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terms of the linear/nonlinear dichotomy, Fourier transforms: Definition and properties, the Dirac
delta function, convolution, applications in solving boundary-value problems, Greens functions:
Definition and motivating example for Poissons equation, general theory for infinite domains in
terms of Fourier transforms, One-dimensional linear advection equation: Physical motivation,
solution by the method of characteristics, One-dimensional Burgers equation with no diffusion:
Method of characteristics, breaking waves, Riemann problems, Burgers equation with diffusion:
Proof of regularity, the Cole-Hopf transformation Further topics may include: Greens functions

for finite domains, further problems in non-linear first-order PDEs



What will | learn?

On completion of this module students should be able to

10.

Compute Fourier series for a given periodic generating function;
Solve the diffusion equation for a standard set of boundary and initial conditions;

State and prove the properties of well-posedness for the diffusion problem, and for similar

standard linear PDEs:

Recognize situations where decomposition into homogeneous and particular solutions is nec-

essary, and solve such problems accordingly;
Classify PDEs as elliptic/parabolic/hyperbolic, and as linear/nonlinear;
Solve linear inhomogeneous problems using the Greens function technique;

Solve the one-dimensional wave equation using dAlemberts formula or separation of variables,

depending on the context;
Understand the notion of causality as applied to the wave equation;

Solve Burgers equation using the method of characteristics; solve Riemann problems in the

same way;

Obtain a bound on the gradient of the solution in the regularized Burgers problem, apply the

Cole-Hopf transformation to the same.
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Chapter 1

Introduction

1.1 Module summary

Here is the executive summary of the module:

After this module, you will be able to solve three standard linear, constant-coefficient,
second-order partial differential equations (PDEs). You will also be able to solve certain non-
linear, first-order PDEs too. These equations arise in numerous fields including engineering,

finance, fluids, quantum mechanics, and electromagnetism.

In more detail, we will follow the following programme of work:

1. We review the theory of finite-dimensional vector spaces, with special emphasis on orthonor-
mal bases. We then pass over to infinite-dimensional vector spaces, in the form of Fourier

series;

2. We classify linear second-order PDEs;

3. We use Fourier series to solve these PDEs;

4. We study PDEs with sources intensively. We use the Green's function to solve these equations.

5. We will study a archetypal first-order nonlinear PDE called the Burgers equation. We will
solve it using the method of characteristics. We will show that this method can fail, leading

to breaking waves.
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1.2 Learning and Assessment

Learning:

e Thirty six classes, three per week.
e In some classes, we will solve problems together or look at supplementary topics.

e To develop an ability to solve problems autonomously, you will be given homework exercises,

and it is recommended that you do independent study.

Assessment:

e Three homework assignments, for a total of 20%;
e Three in-class tests, for a total of 20%;

e One end-of-semester exam, 60%

Textbooks

e Lecture notes will be put on the web. These are self-contained. They will be available before
class. It is anticipated that you will print them and bring them with you to class. You can
then annotate them and follow the proofs and calculations done on the board. Thus, you are
still expected to attend class, and | will occasionally deviate from the content of the notes,

give hints about solving the homework problems, or give a revision tips for the final exam.
e Here are some books for extra reading, if desired:

— For linear second-order PDEs: Mathematical methods for physicists, G. B. Arfken,
H. J. Weber, and F. Harris, Wiley, Fifth Edition (One copy of third edition in library,

510).
— For technical, analysis issues: Analysis: An Introduction, R. Beals, Cambridge Uni-

versity Press, 2004 (Available for free on the internet).

Office hours

| do not keep specific office hours. If you have a question, you can visit me whenever you like — from
09:00-18:00 I am usually in my office if not lecturing. It is a bit hard to get to. The office number,

building name, and location are indicated on a map at the back of this introductory chapter.

Otherwise, email me:

lennon.onaraigh@ucd.ie
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1.3 Some pretty pictures from PDE theory

This section is given as means of motivation, and is not examinable.

The diffusion equation

Consider an ensemble of particles exercising Brownian motion. The particles are confined in an

interval [0, L], and a typical particle has the equation of motion

dx

where £(t) is a random, normally-distributed variable with the correlation
(E@E) = 2D5(t = 1)

Technically, this equation is not correct, since we cannot differentiate a sequence of random numbers.

However, an analytically sound solution does in fact exist, as the limit of the following difference

equation:

z(t) = lirr(l)xT(N), t=Nr,
where

zr(n+1)=2x.(n)+ vV2DTw,,
and where

Wy ~1D N<O7 1) — <wnwn’> = 5n,n’-

A sample path is shown in Fig. 1.1.

Introducing the probability distribution function
C(x,t) = (0(x — z(t))), average over all particles,

we have

ot t
= —(¢'(x — 2(1)&(L),
(

= (0 — ()€

Using the Furutsu—Novikov theorem, it can be shown that

(5( — 2()E(1)) = ~D o {5z — (1)),
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Figure 1.1: Sample path on the periodic domain, D =1, 7 = 0.001.
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(1.1)

The function C(x,t) therefore has the interpretation of the concentration of particles at position

x and time ¢, and Eq. (1.1) is the diffusion equation. If we assume that the equation has periodic

boundary conditions, so that a particle leaking out at © = L re-enters the box at x = 0, then this

equation has a very simple analytical solution, as we will find out:

C(z,t) = Z e~ D@/ D n?t Gi2n/ Dz

n=—oo

where the C,,’s are chosen to match the prescribed initial conditions of the concentration:

C(z,0) = f(z), initial conditions,

C(ZE,O) _ Z C«nei(Qﬂ'/L)nx.

n=—oo

Let's look at a typical solution of this equation for the initial data

(1.2)

| have implemented the numerical solution (1.2) in MATLAB, and the results are shown in Fig. 1.2 (a),
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- ==1=0.2]]

Figure 1.2: Solutions of the diffusion equation

for D =1 and ¢ = 0.2. The initially ‘peaked’ distribution of concentrations, representing clustering
near the origin = = 0 is flattened very quickly by the diffusion. After two time units, the concentra-
tion is nearly constant. Indeed, diffusion forces any initial data to a constant, average value
— diffusion destroys concentration gradients and creates homogeneity. This is especially visible in

the space-time plot (b).

Equation (1.2) is an example of a spectral method:

1. FT[C|(k,t) = fOL C(z,t)e * is the Fourier transform of the concentration,

Ci(t) := FT[C)(k,t) = / " C(z,t)e ™ dx.
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2. This is substituted back into the original diffusion equation to give

dC;, N
—= = —Dk*C
dt g
Thus, the PDE is reduced to an ODE.
3. Solve the ODE (numerically if necessary):
4. Transform back into ‘real space’:
Clz,t) = IFTICr(t)] = Y e™Cu(t).

Numerically, this is a great recipe to implement because of the existence of fast Fourier transforms.

| have used it many times to solve the celebrated Cahn—Hilliard equation:

a¢_ 2 (43 4 2
E*DV (¢ — ¢ —V?9).

This equation describes the separation of a binary alloy into its component parts:

+1, Alloy component 1,
¢separated =
—1  Alloy component 2.

| solve the CH equation numerically in Fig. 1.3. | have the following initial conditions and boundary

conditions:

x € [0,L=27,

@+ Ly t) = ¢(z,y,1),
oz, y+Lit) = o(z,y,t),
¢(z,y,t =0) = random number between — land + 1.

The numerical solution yields all kinds of insights into domain formation. For example, we can
appropriately define the length scale of one of these domains (extended regions where ¢ = +1) —

call it £. We can demonstrate numerically that

0~ Y3,

This is called the rate of domain coarsening. Understanding domain coarsening sheds light on

many different subject areas:
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e droplet formation and droplet breakup,
e interfacial flows,
e polymer dynamics,

e emulsification and phase separation

This module will open up these areas, and others, for you to study.

Note on numerical methods

This module is a purely analytic one (‘pen and paper’). However, from time to time, there will be
pictures and solutions of PDEs. These will, more often than not, be generated using MATLAB. The
codes used for these studies will be available on Blackboard and are cross-referenced in the notes.

For example:

e The trajectory of a Brownian particle — brownian.m
e The one-dimensional diffusion equation — diffusion__one__d.m

e The two-dimensional Cahn—Hilliard equation — cahnhilliard__solve.m
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(c) t=0.01 (d) t=05

(e) t=5

Figure 1.3: Solutions of the Cahn—Hilliard equation in two dimensions. Here D = 1 and v = 0.0024.
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Chapter 2

Finite-dimensional vector spaces

Overview

Recall that in previous modules, in particular “20150-Vector Integral and Differential Calculus” you
studied the notion of a vector space. In that module, the vector spaces was, invariably, R? or R3.
In this chapter we review the theory of linear vector spaces and discuss a more general case, where

the vector space is an abstract object.

2.1 Definitions and examples
Definition 2.1 A set V is called a real vector space if the following properties hold:

1. An operation

VXV — V,
(x,y) —x+y

is given, called addition of vectors, such that

(a) The addition is associative: (x +y)+z =z + (y + 2);
(b) The addition is commutative: * +y =y + x;
(c) There is an additive identity:  + 0 = x;

(d) There are inverses: x + (—x) = 0.

These properties make the vector space into an abelian group.

10
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2. An operation

RxV — V,
Nx) — Ax

is given, called scalar multiplication, which satisfies

(a) The multiplication is distributive: \(x + y) = A\x + \y;
(b) Distributivity: (A + p)x = A\ + px;

(c) Distributivity: (Ap)x = N ux),;

(d) 1 € R is a multiplicative identity 1lx = x,

forall \,;s € R and x,y,z € V. The elements of V' are called vectors and the elements of R are,

in this context, called scalars.

Examples:

1. The set of 3-dimensional geometrical vectors (as in 20150-Vector Calculus) is a real vector

space.

2. The set
R™ = {(x1,- - x,) |21, -2, € R}

is a real vector space.

3. The set V of all real-valued functions,
Vo={flf:(QCR) - R}
is a vector space, with vector addition

(f +9)(x) = f(z) + g(x),
and scalar multiplication
(Af)(x) = Af(x),

forall z € Q, all f,g € Vi, and X\ € R. Note that the addition operation is called pointwise

because it is defined with reference to each point x € ().

Definition 2.2 Let W C V and let V' be a real vector space. Then W is called a vector subspace
of V if it is non-empty, and If,
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1. Closure under addition: x, y e W — x+yecW;

2. Closure under scalar multiplication: N\ ¢ Re e W — A x € W.

Thus, W is itself a real vector space.
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Figure 2.1: In ordinary three-dimensional space, a plane passing through the origin is a vector
subspace.

Examples:

1. The set
11(0,n) = {x € R*|n -z = 0}

is a vector subspace of R? (Fig. 2.1). Proof: Let  and y be in the plane I1(0, n):

n-x = 0, (2.1)
n-y = 0. (2.2)

Adding gives n - (x +y) = 0, hence  + y € II(0,n). Similarly for scalar multiplication.

2. Let Q2 be an open subset of R. As before, Vf; is the set of all real-valued functions from €2 to

R. Then, C%(Q), the set of all continuous real-valued functions is a vector subspace of V.
3. C°, the space of all infinitely differentiable functions on € is a vector subspace of Vj,.

4. The set of all solutions of the equation

d’*u
@—FU:O
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are a vector subspace of C*°(R), and

(Solution space) C C**(R) C C°(R) C Vg.

