else’ statements. The syntax for these operatiosn is given below in the sample code (Section [B.2)).

Column-major ordering

To understand column-major ordering, consider the following array:

123
A:
[456]

If stored in contiguous memory in a column-major format, this array will take the following form in

memory:
142536.

Suppose that elements of the array A are denoted by A;; (i for rows, j for columns). When these
elements are accessed sequentially in contiguous memory, it is the row index that increases the
fastest. Thus, in Fortran, a do loop for manipulations on the array A should be written out as

follows:

do j=1,2
do i=1,3

! manipulations on A(i,j) here

end do
end do
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Subroutines

Subroutines contain discrete tasks that are repeated many times. Instead of having a main code that
contains multiple copies of the same piece of code, such code-tasks are relegated to subroutines.
The advantages are economy-of-code and computational efficiency. Unlike in C, arrays can be passed
to subroutines in a blindly straightforward manner. Examples of such subroutines can be found in

the sample code (Section [B.2).

As mentioned previously, a subroutine in Fortran is like a subfunction in C or Matlab. However,
there is one key difference: formally, a subroutine produces no explicit outputs. Thus, suppose
we want to operate on a variable = with an operation f to give a result y (formally, y = f(z)). In
Fortran, we view x and y as inputs to a subroutine wherein y is assigned the value f(z) as part of

the subroutine’s implementation. This will become clearer in examples.

Output

Finally, the result of these manipulations should be sent to a file, for subsequent reading. The values

in an array my_array of size (1,---,N,) x (1,---N,) can be written to a file as follows:

open(unit=20,file="myfile.dat’,status="UNKNOWN’)

do j=1,Ny
do i=1,Nx
write(20,*) my_array(i,j)
end do
end do
close(unit=20, status=’KEEP’)
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B.2 The code

The following code solves the model Poisson problem using SOR iteration. If done correctly, it
should reproduce exactly the results obtained previously in Matlab. An output file called ‘oned.dat’
is produced. | cannot remember why | called the output file by this name. However, these things

are rather arbitrary.

D skskoskosk ok ok sk ok ok ok ok ok ok ok ok ok ok o K Rk ok ok ok oK ok ok o kR ok ok ok ok ok ok K kR sk ok ok ok ok ok o Rk ok ok ok ok K K o ok

program mainprogram

implicit none

integer :: Nx,Ny
parameter (Nx = 201, Ny = 101)

double precision :: dx,dy,x_val,y_val, K Lx,Ly, pi=3.1415926535
double precision :: ax,ay,diag_val ,hrelax ,h tempval,errl  err2 A0
double precision, dimension(1:Nx,1:Ny) :: f_source ,C,C_old
integer :: i,j,iml,ipl iteration ,max_iteration=1000

Lx=2.d0

Ly=1.d0

A0=10.d0

dx=Lx/dble (Nx—1)
dy=Ly/dble (Ny—1)

ax=1.d0/(dx=*dx)
ay=1.d0/(dyxdy)
diag_val=2.d0xax+2.d0xay
relax=1.5d0

D sskokok ok ok ok ok ok ok ok ok ok ok ok ok ok ok Rk ok ok ok ok o ok o Rk Rk ok ok ok o ok ok Rk ok ok ok ok ok ok o KRRk ok ok ok K K o Kk

I compute source, initialise guess

f_source=0.d0
C=0.d0
C_old=0.d0

write (%,%) 'getting source’
call get_f_periodic(f_source ,Nx,Ny,dx,dy,Lx,Ly,A0)

write (x,x) ’'done’
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D sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok kR R K oK ok oK oK ok ok ok ok ok ok kR K K ok ok oK 3K ok oK oK ok ok kR R KK o ok K K K ok K

I sor steps

do iteration=1,max_iteration
errl = 0.0

I for keeping track of the error
C_old=C

do j = 2,Ny-1
do i = 1,Nx

if(i.eq.1)then
im1=Nx—1
else
iml=i—1

end if

if(i.eq.Nx)then
ipl=2

else
ipl=i+1

end if

tempval=ax*(C(ipl,j)+C(iml,j))+ay*(C(i,j+1)4+C(i,j—1))—f_source(i,]
)

C(i,j)=(1—relax)«C(i,]j)+relax*tempval/diag_val

end do
end do

I' Implement Dirichlet conditions at y=0,y=L_y.
C(:,1)=C(:,2)
C(:,Ny)=C(:,Ny-1)

if (mod(iteration ,100)==0)then

call get_diff(C,C_old ,Nx,Ny,errl)

write(x,x) iteration, ' Difference is ', errl
end If

end do

1 '

write (%) Difference is , errl
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write result to file

write(*,%) "writing to file’

open(unit=20,file="oned.dat’, status="UNKNOWN")

do j=1,Ny
do i=1,Nx
x_val=(i —1)*dx
y_val=(j —1)xdy

Write (20,%) x_val, y_val, C(i,j)

end do
end do

close(unit=20, status='KEEP")

write (x,x) 'done’

