Advanced Mathematical Methods (ACM30020)

Dr Lennon O Naraigh
Exercises #6

1. Consider the FIE

21
10) = 10)+ [ K0 - )5 1
where K is the kernel function
K(p) = ko + k1 cos g, (2)

and where ky and k; are constant.

(a) Using the trial solution
f(@)=h(0)+p+qcosf +rsinb,
solve the FIE ().

(b) Hence or otherwise, find the eigenvalues of the FIE
2T

y(0) = A i K(0 = @)y(p)de,

for the kernel function 21

2. Consider the FIE -
lmw:mm+x[ K (2, 9) £ (y)dy, 3)

where K (z,y) = 1 inside the square {|z| < a,|y| < a} and zero elsewhere.

Using a trial solution
flx) =g(@) + (),

find the solution of Equation ([3)).

3. The kernel of the FIE

b
vle) = A [ Koy
has the form

K(z,y) =Y ha(2)ga(y),

where the h,(x) form a complete orthonormal set of functions over the interval
[a, b].



AMM Fredholm Integral Equation

(a) Show that the eigenvalues )\; are given by:
|M — 27| =0,

where M is the matrix with elements
b
ng = / gk(S)hg(S)dS.

If the corresponding solutions are ¢ (x) = >°°° | ag)hn(x), find an expres-
sion for the a!”.

(b) Obtain the eigenvalues and eigenfunctions over the interval [0, 27 if

K(l‘7y) :Z

n=1

S|

cos(nzx) cos(ny).

4. Use Fredholm theory to show that, for the kernel
K(z,z) = (x + 2)e* 3,
over the interval [0, 1], the resolvent kernel is:

¢~ [fa+2) =\ (o + 32— 02— )

[(z,z;\) = SRy
12

Hence, solve .
y(x) = 2% + 2/ (x + 2)e"*y(2)dz,
0

. 1 o,
Leave your answer in terms of I,,, where [,, = fo u"e "du.