Definition 2.3 Let x,,--- ,x, be vectors in the real vector space V', and let \q,--- )\, be scalars.
Then the vector

My + -+ N,

is called a linear combination of xq,--- ,x,. We write

S(wly"’mr) - {)\1:171 + "'/\rmr|/\17"’ 7)‘1" S R}

to denote the set of all linear combinations of x1,--- ,x,. S(x1,---x,) is a vector subspace of V,
and is called the subspace spanned by x1,--- , x,.

If S(xy,---x,) =V, we say that x,,--- ,x, span the whole space V. Then, for each x € M,
there exist scalars \q,--- , \, such that

T =M\Nx|+ "\,

Examples:

1. The vectors

er = (1,0,0),
€y = (0, 1,0),
es = (0,0,1)
span R? because for any x in R?,
r = (.771,332,.773),

= 1€y + Tgey + T3€s3.

2. The functions

sin(z), cos(z)
span the space of solutions of the equation

d*u
a2 Te=0
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because for any u(x) in the solution space,
u(z) = Ay sin(z) + Ag cos(x).
Definition 2.4 Let @, - ,x, be vectors in a real vector space V. Then,

1. x,--- ,x, are linearly dependent if there exist scalars \q,--- , A\, not all zero such that

)\1131 + "')\TZIIT =0.

2. They are linearly independent if
My + N, =0
implies that Ay = --- =\, = 0.
Example: sin(x) and cos(z) are linearly independent functions in V. For, let us solve
Asin(x) + pcos(z) =0, for all z € R.
Since this expression must be true for all x € R, set 2 = 0. Since sin(0) = 0 we have
pecos(0) = p=0.

Thus, we have
Asin(z) =0, for all z € R.

Setting x = /2 gives A = 0 also, so sin(x) and cos(z) are linearly independent.

Note: If xy,--- , x, are linearly dependent, with
)\1$1 + - )\racr = 0,

and \; # 0 (say), then

1
r, = h ()\QwQ + - )\TIIJT) .

1
Thus, x,---,x, are linearly dependent iff one of them is a linear combination of the

others.

Note: Let x # 0 be a vector in V. Then the pair {0, x} are linearly dependent, because

1.0+ 0.z = 0.
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Thus, a list of linearly independent vectors can never contain the zero vector.

Definition 2.5 A sequence of vectors x1,--- ,x, in a real vector space V is called a basis for V
if,
1. xy,--- ,x, are linearly independent;
2. x1, - ,x, spanV .
Thus, given a basis @1,--- ,x, , we can write a vector & € V as
T =121+ -, aq, -, € R

The «;'s are called the coordinates of the vector.

Definition 2.6 Let V' be a real vector space spanned by a finite number of vectors. The minimal
number of vectors required to span the vector space is called the dimsension of the space. The

number of elements in a basis is equal to the dimension of the space.

In this chapter, we are concerned with vector spaces that are spanned by a finite number of vectors.

These are called finite-dimensional vector spaces.

Examples:

1. The vectors

€ = (1707())’
€y = (07 170)7
€3 = (0707 1)

are a basis for R3. They certainly span R3:

r = (xlax%xfi)?

= 1€y + Tsey + T3€s3.
They are also linearly independent:

aeq + b€2 + ces =

(a,b,c) =

o o o

a=b=c¢c =
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2. The functions sin(z) and cos(x) form a basis for the solution space of the differential equation

d?u
@‘i‘uzo.
3. The m x n matrices
1 0 0 - 0 0 0
f 00 0 - 0 0 0
m b 9 Y
l
0 0O 0 0 0O 0 000 1

form a basis for R”*" as a real vector space.
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Scalar products

Overview

Just as the notion of vector space extends to spaces of functions, so too does the notion of scalar
product. In this chapter we describe a scalar product for general, real vector spaces and extend
the definition to spaces of (square-integrable) functions. In this way, we speak of ‘the length of a

function’, or of two functions being orthogonal.

3.1 The definition

Definition 3.1 Let V' be a finite-dimensional real vector space. A scalar product on'V' is a map

V xV =R,

(z,y) — (=|y),

that is bilinear:

1 (M + pylz) = Mx|z) + u(ylz),

2. (z Ay + pz) = Mzly) + plz]2),

forall x,y,z € V and \,u € R.

18
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3.2 The dot product on R"

Consider the usual basis on R™:

€ = (1707“'70>7
€ = (0717"'a0)7

e, = (0,0,---,1).
Define the dot product of two basis vectors:

e; '€j = 6ij

where 9;; is the Kronecker delta. Extend this definition by linearity two arbitrary vectors in R":

a = a161+“'+anen7
b = b161+"'+bnena
a-b = (a161+---+anen)-(b1€1+"'+bnen)a

= Z Z aiél-jbj,

i=1 j=1
= a1b1 —+ .. anbn.

Thus, for a vector a € R", we define its length, |al:

a=ae;+ -+ apey,
la| :=+Va-a=/a}+ -+ a2

Theorem 3.1 The scalar product satisfies the Cauchy-Schwartz inequality:
|a - b] < |a]|b].

Proof: Consider
d(A\) := (Aa+b)> = (\a+b)-(\a+b).

We have ¢(\) > 0 and
o(N) = N|al]* +2Xa - b+ |b]>.
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This is a quadratic function in X, with roots

a bt/ b7 —[aP[bP

jal?

Ay =
But ¢(A) > 0, the quadratic function has at most one real root, so
(a-b)* —lal’[b]* <0,

or
ja-b| <|al|b],

as required.

Note: The Cauchy-Schwartz inequality is true for any scalar product with the positive-

definite property (z|z) > 0.

Definition 3.2 Since |a - b| < |a||b|, we define the angle between vectors a and b:

cosf = 0<o<m.

|al|b]’

Definition 3.3 Two vectors are orthogonal if angle between them is 7w /2 (if their dot product is
zero):
a-b=0.

Changing basis: Consider now a basis fi,--- f,, for R”. Thus,

a=p01fi+- -+ Bufn

Suppose that we know the coordinates of a and fi,--- f, w.r.t. the usual basis. How do we

determine the scalars 31, -+, 3,7

Solution: Let

a—=qoqe+ -+ a,e,.
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Take the dot product of this expression with each new basis element f;:

Jira = Bifi-fit+-+ 6t So,
fira = Bifi-fi+--+Bufi- [,

In matrix form,

fi-a fisfi - fi-fa B
fira | = firh - fi-fa Bi
fn.a \ fn.fl fnfn ) ﬁn
-G
hence
I3 fi-a
B =G fi-a ) (*)
ﬁn .fn‘a'

and everything on the RHS can be calculated in terms of the usual basis.

Examples:

1. Let

fi=(1,0),
fg = (1,1)

These vectors are linearly independent and form a basis for R?. Let

a — 061€1+062€2,

= Gifi+ Bafo.

If a; and «; are known, what are (3; and (357
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Answer: We form the matrix

G:(fl'fl fl‘f2>:<1 1>.
forfi for fo 12

Form also the column vector
fi-a _ (1,0) - (ane1 + azes) _ (1,0) - (e, cxg) _ a
f2 - a (1, 1) . (04161 + 06262) (1, 1) . (Oél, 042) aq + Q9
From the equation (*), the 3;'s are

153} _ ot fi-a _ 11 - Qi,
ﬁZ fl - a 1 2 a1+ Qo
The final answer is
(2)- (")
Bo &%) '

This example shows that basis elements do not have to be orthogonal — the usual

basis {e;, e;} is quite special.

. Let

f1 = (cosf,sinb),
fo=(—sin6,cosh).

These vectors are linearly independent and form a basis for R?. Let

a = o1e;+ ages,

= Gifi+ Bofo.

If a; and «; are known, what are (3; and (357

Answer: As before, form the matrix GG

G:<f1‘f1 f1'f2>:<1 0>.
forfr for Jo 0 1

Form also the column vector

fira | (cos®,sinf) - (aq, ag), B a1 cosf 4+ g 8in b,
fi-a - (—sinf, cosb) - (g, ) B —ay sinf + as cosf
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Because G is the identity matrix, the [3;'s are
B 7 fi-a,
ﬁQ —G-1 .fl - a

B\ [ aicosf+ agsind,
B —avp sin @ 4 ap cos

and the final answer is

Definition 3.4 A basis f,,--- , f, for R" is called orthonormal if

Ji- i = 0ij.
The components of an arbitrary vector a w.r.t. this basis are given by

azﬁlfl"’"""ﬁnfm

and

Bi=a- fi

3.3 Spaces of functions

Recall, the set Vg of all real-valued functions,

Vo ={fIf: (R CR) =R}

is a vector space, with pointwise operations of addition and scalar multiplication.

Definition 3.5 The set
LQ(Q) = {f e Vq

[ 1@ < oo}

is a vector subspace of Vi, called the space of square-integrable functions.
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Theorem 3.2 The map
) ) x L*(Q) — R,
f.9)— / fla

is a scalar product on the vector space L*(f2).

The proof is easy: all you do is show bi-linearity.

Definition 3.6 Let f € L*(2). Then the length of the function f is denoted by || f||2, and is
defined by

112 = (f1f) = / ()P

Definition 3.7 Let f,g € L*(Q2). These functions are orthogonal if

(flg) = / F(@)g(x)dz =

As an example of ‘the length of a function’, let 2 = [—7, 7]. The length of the function sin(z) is
given by

I sin(z)[2 = / sin?(z)ds = 7.

—Tr

The functions sin(z) and cos(z) are orthogonal because

/ 7; sin(z) cos(z) = 0.

We now focus on a further important example: We consider a vector space of functions on ) =

[—7, m] defined as follows:

F, = {f(x) € Vo

flx)=ao+ Z la; cos(ix) + b; sin(ix)) },

=1

where the a;'s and 0;'s are ordinary real numbers. In other words,

F, C Vg, F, = 8(1, cos(x),- -, cos(nx),sin(z), - - ,sin(nx))
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Thus, a typical element in F}, is

f(z) =ao+ Z la; cos(ix) + b; sin(ix)] .

i=1

This is a square-integrable function, because

(fIf) ==

20+ > (af +b7)
=1

We prove this statement now:

ap + Z la; cos(ix) + b; sin(ix)]

A= [

ao + Z la; cos(ix) + b; sin(z'x)}] ;

- i=1 i=1
(fIf) = 2mag + 2ag /7r dz i [a; cos(ix) + b; sin(iz)]
- i=1
+ /7r dz [Zn: la; cos(iz) + b; Sin(ix)]] [z": [a; cos(iz) + b; sin(ix)]] ,
- i=1 i=1
(fIf) = 2mag + 2aq /7r dz i la; cos(iz) + b; sin(iz)]
T =1
%—/7r dz z": Zn: [a;a; cos(ix) cos(jx) + a;b; cos(ix) sin(jz) + bya; cos(iz) cos(jz) + bbj cos(iz) cos(jz)] ,
T =1 =1

Take the summation signs outside the integrals:

(fIf) = 2ma + 2aq Z/ dz [a; cos(iz) + b; sin(ix)]
i=1 Y=
+Z Z/ dz [a;a; cos(iz) cos(jz) + a;bj cos(iz) sin(jz) + b;a; sin(iz) cos(jx) + b;b; cos(ix) cos(jz)] .
i=1 j=17-7

But

/W sin(pz) = /W cos(pr) =0,  p={1,2,---}



26 Chapter 3. Scalar products

hence

(fIf) = 2mag

+Z Z /7r dz [a;a; cos(iz) cos(jx) + a;bj cos(ix) sin(jz) + b;a; sin(iz) cos(jx) + b;b; cos(ix) cos(jx)] .

i=1 j=1"Y~

Let's tackle the other integrals:

/7T sin(ix) cos(jx) = %/ﬂ [sin((i + 7)z) + sin((i — j)z)] dz.