end program mainprogram

K3k 3k >k ok ok 3k ok ok ok 3k ok sk sk sk ok ok ok ok ok ok ok sk sk ok ok sk sk sk ok ok ok sk skook ok ok 3k ok sk skosk ok sk skoskook ok ok ok ok ok ok ok ok ok ok ok ok ok ko

ok ok ok ok ok sk sk ok ok sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok sk sk ok ok ok ok sk ok ok sk sk sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok

subroutine get_f_periodic(f_src ,Nx,Ny,dx,dy,Lx,Ly,A0)

implicit none
integer ::i,j,Nx,Ny
double precision
double precision kx0 , ky0 , kx , ky , AO
double precision f_src (1:Nx,1:Ny)
kx0=2.d0xpi/Lx

kyO=pi/Ly

kx=kx0
ky=3.d0xky0

f_src=0.d0
do j=1,Ny
do i=1,6Nx
x_val=(i —1)xdx

y_val=(j —1)xdy

f_src(i,j)=A0xcos(kxxx_val)xcos(kyxy_val)

end do

end do

dx,dy,Lx,Ly,x_val ,y_val,

pi=3.1415926535
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return

end subroutine get_f_periodic

D sk sk ok ok ok ok ook ok ok ok ok ok ok ok ok ok ok ok ok kK K K ok ok oK oK ok ok ok ok ok ok ok Rk ok ok o ok oK ok ok ok ok ok kR R Kk ok ok oK K K ok K

subroutine

get_diff(C,C_old ,Nx,Ny, diff)

implicit none

double precision :: diff  sum

integer

Nx,Ny,i,j

double precision, dimension(1:Nx,1:Ny) :: C, C_old

Nx

sum = sum + (C(i,j)—C.old (i, j))=*x*2

sum = 0.0D0

Do j =1, Ny
Do i =1,
End Do

End Do

diff = sum

Return

End subroutine get_diff

D sk skosk sk ok sk ok ok ok ok sk ok ok ok ok ok o K KRk ok ok ok ok ok o o kR ok ok ok ok ok ok K Rk sk ok ok ok ok o o Rk ok ok ok ok K K o kK

D sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok kK kK ok ok oK oK ok ok ok ok ok ok kR kK o ok oK oK oK ok ok ok ok kR R Kk ok o oK K ok ok K

m_codes/poisson_code/main_periodic_sor.f90
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B.3 Porting Output into Matlab

It can be useful to examine the data in a file such as ‘oned.dat’ in Matlab. There are many ways of

doing this. Below is my favourite way:

function [X,Y,Cl=open_dat_file()

% We need to specify the size of the computational domain, as this can't be

% inferred from the datafile.

Nx=201;
Ny=101;

% Here | create a character array called "filename”. This should

% correspond to the name of the Fortran—generated file.

filename="oned.dat " ;

% Here is the number of lines in the datafile.

n_lines=NxxNy;

% Open the file. Here, fid is a label that labels which line in the file

% is being read. Obviously, upon opening the file, we are at line 1.

fid=fopen(filename);

% Preallocate some arrays for storing the data.

X=0x(1:n_lines);
Y=0%(1l:n_lines);
C=0x(1l:n_lines);

% Loop over all lines.

for i=l:n_lines
% Grab the data from the current line. Once the data is grabbed, the
% label fix automatically moves on to the next line.
% The data from the current line is grabbed into a string — here called
% cl.
cl=fgetl (fid);

% Next | have to convert the three strings on any given line into three
% doubles. This is done by scanning the string into an array of

i

% doubles, using the "sscanf” command:

vec_temp=sscanf(cl, %f");
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% Now it is simple: just assign each double to a value x, y, or C.
x_temp=vec_temp(1);
y_temp=vec_temp(2);
C_temp=vec_temp (3);

% Read the x—, y—, and C—values into their own arrays.
X(i)=x_temp;
Y(i)=y-temp;
C(i)=C_temp;
end
% Finally , reshape these arrays into physical, two—dimensional arrays.

X=reshape (X,Nx,Ny);
Y=reshape (Y,Nx,Ny);
C=reshape (C,Nx,Ny);

o Important! ose e file so at i is no e angling. ot closin a
% Important! ClI the fil that it t left dangling Not cl g

% file properly means that in future, it will be difficult to manipulate

% it. For example, it is impossible to delete or rename a a currently —open
% file .

fclose(fid);

end

m_codes/poisson_code/open_dat_file.m
This file should be stored int he same directory as ‘oned.dat’. Then, at the command line, type
[X,Y,Cl=open_dat_file();
The results can be visualized as usual:

[h,c]=contourf(X,Y,C);

set(c, ’edgecolor’,’none’)

Provided the source function and domain size are the same in both cases, this figure should agree

exactly with the one generated previously using only Matlab (Figure |B.1)). Here,

s(x,y) = Ap cos(k,x) cos(kyy), (B.1)
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with k, = k0 and k, = 3k, and Ay = 10. Further details: k.o = (27/L,) is the fundamental

wavenumber in the z-direction, and k,o = m/L, is the fundamental wewavenumber in the y-

direction. The domain geometry is chosen to be L, =2 and L, = 1.

= (.5

Figure B.1: Solution of the Poisson problem for the source (B.1). Grid size: N, = 201 and
N, = 101.
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