—Tr —Tr

If ¢ = 7, then this is

1
2 i

. 1 . .
/ sin(2iz)dx = % [cos(mi) — cos(—mi)] = 0;

—T

otherwise it is -

=0.

—Tr

N =

[cos((i +.j)x) N cos((.z' —'j)x)
1+ 11—

Thus, the cross terms vanish in the sum for (f|f):

(fIf) = 2mal + Z Z /7T dz [a;a; cos(iz) cos(jz) + bibj cos(iz) cos(jz)] .

i=1 j=1Y~

Let’s tackle the first term:

/_7r cos(iz) cos(jz) = %/_ﬂ [cos((i — j)x) + cos((i + j)x)] dz.
If © = j this is

% /7T [1+ cos(2ix)] =7+ % [sin(mi) — sin(—mi)] = 7 4 0,

—T

otherwise it is

% {sin((i —j)x) N sin(@ —j)$):|7r o
=] =] _r
In other words,

/ cos(ix) cos(jz) = md;;.

—T

The sine integral is identical. Thus,

(f’f) = 2’/T(Zg -+ Z Zﬂ'éij [aiaj + blb]] = 27rag + WZ[(I? + b?]
=1

i=1 j=1

Note: We have shown,
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o [T dasin(iz) = [T dzcos(iz) =0,
o [T dwsin(iz) cos(jz) =0,

o [T dasin(iz)sin(jz) = [7_dacos(iz) cos(jx) = mdy;.

Thus,

fO(*T) = \/%77
filz) = \/iffrcos(x),

fn(x> =
gi(z) =

gn(z) = \#Sin(mc)

are linearly independent, span F,(£2) and form an orthonormal basis for the space. By definition

/ result 3.4, an arbitrary element f(z) in F,,(€2) has the representation

fla) = Zf’fzfz JrX:f!gzgz
=0

F,,(§2) is therefore a 2n + 1-dimensional real vector space.



Chapter 4

Fourier series

Overview
In the last chapter, we considered a certain subset of square-integrable functions on the interval

[—m, 7]

F(Q) = 3(1, cos(@), - -, cos(nz), sin(z), - - ,sin(nx)).

In this chapter, we work out what happens as n — oc.

4.1 The limit as n — oo of the set F),(2)
Recall the real vector-space

Fo(Q) = s<1, cos(@), -+, cos(nz), sin(z), - - - ,sin(nx)).

for functions defined on the interval = [—m, 7|. Recall, we formed the linearly independent set
fO(x) = \/%*ﬂn

filz) = \/i%cos(x),

falz) = \/iE cos(nx),
g(z) = 77 sin(x),
gn(z) = \/%7 sin(nx)
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() (b)

Figure 4.1: Convergence of Fourier series.

and showed that this was an orthonormal set,
(fi'fj) = / fi(x)fj(m)dx = 0y, &c.

Then, any function f(z) € F,(€2) can be written as a linear combination of these orthonormal basis

vectors

flw) = Zflfzfz +Zf|g,gl
i=0

We want to work out what happens as n — oo. The answer looks something like Fig. 4.1. As 2n+1,
the dimension of the space increases, more and more of LQ(Q) is filled in. However, in the limit
as n — oo, there is a small part of L?(Q2) that is not filled in. This is the set of square-integrable
functions that cannot be represented as an infinite Fourier sum. In this chapter we will describe this
pathological set and then forget about it: F,,(€2) is a big enough vector space to contain all of the

PDE solutions we are interested in this course.

4.2 The Fourier series

Letting n — oo in the definition of F,(£2), we obtain the set of all functions

Fr() = {f(x) € Vo

f(z) =ao+ D 5, [a; cos(iz) + b;sin(ix)] ; }

the Fourier series converges to its generating function f
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The coefficients ap, a;, and b; can be obtained by taking the scalar product of f(z) with the basis

functions

fo(ﬂf) = \/%;,
filz) = L cos(iz),
gi(z) = s sinin)

where now i € {1,2,---} ranges over all positive integers:

w = )= [ f@ha
m:umzfﬂmmm.

A series of the form ag+ ;" | [a; cos(ix) + b; sin(iz)] is called a Fourier series and the coefficients
a; and b; are called Fourier coefficients.

Provided f(z) is square integrable (i.e. in f € L*(Q)), its Fourier coefficients can be calculated.
It does not follow, however, that the corresponding Fourier series converges to f(x). That is, the

following diagram is not commutative (Fig. 4.2):

Integration

f(x) € I2(Q) ,

Fourier

coefficients

~ Summation

~ Fourier

series

Fig. 4.2: The creation of a Fourier series from a generating function and the creation of functions

from Fourier series are not always inverses: this is not a commutative diagram.

To ensure that this diagram is commutative, that is, to ensure that the Fourier series generated by
a function's Fourier coefficients converges to the function itself, we need some stronger conditions

than square-integrability.

Definition 4.1 A function f(z) € L*(Q), Q2 = [a, ] is called piecewise smooth if there is a partition
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of [a, b],

a=29g<T1<Ty<---x,=0",
such that f has a continuous derivative (i.e. C') on each closed subinterval [x,,, T 1]

Example:

1. A function that is C! on [a, D] is piecewise smooth on [a, b].

2. The function
2x,

S
IN
8
IN
N[ =

fz) =

N —=
N
8
IA
—_

1
2

is piecewise smooth on [0, 1] but is not continuous on [0, 1].

3. The function
f(x) = ||

is both continuous and piecewise smooth on [—1, 1], despite f’(z) not being defined at = = 0.
This is because we partition [—1, 1] into two subintervals [—1,0] and [0, 1]. When worrying

about f'(x) near x = 0, note that on [0, 1] we only care about the right limit,

while for [—1, 0] we care only about the right limit,

~ 1.

0~ i [0 10)

e—0,e>0 €

4. The function f(x) = |z|'/? is continuous on [—1, 1] but is not piecewise smooth on [—1, 1],
since f'(07) and f/(07) do not exist.

Theorem 4.1 Let f € L?((—n,w)) be piecewise smooth on the closed interval [—m, 7| and
continuous on the open interval (—m,m). Then, the Fourier series associated with [ converges

for all x € [—m, | and converges to the generating function f(x) for all x € (—m, ).

No proof is given, but the proof (with copious hints) is examine in the homework (Assignment 1).

Now suppose instead that f € L? ((—, 7)) is piecewise smooth on the closed interval [—7, 7] and

piecewise continuous on (—m, ), with a single discontinuity at x = a. Then the Fourier series
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converges to f(x)on (—m, 7), except at x = a, where it converges to

fla=0)+ fla+0)
: :

4.3 A numerical example

Consider the function
flz) = a?

on the interval [—, 7r|. This is a continuous function with continuous derivative. Thus, the function

converges to its Fourier series on the interior of the interval, (—m, 7):

2% = aof() + Z azfz "‘ bigi(x)] )
i=1

where
w = [ Pal). fle)=
o = [ @, ) = g eoslin)
b, = /7r 2%g;(x), gi(z) = \/L; sin(iz),
Now

™
ay = L/ z?dz,

2m -
_ 123
= V3T o
@ = = x? cos(iz)dw,
1 [2xcos(iz) | (—2+i%a?)sin(ix)]|"
R i2 T i3 ’
B L47T(—1)i
=

b, = \/LE/ 2% sin(ir)dr = 0.
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Hence,

Now, Theorem 4.1 guarantees that the Fourier series converges to its generating function on (—m, ).
The only reason why such a result cannot be extended in general to the closed interval [—7, 7] is
because of possible discontinuities at the boundary points (here the comment below the theorem
would apply). However, we can view f(x) = % as a continuous function on all of R, so long as
we enforce the periodicity constraint (See Fig. 23.1). Thus, the Fourier series will converge to its

generating function everywhere — including on the boundary points x = +7. We therefore set x = 7

Figure 4.2: The function f(z) = 2 viewed as a 2m-periodic function on all of R.

in the Fourier series:

oo
2 —1) .
2 = %+4E (iQ) cos(ix),
i=1
o0
2 g2 (—1)i 7
™ = 7—1—45 = (=)
i=1
o
2 2 _ 1
it =4 &
i=1
oo
12 _ }:1
6" = 27
i=1

a result first proved by Euler.

Note finally, a situation where convergence of the Fourier series to its generating function cannot

be extended to the boundary points: f(x) = x — See Fig. 4.3.
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Figure 4.3: The function f(z) = x viewed as a 27-periodic function on all of R: it possesses jump
discontinuities at the boundary points.



Chapter 5

Differentiation and integration of Fourier

series

Overview

It will be desirable to differentiate and integrate Fourier series in this course. The following definitions

and results dictate when we can differentiate Fourier series term by term.

5.1 Uniform convergence

Definition 5.1 Uniform convergence: The series
> filx)
=1

of functions f;(x) defined on some interval |a,b| converges uniformly to a limit f(x) if, for every

€ > 0, there exists a positive integer Ny(€) depending on ¢ but independent of = such that

] (fj fz'(fv)> - f(@)

Theorem 5.1 Term-by-term differentiation: If, on an interval [a, b],

< € whenever N > N.

1. f(x) =>_72, fi(x) converges uniformly,
2. Y7 fi(x) converges uniformly,
3. fl(x) are continuous,

35
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then the series in (1) can be differentiated term-by-term:
f@)=)_ filx).
i=1

There is an easy way of checking if a series of functions converges uniformly:it is called the Weierstrass
M-test:

Theorem 5.2 Weirstrass M-test: Suppose {fi(x)}32, is a sequence of functions defined on an
interval [a,b], and suppose
|[fie)] < M,

where M; is a real nonnegative number independent of x, and i = 1,2,---. Then the series of

functions )" | fi(x) converges uniformly on [a,b] if the series of numbers y_.°, M; converges.

In some cases, we will have a candidate for the M;-series but want to test its convergence properties.

Let's recall one useful test:

Theorem 5.3 The ratio test: Let Y .-, a; be an infinite series. The series converges absolutely

if the ratio

An+1
Qn

r = lim

n—oo

is less than unity. The test is inconclusive if r = 1 and the series diverges if r > 1. Recall that

absolute convergence means that the series > .~ |a;| converges.

Proof: This result is easily proved by comparing the tail of the infinite series with a geometric series

with geometric parameter r (Beals, p. 48).

Examples:

1. Consider the series .
Z cos(ix).
i=1

There are certain points in the interval [—m, 7] where this series does not converge. For

example, when z = 0, we have

Zcos(ix):Zcos(O):1+1+1_|_...7

e ]
=1 =1

which is not a convergent series.

2. Consider, instead
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The ith term is
cos(ix)

f,(I) = 2 |fl(x)| < 5

7

and the series Y7, i~ 2 converges. Thus, by the M-test, the series (*) is uniformly convergent.

Proof of the Weirstrass }/-test
Suppose {f;(x)}2, is a sequence of functions defined on an interval [a, b], and suppose
|fi(x)| < M;,

where M; is a real non-negative number independent of x, and ¢ = 1,2,---. Then the series of

functions »~>°, fi(x) converges uniformly on [a, ] if the series of numbers »>°, M; converges.

Proof: We need to recall the following facts:

e The definition of a Cauchy sequence: A sequence {a;}$°, of real numbers is Cauchy if, given

€ > 0, there exists a positive integer N (¢€) such that
|, — amm| < € whenever n, m > N (e).

Recall, moreover, that a sequence of real numbers is convergent iff it is Cauchy (Beals, p.
36).

e A series > | a; converges if the sequence formed by the N*' partial sum converges:

N
{Si}24, SN = E a;, a convergent sequence.
i=1

Now consider > .7, f;(x) We need to show first that the sequence S, (z) = > 1, fi(x) converges

uniformly. It suffices to show that it is uniformly Cauchy. Assume, wlog, that n > m. Then,

> fila)

i=m-+1

Z |fi(@)],

1=m-+1

< iMi,

i=m-+1

(32) (52

[Sn(2) = Sm(2)] =

9

IN
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The series ) °, M; converges, so the sequence of partial sums is Cauchy. Thus, given € > 0 there

(35) ()

< €, whenever n,m > Ny(e).

exists an Ny(e) such that

|Sn(x) - Sm(xﬂ <

I

Since Ny(e) is fixed entirely with reference to the M;-series, it is independent of x, and the sequence

of partial sums is uniformly Cauchy, and it is therefore uniformly convergent.

5.2 Integration of Fourier series

Theorem 5.4 Dominated convergence theorem: Let {S;(z)}2, be a convergent sequence of
square-integrable functions on a domain Q, with limit S(x). Then the limiting function S(x) is

square-integrable, and

n—oo

lim [ dzS,(x) = / dz S(z),
Q Q

provided each term is dominated by a square-integrable function g(z),
|Si(2)| < g(),

forallie {1,2,---}.

This proof is very technical and is not given here (Beals, p. 155).

Corollary: A series of functions ) .°, f;(x) can be integrated term-by-term if,

1. Each partial sum is square-integrable;

2. The partial sums are dominated by a a square-integrable function.

Example: Consider the function

o) = f: coisgix‘

i=1

The partial sums are clearly square-integrable, because integration and summation commute when
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the summation is finite. The partial sums are also dominated by an integrable function:

| ()|

IN

IA

and Y77 i3 is, trivially, an integrable function.

/f(x) dz

Integrating the series term-by-term produces

Note, moreover, that

|fi()]

/i ()]

/da; (Z

oo
D ;i

Thus, we can integrate term-by-term:

COS 1T
13 ’

[e.o]

=1

= 1
Zz—g/dm cos(ix),
1

1
— sin(ix).

a series that converges faster than the original one!!
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and >, (M;, N;) are absolutely convergent. Thus, we can differentiate term-by-term:

df d (= cosiz
2. d cosiz

de 3

=1

0o ..
Z SN 1.x
, 2
=1

Differentiating the series term-by-term produces a series that converges slower than the original one.

In very simple terms, then, ‘differentiation bad, integration good’.

5.3 A numerical example

Consider the equation

u(xr) = Z B, sin(nrz)e ™,
n=1 ()
B, < B foralln,

where t > 0 is a positive parameter and 0 < x < 1 is the domain of the function. Show that the

series is uniformly convergent. We have,
. _m2,2 _m2,.2
| B, sin(nrx)e™™ ™ < Be "

Consider the series Zzozl M,,, where M,, = Be ™™t This is a convergent, x-independent series,

because
Mn+1 _ —(n+1)272t _n?m3t
T = € (& s
n
—(2n+1)7%t
_ -Gt
_.2
S e w4t n > 1

Thus, the ratio of successive terms is always less than unity for ¢ > 0, so the limit

lim (M, 1/M,) <1,

n—oo
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and the series converges. By the Weirstrass M-test, the series in x is uniformly convergent. It can

be similarly shown that the series

[e.o]

d
ngl B, {% sin(nm;)} e
> d2 2.2
321 B, l@ sin(mmc)} e,

are uniformly convergent and thus,

du = 272t
o = ZBn {— sin mm;)] :

n=1

dz_u = iB sm(mmc) et
dr? " | da? '

n=1

5.4 Conclusions

In this chapter, we have done a lot of analysis, and formulated sufficient conditions to answer the

following questions:

1. When does a Fourier series converge to the function that generates the Fourier coefficients?
2. When can we differentiate a series of functions term-by-term?
3. When can we integrate a series of functions term-by-term?

4. When does a series of functions converge uniformly?

However, in the rest of the course, we shall simply forget about the contents of this chapter, and do
calculations. If we are unlucky enough that the calculations we do fail, we will revisit this chapter

and see if we are violating any of the conditions set out here. This is the applied mathematics way.



Chapter 6

The 1-D diffusion equation: Solution

Overview

We formulate the theory of diffusion. Using Fourier-like series, we construct the solution of this

equation.

6.1 Physical background

In this section solutions to the diffusion equation are presented. We saw the form of this equation
in Ch. 1. Before we write it down again, let us remind ourselves of the physical ingredients in the
equation. It describes the concentration u(x,t) of particles undergoing Brownian motion, or the
diffusion of heat in a metal rod (say). It is an evolutionary equation, so it contains a partial derivative

w.r.t. time, du/0t. Because the total number of particles

/Qu(a:,t)dx

is conserved (here {2 = [a,b] is the spatial domain of interest), it must be a flux-conservative
equation:

ou n aJ 0

ot ox

where J is the flux of particles (or the heat flux). Such an equation manifestly conserves the total

particle number, for suitable boundary conditions:

d u(z,t)de = /dx@
Q

dt Jo
0J
— [ @2
/Qxax’

= —[J(b,t) — J(a,t)].

42
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Thus, if J(b,-) — J(a,-) = 0, the total particle number is conserved. Now, we focus on the flux.
If the flow of particles is proportional to minus the concentration gradient, particles will flow from

regions of high concentration to regions of low concentration:

Jox ——

or’
This is called Fick’s Law of diffusion (call the constant of proportionality D). Thus,

ou ou oJ
=% w T o

or

ou D 0%u

This is the celebrated diffusion equation. Finally, let's look at the physical units of the propor-

tionality factor D. It is,

[Concentration] [Concentration]
[Time] a [Length]”
hence
B [Length]?
~ [Time]

Boundary conditions

We will solve the diffusion equation on the interval Q = [0, L]. We pose the following boundary

conditions:

Initial condition: u(z,t =0) = f(z), O<z<L,

Boundary condition: u(x =0,t) =u(zx=L,t) =0.

The latter is certainly not the no-flux boundary condition: it is simpler, and makes the following
exposition easier. Physically, this is a model of temperature in a metal rod, whose temperature is

fixed at the end points.

Solving the diffusion equation with no-flux BCs will be left as an exercise.
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6.2 Separation of variables

The diffusion equation is linear in the concentration u(x, t), and the only coefficient in the equation is
D, which is constant. When faced with a linear, constant-coefficient partial-differential equation,

the following separation of variables procedure works: We make the following trial solution:
u(z,t) = X(x)T(t).

Substituting this ansatz into the PDE gives a set of ODEs — a much simpler problem:

2
dr o X

X(l’)g = (ﬂ@-

Now divide out by X (x)T(t). We obtain

But now the LHS is a function of ¢ alone and the RHS is a function of = alone. The only way for

this relation to be satisfied is if
LHS = RHS = Const. := —\D.
Let us also substitute the trial solution into the BCs and the ICs:

Initial condition: u(z,t =0) = X(2)T'(0) = f(x), O<z<L,
Boundary condition: Tt)X(0)=T{#)X(L)=0

Solving for X ()

Focussing on the X (z)-equations, we have:

1 d?’X
—— = =) L
X ds2 , 0<z <L,
X(0) = X(L)=
Equation in the bulk 0 < z < L:
d*X
e + X =0, (%)

Different possibilities for A:
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1. A = 0. Then, the solution is X (z) = Az + B, with dX/dx = A. However, the BCs specify
X (0) =0, hence B = 0. They also specify X (L) = 0, hence A = 0. Thus, only the trivial

solution remains, in which we have no interest.
2. A < 0. Then, the solution is X (z) = Ae'* + Be * where = +/—\. The BCs give
A+ B = Ae 4+ Be L = 0.

Grouping the first two of these equations together gives

1 — e HL
A=-By—ar
But A+ B =0, hence
1 — e+
b {1 - 1_—1 -0
1—etl — (1 —erh)
B [ 1 —enrl } =0
B[-ett 4] = 0,
Bsinh(uL) = 0,

which has only the trivial solution.

3. Thus, we are forced into the third option: A > 0.

Solving Eq. (*) with A > 0 gives
X(z) = Acos(VAz) + Bsin(VAz),

with boundary condition

A1+ B-0= Acos(VAL) + Bsin(vVAL) = 0.

Hence, A = 0. Grouping the second and third equations in this string together therefore gives
Bsin(VAL) = 0.
Of course, B = 0 is a solution, but this is the trivial one. Therefore, we must try to solve

sin(VAL) = 0.
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This is possible, provided
VAL = nr, ne{l,2,---}.

Thus,

and

where B,, labels the constant of integration.

Solving for T'(t)

Now substitute A\, = n?r%/L? back into the T'(t)-equation:

1dT
—— =-AD=-\,D
T dt
Solving give
T(t) = T(0)e P,
or

Putting it all together

Recall the ansatz:
u(z,t) = X(x)T(t).

Thus, we have a solution

nnx

X(2)T'(t) = T(0)By sin (T> o~ 2w Dt/L?
Calling T(0) B,, := C,, this is
X (2)T,(t) = Cpsin (?) o mDt/L?

The label n is just a label on the solution. However, each n = 1,2, --- produces a different solution,

linearly independent of all the others. We can add all of these solutions together to obtain a general
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solution of the PDE:
u(a,t) = Y Xu()T,(t),
= Z C,, sin (n_zx) g M T D/ L2

We are almost there. However, we still need to take care of the initial condition,

u(z,t=0) = iCn sin (?) )
n=1

= (@)

But the functions

are orthogonal on [0, L]:

L ynmeN . ymmx
Inm = /Osm(T> sm( 7 >dx,
L ™
= —/ sin(ny) sin(my)dy, y=(n/L)x.
0

™

If n # m this is

% [Sm((m —n)z)  sin((m + n)w)} "o

2(m —n) 2(m+n) |,

ifn=mitis
L7r_
T2

hence I, = (L/2)d,m. Thus, consider the IC again:

u(z,t=0) = i(}’n sin (?) ;
n=1

= fa).

9

L
2
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Multiply both sides by sin(mmz/L) and integrate:
T . /mmx
/Of(x)sm( 7 >dx = /ZC’ sin
TXT\ . (NTX
e[ e

L
= ;c g O

L
2

= %/Oﬂ f(z)sin (m;rx) dz,

and, substituting back into the general solution, we have

Hence,

= nwx
u(z,t) = ZCnsin (%) gL
n=1

- [ om ()] m () e

which is a solution to the diffusion equation that satisfies the boundary and initial conditions.

Note finally, that as a result of Sec. 5.3, this series solution converges uniformly to the
actual solution and can be differentiated term-by-term. Similarly, the series of derivatives

in space and time (u; and u,,) converge uniformly to the derivatives of the solution.

Example: Cooling of a rod from a constant initial temperature

Suppose that we use the diffusion equation to model the temperature distribution in a metal rod.
Suppose furthermore that the initial temperature distribution f(x) in the rod is constant, i.e. f(z) =

up. We wish to find the solution at later times. From Eq. (6.2), we have to work out

:%/OLf(m)sin <?> dz, f(x) = uo.

That is,
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0.8

10.6

Figure 6.1: Solution for the diffusion equation with u(x,t = 0) = 1 and «(0,t > 0) = u(27,t >
0) =0. | have set D = uy = 1.

9 L 2 s
90 [ sin (mwx) do = 0 sin(my)dy,
0

s m
o7 m ’

0, m even,

4%‘;, m odd.

Thus,

© sin ((2m+1)7rz>
u(z,t) = @ L o~ (2m+1)272Dt/L?
’ ™= 2m+1

| have plotted this solution in Fig. 6.1. The solution is rather odd:
e At time t = 0 the solution is simply u(z,t = 0) = 1 everywhere in the domain.

e The solution then instantaneously adjusts so that u(z,¢ > 0) ~ 1 in the bulk of the domain,

and u(z,t > 0) = 0 on the boundary.
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e Subsequently, the solution decays so that u(z,t — co) = boundary value = 0.

The code used to generate Fig. 6.1 is called diffusion__constant__temp.m
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The 1-D diffusion equation: Properties |

Overview

In Ch. 6 we solved the diffusion equation

ou 0%u

—=D— on [0, L

at ax27 [ Y ]
with a constant initial condition u(z,t = 0) = wuy and null boundary conditions u(0,t > 0) =
u(L,t > 0) = 0. We then plotted the solution and obtained some qualitative information about the
solution. However, what if we did not have access to modern computer packages? How then can

we extract qualitative information about the solution? The answer lies in finite-sum approximations.

Properties discussed: Finite truncations, visualisation of solutions, equilibrium state, temporal evo-

lution towards equilibrium.

7.1 Finite-sum approximations

Consider the diffusion equation

ou 0%u

5 = @, on [O,L],
u(z,t =0) = f(),

u(x =0,t) =u(x = L,t) = 0.

51



52 Chapter 7. The 1-D diffusion equation: Properties |

We have demonstrated that its solution is
> nmTT
. ;2.2 2
u(z,t) = ZCnsm <_L )e oD/ L7
n=1

= i [% /OL f(z)sin (?) ds} sin (?) e~ DHLE (7.1)
n=1

Although this solution is exact, it is not computable. In practical applications, we need to construct
an approximate solution by taking finite-sum approximations of the solution (7.1). It is desirable to

know what is the error incurred by doing this.

Suppose we work with a finite approximation

N
= Z C), sin (_mr:ﬂ) e~ DL
L
n=1

Then the error associated with this approximation is

e = |u(z,t) —un(z,t),
= i C), sin <@> gD/ L2
n L Y
n=N+1
S Z |C | -n 7r2Dt/L2
n=N+1
Now
Gl = |7 [sin (M) sy
L= = sin [ — r)dz|,
L J, L
2 ™
< [ o () s
< 2 [ s
— x)|dx
i L 0 )
= (<

Thus, the error is bounded by

e < O Z -n 7r2Dt/L2

n=N-+1

[e.e]
_ CefNQWQDt/LQ Z ef(anNQ)ﬂQDt/LQ.
n=N-+1
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Now
n*~N?> = (n—N)n+N)>2N(n—N) >0,
—(n* -~ N?) < —2N(n— N),
e ( 2-N2) < e—2N(n—N)’
hence
e < Cve—NQTrQDt/L2 i 6—2N(n—N)7r2Dt/L2’
n=N-+1
< C Z 6—[N2—‘,—2N('n,—N)]7r2Dt/LQ7
n=N-+1
< C Z e—[QNn—NQ}WQDt/L27
n=N-+1

00
e < C Z e+[N2—2Nn}7r2Dt/L2’

n=N+1
o
N2x2Dt/L2 Z —2Nnr2Dt/L?
< Oe i e nm ,
n=N+1
o
N2r2Dt/L? —oN=2Dt/L?\"
< Ce'' ™ E e T ,
n=N+1
N+1
<672N7r2Dt/L2>
— CNPmDYL?

1 — ¢—2N=2Dt/L?

2N(N+1)7?Dt/L?

(N7 Dt/ L2 e
1 — o—2N=2Dt/L? ’

el=2N(N+1)+N?x*Dt/L?
= C ,

1 — ¢—2Nw2Dt/L?

o~ N?n2Dt/ L2
Cve—2N7r2Dt/L2
1 — ¢—2N=2Dt/L?

Let us work with the non-dimensional time 7 = tD/LQ. Thus,

—N2721

_ 2
— 1 — 672N7'('2T
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10 o
=3 .
Z |
10 50| /
—N=1 ’
- = =N=2
\\\\\\\ N=3
0 02 04 06 0.8 1

Figure 7.1: Error in the finite truncation of the diffusion equation, as a function of the truncation
degree N, and as a function of elapsed time 7.

The error depends on time, and decreases exponentially fast as time progresses. The results are

shown in Fig. 7.1 for various N-values: the larger N-values give more rapid convergence. For N =1,

—m2r
szns&*ﬁ<TE;mJ'

For N=1and 7 = 1/7? this is

N=1r7=1/ -1
t g /W):e_2<e ):0.0576,

we have

a very small number. Thus,

The error incurred by truncating the series after only the first term never exceeds

2 x 0.0576 [
2R @)
0

when 7 > 1/72.

We use this result now to describe the solution for u(x,t = 0) = f(x) = uy qualitatively.
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7.2 Visualisation of the solution

Recall the solution to

o _
ot 0z’
u(z,t = 0) = uy,

u(zr =0,t) =u(x = L,t) = 0;

on [0, L],

it was
PO (2m+1)7r:13>
w(z,t) = % S ( L o~ (2m+1)272Dt/L?
’ T = 2m+1

From the theory of error bounds just derived, the error in replacing the full series by

4
u(z,t) ~ %e’”QDt/LQ sin <7T—Lx) (7.2)

never exceeds

2 x 0.0576

L
/ f(2)] dz = 0.1152u
L 0

when Dt/L* > 1/7% Thus, let us work with this truncated solution and describe the solution

qualitatively.

Spatial dependence

Fix t = to > L?/(Dw?). Then the approximate solution (7.2) is

4, T
u(z,ty) ~ 7067”2]%0”2 sin (f) :

This function has a maximum at = = L/2, since
d . <7rx> T <7r> 0
—sin [ — =—cos|=) =0,
dz L v=L2 L 2

and [d?/dz*sin(mx/L)|,=1/2 < 0. Indeed, the point = L/2 is a point of symmetry, in the sense

tht n |7 (5-0)| = | (5 +9)]

for s € [0, L/2]. Moreover, these two properties are true of the full series solution

~ sin ((2m+1)7m:>
u(z,t) = dug L 6—(2m+1)27r2Dt/L2;

T = 2m +1
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u(x,ty) t=0

Up

t=1ty >0

1/2 1 X

Figure 7.2: Snapshot of the solution at late
time t > 0, compared to the initial non-smooth
data.

u(x,ty)

Uo
t:toi‘io

t=1ty >0

172 1 X

Figure 7.3: A further set of snapshots of the
solution, showing intermediate and late config-
urations of the solution, and showing the evo-
lution in time away from the non-smooth initial
condition.

this can be verified by direct computation.

Thus, we have the following picture (Fig. 7.2).

e At t =ty = 0 the spatial profile is simply u = wuy.

e For t = L?/(Dn?) the spatial profile is a sine function, with the null BCS, and with a line of

symmetry at © = L/2.
e We guess that at intermediate times, the spatial profile is,

— A smooth curve sandwiched between the early- and late-time profiles;
— One that respects the BCs u(z = 0,-) = u(x = L,-) = 0;

— One with a maximum at a line of symmetry at © = L/2

Thus, we fill in the gap in the figure (Fig. 7.3).

Temporal dependence

Fix 2. Then the approximate solution (7.2) is

4
u(zo, t) ~ %e’“th/LQ sin (%) : t > L*/(Dn?).

e The initial concentration is ug, so

(4/7)e ™ PUY sin(rwo /L) = (4/7)e™™ T sin(rzo/L).
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U(xo,t)

Ug

/ X:xD3¥1f2

x=xpg~0o0rl

-\

< ,

x=0o0or1

Figure 7.4: Visualization of the solution at a fixed location in space.

is a like a ‘decay factor', damping the initial concentration level to zero as time goes by.
e However, the damping is faster at certain xg-values.

— The decay to zero faster near xy = 0 or 1 because the decay factor is smaller there.

— At 2y = 0 or 2y = 1 the decay factor is zero because of the boundary conditions.

e We plot this decay factor for different values of x( in Fig. 7.4.

7.3 Rate of decay of u(z,1)

We have demonstrated conclusively that the solution to

o _ o
ot 0x?’
u(z,t = 0) = uy,

u(zr =0,t) =u(x = L,t) = 0;

on [0, L], (%)

decays to zero. Here, we answer the question, ‘how fast?’
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First, consider an equilibrium solution of the diffusion equation, ug(x). Then

_ Oug(x) up
0= ot b ox?

solving d*ug(x)/dx? = 0 gives ug(x) = Az + B. However, the zero boundary conditions force
A= B =0, and ug(xz) = 0. If we regard the diffusion equation (*) as modelling the temperature
of a metal rod whose temperature is fixed at 0° at both ends, then physical intuition suggests that

any initial temperature distribution must decay to zero — in agreement with our analytical result.

Now, recall again our solution to Eq. (*):

~ gin ((2m+1)7rx>
u(a,t) = dug L o= (2m+1)272 Dt/ L2
’ T A= 2m+1 '

Let us try to bound the m!" term:

. (2m+1) 7z
SIn <T> 2 o 2 2,2 2 2,2
- o~ (2m+1)?72Dt/L < o @mA1)?m2D/L? . —(2m+1)*n T T>0.
m
Now
@m+1)°7°7 > (2m+1)r’T,
C@mt 1P < —(@mo e
em@miPrir o —(2midnir
o\ 2mt
= (6 > )
. r2m+1
hence
4 o
(e, )] < =0T
T
m=0
411,07" > 2\m
- S
m=0
B 4UO r
I
4U0 6—7r27'

= 1 >0

Thus, the concentration (distribution) decays at least exponentially fast to zero.
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Overview

Properties discussed: Well-posedness, uniqueness, various boundary conditions

8.1 Well-posed problems

The following reasonable conditions ought to be satisfied by a mathematical model of some physical

system:

1. Existence of solutions: The mathematical model must possess at least one solution. Inter-

pretation: the physical system exists over at least some finite time interval.

2. Uniqueness of solutions: For given boundary and initial conditions, the mathematical model
has at most one solution. Interpretation: identical initial states of the system lead to the same

outcome.

3. Continuous dependence on parameters: The solution of the mathematical model depends
continuously on the initial conditions and parameters. Interpretation: Small changes in initial

conditions or parameters lead to small changes in the outcome.

A model set of equations that satisfies these criteria is called well posed.

e The diffusion equation satisfies these criteria. Certainly at least one solution exists — we
have constructed it using Fourier series. And, moreover, by Result 5.3, this series can be

differentiated term-by-term.
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e The continuous dependence on initial parameters is tricky and we do not consider it here.
However, you may verify it numerically by looking at two numerical solutions whose initial

conditions are ‘similar’ — the similarity between the two solutions will persist over time.

e Finally, there is the question of uniqueness, which we address below.

8.2 The diffusion equation: uniqueness of solutions

Let us define the sets

Q= A{(z,t)|x €[0,L],t € (0,00)},
ﬁt: {(x,t)|x € [Ov L]7t € [0,00)},

and the function space

(@) = {ute

Uy 1S continuous in €, and w is continuous in Qt}.

We have the following theorem:

Theorem 8.1 The diffusion equation studied so far, namely

ou 0%u
9 = 972 on [0, L], (*)

u(z,t=0) = f(z),
u(z =0,t) = u(x = L,t) = 0;

has at most one solution in the space C? (E)

Proof: Consider two solutions ui,us € C* () to the diffusion equation, with identical boundary

and initial conditions. Form the difference v = ©; — us. Then,

Vg = (Ul - U2)t7

= Uit — Uz,

= Duygy — Duggy,
= (u — U2)mm7

= Dv:pxa

and the difference of the solutions also satisfies the diffusion equation. Now consider the BCs and
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ICs:
BC:  v(0,t>0)=uy(0,t>0)—us(0,t > 0) =0,
BC:  o(L,t>0)=u(L,t>0)—us(L,t>0)=0,
IC: v(z,t =0) =uy(x,t =0) —ug(z,t =0) =0, 0<x<L.

Let us form the L?*(2) norm of v and then differentiate it wrt time:

ol = [ 0¥ty
Q

| =

lvllz = v(,t)* da,

NI
ISy

14
t 2dt J,

0
= 1 [ Z?dx,
Ik
= /vvt dz,
Q
= D/vvm dz,
Q
= D/ [ﬁ (vuy) —vz] dz,
Q (9m

- Dwm%@ww@mmn—D/@¢a

Q
= —D/vi,da:.
Q

This is an ordinary differential equation in time and can be formally integrated:

lwll3(8) = [[v]12(0) — QD/O lvall3(s) ds,

hence
[oll5(t) < [Jv]|3(0) = 0.

Hence,
[oll5(1) <0 = |lv]l3(t) = 0.

The only way for this equation to be satisfied is if
v(z,t) =0,

and the solutions agree, u; = us.
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8.3 Variations on the boundary conditions

So far, we have solved the diffusion equation

ou 0%u
E_D@’ on [0, L],

u(z,t =0) = f(x),
u(x =0,t) =u(x = L,t) = 0;

We have seen how these boundary conditions did not correspond very well to a model for particle
diffusion, since there is a net flow of particles through the boundary. However, physical intuition
does suggest it is a good model for the cooling of a metal rod, whose end points are held at a
fixed temperature. Let us now discuss the different possibilities for boundary conditions in a more

systematic way.

Dirichlet conditions

The function u(xz,t > 0) is specified on the boundaries:

u(0,t>0) = gi(¢),
u(L,t>0) = goft).

If the functions g; = go = 0, then we have homogeneous Dirichlet conditions:

u(0,t >0) = 0,
W(L,t>0) = 0

This is the case we have considered so far.

Neumann conditions

The derivative u,(x,t > 0) is specified on the boundaries:

ug(0,£>0) = gi(?),
u(L,t>0) = ga(t).
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If the functions g1 = g2 = 0, then we have homogeneous Neumann conditions, corresponding

to no flux through the boundaries. This case has been discussed briefly already:

u (0,8 >0) = 0,
uz(L,t >0) = 0.

Mixed conditions

As the name suggests, this set is a mixture of Dirichlet and Neumann conditions:

a1, (0,1 > 0) + apu(0,t > 0) = ¢1(t),
stz (Lt > 0) + aqu(L,t > 0) = gaoft).

Periodic boundary conditions

The function u(x,t > 0) has the same value on either boundary point:
u(0,t) = u(L,t), t>0.

In practice, these are not very realistic boundary conditions but they are used in numerical experi-
ments because they are easy to implement. However, they can be used to mimic an infinite domain,

if the periodic length L is made long enough.

Examples

1. Solve the diffusion equation with homogeneous Neumann boundary conditions and constant
initial condition

u(z,t =0) = up, 0<z<L.

A homework exercise!
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2. Consider the diffusion equation with inhomogeneous Dirichlet conditions

ou 0%u

e Dwa on [0, L],
u(z,t =0) =0, 0<x<L,
u(z =0,t >0) =0,

w(x = L,t >0) =uy,

where u; is a constant.

e Separation of variables fails here. To see why, let us valiantly attempt the solution
u(z,t) = X(x)T(t). Then, at the boundary x = L, we would have X(L)T(t) = uy,

which implies that any coefficients in the X (x)-solution depend on time — impossible.

Instead, we break up the solution into a bit that solves the diffusion equation with the
given BCs (particular integral), and a bit that solves that solves the diffusion equation

with zero BCs (homogeneous solution).

Because the BCs are independent of time, we expect the Pl to be independent of time

also — call the Pl ug(z):

up(r) = 0, O0<z<L,

This solution to the ODE is ug(z) = Ax + B, and the BCs give B = 0 and AL = uy,

hence
ug(x) =uy(z/L).

Now write
u(z,t) :=up(z,t) +up(z) = uo(x,t) = u(x,t) —up(x).

where u(x, t) is the solution to the full equation and uy is to be determined. By linearity,

ug solves the diffusion equation:

ugr = Dugge, O0<zx<L,
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and

up(z =0,t > 0) =0,
up(x = L,t >0) =u(L,t) —ug(L,t) =u; —uy =0,
up(z,t =0) = u(0,t) —u.(0,t) =0 —wuy(z/L) := f(z), 0<z<L.

Thus, ug(x,t) satisfies the diffusion equation with homogeneous BCs — it is the homo-

geneous solution.

e But we know how to solve such an equation: the solution is

up(x,t) =Y Cpsin <$) e mDULE,
n=1

Moreover,

up(z,t =0) = ZC’n sin (?) :
n=1

= wu(z,t =0) —ug(x),
= 0—w(z/L).

Multiply both sides by sin(mmz/L) and integrate over [0, L]:

—(uy/L) /OLxSin <?> dez = gC’n/OLsin (?) sin (m;rx) dz,

S L2

= CpnL/2.
In other words,
9 L
C, = —% i x sin (?) dzx,
2U1 L2 T .
= Iz y sin (my) dy,
0
2u 1 . =7
= _W_;ﬁ [sin(my) — my COS(my)]Z:o )
2U1 1
= 5 [—7 cos(mm)],
2'LL1
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hence
2U1
Cp = —(-D",
mﬁ( )
and -
i nmwx —n27r2Dt/L2
Z — " sin <_L ) e )

n=1
e Now put it all together:
U({L‘,t) = UO([E, t) + uE(l‘)7

hence

e The homogeneous part of the solution is called the transient part and it decays to zero,

leaving only the particular integral, or equilibrium part.



Chapter 9

The diffusion equation: Sources

9.1 Motivation for discussing diffusion with sources

We introduced the diffusion equation as a model for the 'smoothing-out’ of concentration gradients

over time, where the concentration measures the density of particles:

ou D 0%u

E = @, T € (O,L),

with suitable boundary and initial conditions. What happens if particles are, at the same time, being

injected into the system? Then, we study the equation
—:D7+q7 IE(O,L),

where ¢(z,t) is a function called the source. Dimensionally, we must have

[Concentration]
[Time]

= [q],

thus, the source has as its interpretation the rate at which matter (or, in other applications, heat)

is being injected into the system. In this chapter we solve such equations.
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9.2 Time-independent sources

In this section we assume ¢ = ¢(z) only. For definiteness, we assume the following BCs and ICs:

BC u(0,¢£ > 0) = by = Const.,
BC u(L,t > 0) = by = Const.,
IC u(z,t =0) = f(x), 0<z<L.

As in the case of inhomogeneous BCs (Ch. 8), we introduce a particular integral to soak up the

contribution from the source and the boundary conditions:
U(l‘, t) = UO(CE7 t) + U’E(x)a
where

up(x) +q(x) = 0, 0O<z<L
UE(O) = bh
UE(L) = bg,

This is a simple ODE, which we assume can be solved. Next, we solve for the homogeneous part
uo(z,t), where

u(z,t) = ug(z,t) + ug(x) = full solution,

and

up(z,t) = u(z,t) — ug(x).

Study wug(z, t):

upe = ugx,t) =0,
= Dug, + q(2),
= D (up+ug),, +q(z),
= Duggs + Duges + q(2),

= Dquma
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with BCs

BC  up(0,t>0) =0,
BC  uo(L,t>0)=0,
IC up(z,t =0) = f(z) —up(x), 0<x<L.

This is the homogeneous diffusion equation with homogeneous Dirichlet BCs. But we know the

o0
= E C,, sin <7T—m) e n*m*Dt/L?
L
n=1

solution then:

Moreover,
- nmx
up(z,t =0) = ZC’nsin —),
> Csin (77)
= [f(z) —up(z).

As before, multiply both sides by sin(mmz/L) and integrate over [0, L]:

/OL [f(z) — ug(z)]sin <m;mc> de = / ZC’ sin mgx) sin <m£rx> dz,

= Z Ch (L/Q) 5m,na
hence 5 L
Ch = Z/o /() — us(@)]sin (70 do
But
(x,t) = ug(x,t) + up(x)
hence

u(z,t) = up(x)+ Z C,, sin (%) e iDL
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9.3 Time-dependent sources

We consider the following rather special case:
U = Dy, O<zxz<L,

with the following inhomogeneous boundary conditions (The inhomogeneity is, effectively, a

source):

BC  w(0,t>0)=0,
BC u(L,t > 0) = Acos(wt),
IC u(z,t =0) = f(x), 0<z<L.

e Physically, the BC at x = L corresponds to a periodic modulation of the temperature at the

end of the rod, or a time-periodic injection of particles into the domain.

e We cannot expect a time-independent state as ¢ — oo because in effect, there is a driving

force.

e However, we do expect that whatever time-independence is left as ¢ — oo is periodic, with

frequency w.

e Thus, we make the following trial solution:

u(z,t) = wup(z,t) +ugs(x,t),
= wup(x,t) + A(x) cos(wt + ¢(z)),

where lim; o ug(z,t) = 0 is a transient and ugg(x,t) is a quasi-steady state.

We construct the QS state such that it satisfies the BCs, and we construct the transient such that
it satisfies the null BCs. To solve for the QS state, we work in complex numbers. Thus, the trial

solution proposed for the quasi-steady part is
ugs =R [U(x)e*"] .

(To make a connection with the previous, non-complex form of the ansatz, take U(z) = A(x)e®®).

We now substitute ugg into the diffusion equation:

8uQS . 8QUQ5
o ox?

O<z<L, ugs(z,t) € C,
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with BCs

But uQs

with BCs

BC UQs(O,t > O) =0,
BC UQS(L,t > 0) = Ae“t.

e“'U(x), hence, the diffusion equation becomes

iwU(x) = DU"(z),

BC

0<z<L, u(z,t) € C,

The ODE iwU(x) = DU"(x) has the general solution

where

Hence,

Ux) = ae{\/m]lx + ﬁe[\/m] 2"

) ) 1/2
\/m _ <%el7r/2+12n7r> :

|
|

U(x) _ @e(w/QD)1/2(1+i)m+5e(w/2D)1/2(_1_1)x

= ael

Implement the BCs:

(w/ D)2/,
(w/D)1/26i57r/4
(w/2D)"2(1 +1),
(w/2D)Y2(—~1 —1)

_ et(H)@/L) 4 gen(-1-i)(a/L),

= a+p,

Y

9

wL?/2D)Y2(14i) (/L) 4 ﬁe(wLQ/QD)l/Q(—l—i)(x/L)’

1= (wL?/2D)"Y?.
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Hence, « = —( and

Ulz) = « _eH(Hi)(l‘/L)_eu(—l—i)(az/L)]

Y

Y

— o |em@/D)enta/L) _ e—iu(m/me—uwm]

7

_ o |ena/Dn(e/L) 4 gin(e/L)gnla/L) _ gina/L)g-n(x/L) eiu(a?/L)eu(x/L)],

-
L add and subtract

_ o [enle/D) <eu(w/L) + e—u(m/m) _ g H(#/L) (ew/m + e—iu(m/L))]

)

= 2« [ei“x/L cosh(pz/L) — e 1/t cos(/mc/L)] :

At x =L,
U(L) = 2a[e*cosh(p) —e* cos(p)]
— A
hence
A
a = : .
2 [ei* cosh(p) — e #cos(u)]
and

e/l cosh(pa /L) — e /T cos(pa /L)
el cosh(p) — e * cos(u) '

U(x):A(

Since ugs(z,t) = R (U(x)e"), we have, finally,

ugs(z,t) = R [Aeiweim/L cosh(px /L) — e/l COS(,ux/L)} |

el cosh(p) — e * cos(p)
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The general solution is the particular integral (ugs(x,t)), plus the general solution to the diffusion

equation with zero boundary conditions:

nmtx

u(z,t) = ugs(z,t)+ Z Che ™ P gin <T> :
n=1

o g ((€/E cosh(ua/ L) = e/t cos(uar/ L)
et cosh(p) — e # cos(p)

o
2.2 2 nmwr
+ E C e ™ DY gin (T)
n=1
The C),-values are determined in the usual way:

uz,t=0) = f(z),

e/l cosh(pa /L) — e/ cos(pa /L) = . /nTT
=% [A ( el cosh(p) — e # cos(u) >] * Z G sin <T) ’

n=1

=2 [ aef sy [ (Lo 1)~ ot )] |

et cosh(p) — e # cos(p)

This is the final answer.

9.4 The perfect wine cellar

At what depth should we build a wine cellar? Take

D =2 x 10"%cm?/s.

Answer: We model this problem as a diffusion equation. Let x = 0 be some reference depth far
below the surface of the earth, at which the temperature remains constant. Let the surface be at

x = L (See Fig. 9.1). We have the following boundary conditions for the temperature:

BC T(0,t > 0) = Ty = Const.,
BC T(L,t >0) =T + Acosuwt.
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x=L, T(L,t) varying periodically in time

x=0(deep), T constant

Figure 9.1: Coordinates for the cellar problem.
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Here, T'(L,t) = T1 + Acoswt represents forcing by the sun on the earth’s surface, with

2
T year.
w

We solve the diffusion equation. Because the diffusion equation is linear, we can subtract off a
constant from the solution and from the BCs, and not change the answer. This corresponds to

re-basing the temperature scale. Thus, we solve instead

BC T(0,t > 0) = 0 = Const.,
BC T(L,t>0)=T, —Ty+ Acoswt := Ts + Acoswt.

We are only interested in the particular integral Ts(x,t), as the transient effects will certainly have
died off after less than one year! We break up the Pl into two separate Pls, Tys(x,t) = v(z)+u(x,t),
where

ov(x) 0%
o~ Pou

BC v(0,¢ > 0) = 0 = Const.,
BC v(L,t>0)=Tj.

u(z,t) = R (U(x)e"),
ou 9%u
o~ Yo

BC U(0,t > 0) = 0 = Const.,
BC U(L,t >0)=A.

The solution is available immediately:

v(z) = Ti(z/L),
u(z,t) = %lAem<e

mz/L cosh(px /L) — e /L cos(px /L)
el cosh(p) — e~# cos(p) ‘

Now let's play a few final tricks. Let z = L — x, so z = 0 corresponds to the earth's surface, and
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z = L corresponds to the depths. We have

2D’
2 1

~ (2.5 x 10°cm™2) L2
365 x 24 x x60 x 60 0.002 (2.5 cm™)

D=

If L is large, then u? will be large too. We shall leave L arbitrary, but note: if L ~ 100m = 10000cm,
then
12~ 2500,

and p &~ 50. In any case, we assume that e * is tiny, and cosh(u) ~ e#/2 is large. Thus,

T(x,t) ~ Ty(x/L)+R [Aeiwt <eiux/L cosh(pz /L) — e /L CoS(Mx/L))] 7

elt cosh(p) — e * cos(ju)
cosh(pa / L)/t
el ’

cosh <“(LT_Z)) exp (1“(LT_Z))

ell

= Ty(z/L) + 2R [Aei“’te_“

I — .
= T, ( 7 Z> + 2R | Ae¥leH

= T\[1- (+/D)] + 2R [Ac'e ¥ cosh (u — (uz/L)) e /]

= T\1—-(2/L)]+ R [Aei“”feﬂ <eueuz/L 4 eueu2/L> eiuz/Li| '
Realistically, the we will have z < L for the wine cellar, so e #e#*/L ~ e7He < 1, so
w(e,t) ~ T, + R [Aete s/ Le- /L]

or

u(z,t) = T, + Ae "/ cos (—% + wt) :

But the answer is independent of the arbitrary (but large) depth L, since

w/L=+/w/2D.
Thus, the solution is
u(z,t) = Ty + Ae” V2P cog (—\/w/2D2+wt> . (%)

Recall what the question asked: We need to find the optimal depth of a wine cellar. The cellar

needs to be relatively cool in the summer and relatively warm in the winter. In other words, it needs
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to be exactly out of phase with the forcing term A coswt. This can be accomplished if we set

T=\w/2z,

or
z=my\/2D/w.

Plugging in the values:

2
2= 77\/2 <w> 365 x 24 x 60 x 60sec — 445cm ~ 4.45m.
T

Of course, a deeper cellar would be more desirable, because of the damping factor in Eq. (¥*).

However, difficulties would then arise in excavating such a cellar. At the depth z = 4.45m,

e The phase of the temperature modulation is exactly opposite to that at the surface, meaning

the cellar is relatively warm in the winter and relatively cool in the summer;

e The amplitude of the modulation (relative to the surface) is

Ae™V@/2PZ — Ao x (0.04A,

and these variations are only 4% of those at the surface.
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(n 10 T
||— Day 1 (High summer)
'ﬂ = = = Day 90
— = = = Day 180 (Deep winter
o 5 y 180 (Deep ) |
> A Day 270
g ¢\~ Day 365 (Summer again)
~ [
O :‘ -y
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@© . IR ‘
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Figure 9.2:

z (depth in metres)

Temperature variations with depth.



Chapter 10

Linear PDEs: General formulation

Overview

So far our knowledge of PDEs is based solely on the diffusion equation. This is a good start! In this
chapter we place the diffusion equation in the context of general, linear partial differential equations.
As you have no doubt noticed, there is much overlap between the theory of vector spaces and the

theory of linear PDEs. The overlap continues...

10.1 Linear operators

Definition 10.1 Let V; and V5 be real vector spaces. A linear operator T' is a map

T:Vi — Vs

r — T,
such that

Tx+y) = Tx+Ty,
T(hx) = Mz,

for all xz,y € V; and A € R.

Definition 10.2 Let V; and V5 be real vector spaces and let T be a linear operator, T : Vi — V5.

The kernel of the linear operator is the set

ker(T) = {x € V4|Txz = 0}.

79
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The kernel of T' is a vector subspace of V.

Examples:
e An n X n matrix is a linear operator on R", and maps R" to itself.

A:ab7
00

where a and b are nonzero real numbers is a linear operator that maps vectors = (x,y) in

e The matrix

R? to vectors in R?%. The kernel of A is the set of all vectors (z,y) such that
a b x
= 0.
( 00 ) ( y )

y = —(a/b)z,

which is a one-dimensional subspace of R2.

In other words,

e Let C"(w) be the space of all r-times continuously differentiable functions on the open interval

Q2 C R. Then the usual derivative operation is a linear operator:

d/dz: C(Q) — C™Y(Q),
flz) — (df /dz),

since

(d/dx) [f(x) + g(x)] = (df /dx) + (dg/dz),
(d/dz) M (x)] = Adf/d),

for all f(x),g(x) € C"(2) and X € R.

The kernel of d/dx is the vector subspace of all constant functions.

o Let

Q= {(z,t)|z € [0, L],t € (0,00)},
ﬁt: {(xat”x € [07 L]vt € [0,00)},
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and let

Uy, 1S continuous in €2, and u, is continuous in €2,

9

c2l(Q,) — {u(x,t)
e @) = {uten

U,y 1S continuous in €2, and u; is continuous in Qt}.

Then the diffusion operator
0 o?

“a Poz

is a linear operator that acts on the space C*! (€);).

L

10.2 The principle of superposition

As before, consider the set
Q= {(z,t)|z € [0, L], € (0,00)},

and consider the diffusion operator

0 0?

on the space of functions C*! (€2;). The kernel of the operator is the set of solutions of Lu(z,t) = 0:
u(z,t) € ker(L) iff Lu(x,t) =0,

This is a vector subspace of C%! (€);). But a vector subspace is closed under addition and scalar
multiplication:
uy, ug € ker(L) = Aug + Aug € (ker £).

This result is not unique to the diffusion operator. Indeed, we have the following principle of

superposition:

Let M be a linear differential operator on some space of suitably differentiable functions C(f2),

where 2 is the domain of definition of the operator. Then,
uy, ug € ker(M) = Auy + Aus € (ker M);

in other words, if u; and u, satisfy the linear PDE Mu = 0, then any linear combination

of these two solutions also satisfies the PDE.
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Example: Let u;(z,t) solve

Mu =0,

where M is some linear operator in space and time, subject to the following linear boundary and

initial conditions:

BC:  w(0,t>0)=0,
BC:  w(L,t>0)=0,
IC: u(z,t =0) = f(x), 0<z<L,

and let us(x,t) solve

Mu =0,

subject to the following linear boundary and initial conditions:

BC: u(0,t > 0) = g(t),
BC:  w(L,t>0)=0,

IC : u(z,t =0) =0, 0<x<L,
Then the linear combination
)\1U1 + )\211/2
solves
Mu =0,

with boundary and initial conditions:

BC: u(0,t > 0) = Aag(t),
BC: u(L,t >0) =0,
IC: u(z,t =0) = A\ f(x), 0<z<L.

10.3 Beyond the diffusion equation

We have mentioned that the superposition principle holds not only for the diffusion equation, but for

any linear operator. Let us think about other operators we might encounter in applied mathematics:

e The wave equation for a disturbance ¢(z,t):

10% 9%

2o Ix¥
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e Laplace’s equation in a two-dimensional domain, for a scalar field ¢(z,y)

&¢ 0 _

Ox? + oy? 0

e The linear advection equation for a concentration (scalar) field ¢(z, t):

o o0

Definition 10.3 Let ¢(x,t) be a function of space and time.
e A second-order PDE in the function ¢ is a relationship of the form
F [:B7 ta ¢7 axgba 8t¢a aﬂct¢7 axx¢7 att¢] = O

The PDE is linear if the function F' is linear in its last six variables. It is called quasi-linear

if F' is linear in its last three variables.

e A first-order PDE in the function ¢ is a relationship of the form
F ['Ia t7 ¢a ax¢7 ath] = 0.

The PDE is linear if the function F is linear in its three variables. It is called quasi-linear

if F' is linear in its last two variables.

1. The heat equation is a linear second-order PDE, with

Flag, ag, as, a4, a5, 06, az, as] = as — Dag.

2. The wave equation is a linear second-order PDE, with

1

Flay, ag, as, a4, as, ag, az, as] = 20— ar

3. The linear advection equation is a linear first-order PDE, with

F [011, Qig, (3, Oy, Oé5] = 05 + C(ah a2) Qy.
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4. Burgers equation,
ou N ou D82u
_ Uu— = _
ot ox Ox?

is a quasilinear PDE:

Floq, s, as, oy, as, ag, ar, ag) = as + agay — Day

Other, higher-order variants exist. In general, a PDE is called linear if the function ¢ and its
derivatives appear in a linear way in the PDE relation. It is called quasi-linear if the highest-order

derivatives appear in a linear way.

10.4 Classification of second-order PDEs

In the following treatment, let ¢(t,z1,x9, -+ ,x,) be a smooth function of ¢ and the coordinates
x = (21, ,2,) €, where ) is some open subset of R". Furthermore, let A;;(x), or possibly

A;j(z,t), be a real, symmetric matrix.

1. No t-dependence: Consider the PDE

0= Z Aij(@) 8:6@8(75] Z

ij=1

(x)¢ + d(x).

The PDE is called elliptic if the eigenvalues of A;; are real and all have the same sign, for all

x e

2. Consider the PDE

ZA” (x, t) a (9x +Zb + c(x, )¢ + d(z, t).

1,j=1 =1

The PDE is called parabolic if the eigenvalues of A;; are all real and positive, for all ¢ and

for all £ € €.

3. Consider the PDE

9
55 = > Ayl t) Z% — + Z b axz ¢ c(x, )¢ + d(x, t).

1,j=1

The PDE is called hyperbolic if the eigenvalues of A;; are all real and positive, for all ¢ and
for all € ().
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To see why these classifications are important, consider the following anisotropic diffusion equa-

tion:
2

ou 0*u
5 = ,ZlA”—axiaxj (10.1)

)=
where (z1,23) = (z,y) € R? and A;; is a constant, symmetric matrix. We have the following

theorem:

Theorem 10.1 Egq. (10.1) has a unique solution.

To prove this, consider two solutions u; and us. Then form the difference ¢ = u; — us. As an
initial condition, the function ¢ is zero everywhere. Similarly, the boundary conditions on ¢ are zero:

¢ = 0 on 0N. By linearity, ¢ satisfies the anisotropic diffusion equation (10.1):
-3 i
R 3@8:6]
Now multiply by ¢ and integrate over the domain €2:

2
¢_¢ = ZA”¢ ¢

o0x; 83:]
1,j=1
Bl B
/quadxdy = /”ZIAW dxdy,
2dt/¢ dedy = /ZAW dxdy,
2,7=1
d o 9y  0p 9o
bplol = ZA”[ T AL
i,7=1

Use Gauss's theorem in the plane (Fig. 10.1):

/V-vdxdy = /u-ﬁdﬁ,
Q o9

/ Vi dedy = YR dl,
Q

oN

/&vjdmdy = /anidé.
Q 0

where . = (ny,ns) is the unit vector normal to the boundary curve 92 which encloses the area 2,

and where d/ is the line element along the curve. Hence,
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Figure 10.1: Gauss's theorem in the plane

d 2 ¢ ~ [ 0900
2dt||¢||2 E :A“ </BQ¢(’)%-”Z dt ”21/ dx; 333] 7

7,7=1

But ¢ = 0 on 0f2, hence

d oo 0
120l = —Z/aiai

i,7=1

= — [ (velaveazay,

where
(z|Alz) = (2,9)A(z,y)" = = - (Az)

for all  := (x,y) € R? is a quadratic form. However, we are told that the equation is parabolic,
and hence A is a symmetric matrix with positive eigenvalues. That means that the quadratic form

is positive-definite:

Tz = arfi+afs, Afuwy = Moy Foiys foy - Fo) = 94,
Az = aidq)fo) + a2 e f),
z-(Az) = (afi+asfa)- (al)\ yJay +a o) fe )7
= \iaj + Agaj > 0.

Thus,

d
blols = — [ (VolAva)deay,
0,

IN
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and the L2-norm of ¢ is decreasing. In particular,
0 < [|9[l(T) < ll¢]2(0) =0, T >0.

hence

[6[l2(T") = 0.

For a smooth function, the only way to satisfy this equation is for ¢ = 0, hence
Uy = U2.

Thus, we conclude that the parabolic property is essential for obtaining the uniqueness of

diffusion-type equations. Similar conclusions can be drawn about the hyperbolic case.



Chapter 11

The 1-D wave equation

Overview

The wave equation describes linear oscillations in a generic field u(z, t):

10%u  O%*u

2o 9x?

where c is the propagation speed of the oscillations. Topics: derivation; solution through separation

of variables; energy conservation.

11.1 Derivation

Consider N identical particles arrayed in a line, and connected together by identical springs. The
equilibrium position of the i particle is ; = iAx, with i = 1,2,--- N, and the departure from

equilibrium is small and equal to y;. The potential energy of such a system is
N—
Uy, ,yn) = 3k Z Yir1 — yi)* + Boundary terms.
=2
The boundary terms can be taken care of by forcing the displacements y; = yy = 0. Thus,

N
Z/{(yla"’ 7yN :% Z yz—l—l_yz

88
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Hence, at interior points, Newton's law gives

d*y; ou
m dt? = _3% =—k [_(yz‘+1 - yz) + (yz - yi—l)] )

= k(yiJrl - yz) - k(yz - yifl)-

The mass of each oscillator is m = pAz, where p is the constant (linear density) of the system.

Thus,
d*y; _ KAz (yin — i) — (4 — 4i-1)
dt? 0 (Ar)? '

We identify T = kAx as the tension in the system of springs. Thus,

Py T (Yiyr —vi) = (Y — yic1)

2 p (Ax)?

Taking Az — 0 (N — o0) gives

y(x,t) T 0%y(x,t)

oz p 012
where we identify
s T
¢t =—.
p
Now
[ ]2 Force Mass Length/Time*  Length?
C = = =
Mass/Length Mass/Length Time*

and c is clearly a velocity: it is the velocity at which a wave of small oscillations propagates along
the spring system. A similar treatment of other systems yields the same linear wave equation. For

example, for small oscillations in a gas, the linear wave equation is satisfied, with

2 _ 7Po
gas ~ )

0
where
e v is the (nondimensional) ratio of specific heats;
e 1y is the equilibrium pressure;

e p is the mass per unit volume.

In any case, the generic equation we study in this section is

1 Pu(a,t)  Pula,t)

¢ 0Ot? 0x?
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11.2 Boundary and initial conditions

The most common kind of boundary conditions is the requirement that the oscillations at the end

points of the domain 2 = [0, L] should be zero:
u(x=0,t>0)=u(x=L,t>0)=0.

In the language of Ch. 8, these are the homogeneous Dirichlet conditions. We need two
boundary conditions because the equation is second-order in space. For the diffusion equation, we
needed only one initial condition, because the equation was first-order in time. However, the wave

equation is second-order in time, so we need two initial conditions, usually taken to be

u(z,t=0) = f(z), O<z<L,
w(z,t=0) = g(x), 0<xz<L.

11.3 Separation of variables

Consider a taut string, such as a violin string, that is plucked according to the initial conditions

u(z,t=0) = f(z), O<z<L,
u(z,t=0) = g(z), 0<z<L.

The string is fixed at the end points, u(0) = u(L) = 0. Solve for the vibrations in the string.

We solve by separation of variables:
u(z,t) = X(x)T(t).

Substitution into the wave equation gives

0—12T’/(t)X(x) — X"(2)T ().

Dividing by X (z)T'(t) gives
lT//(t) _ X//(x)
2Tt X(x)

Since the LHS is a function of time alone and the RHS is a function of space alone, the only way

for this equation to be satisfied is if both sides are in fact equal to a constant:

iT//(t) B X//(a,:)
2 T{t)  X(x)

= -\
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Let us also substitute the trial solution into the BCs and the ICs:
Initial condition: u(z,t =0) = X(2)T(0) = f(x),
Initial condition: w(z,t =0) = X(z)T'(0) = g(x),
Boundary condition: THX(0)=T#t)X(L)=0

Solving for X (z)

Focussing on the X (z)-equations, we have:

1 d*X
—— = =) L
X da? , O<zxz<L,
X(0) = X(L)=
Equation in the bulk 0 < z < L:
d*X
e + 22X =0, (%)

Different possibilities for A:

O<zxz<L,

0<z<L,

1. A =0. Then, the solution is X (x) = Ax + B, with dX/dx = A. However, the BCs specify
X(0) =0, hence B = 0. They also specify X (L) = 0, hence A = 0. Thus, only the trivial

solution remains, in which we have no interest.

2. A < 0. Then, the solution is X (z) = Ae'* + Be ** where = +/—\. The BCs give

A+ B = Aet + Be M = .

Grouping the first two of these equations together gives

1 — e HE
A=—By—gr
But A+ B =0, hence
1 —e M
B[l—w} -0
B 1 —etl — (1 —erh) _ 0
1 —erl -

B [—e“L + 6_“L} = 0,
Bsinh(uL)
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which has only the trivial solution.

3. Thus, we are forced into the third option: A > 0.

Solving Eq. (*) with A > 0 gives
X(z) = Acos(VAz) + Bsin(VAz),

with boundary condition

A-14 B-0= Acos(VAL) + Bsin(VAL) = 0.

Hence, A = 0. Grouping the second and third equations in this string together therefore gives
Bsin(VAL) = 0.
Of course, B = 0 is a solution, but this is the trivial one. Therefore, we must try to solve
sin(VAL) = 0.

This is possible, provided
VAL = nr, ne{l,2---}

Thus,

and

where B is a constant of integration.

Solving for T'(t)

Now substitute A\, = n?7?/L? back into the T'(¢)-equation:

1dT?

2 2
TW = -\ = —AnC .

Solving give

T(t) = C cos(cy/Ant) + Dsin(cy/Ant).
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Putting it all together

Recall the ansatz:
u(z,t) = X(x)T'(t).

Thus, we have a solution
X(z)T(t) = Bsin (?) [C cos(cy/Mt) + Dsin(c\/)\nt)} .

Re-labelling the constants, this is

X, ()T (t) = sin (?) [An cos(cy/Ant) + By sin(c\//\_nt)] .

The label n is just a label on the solution. However, each n = 1,2, - - produces a different solution,

linearly independent of all the others. We can add all of these solutions together to obtain a general

solution of the PDE:

u(a,t) = Y Xu(x)T,(t),

n=1

We are almost there. However, we still need to take care of the initial conditions. First IC:
. /nwx .
u(z,t =0) = Z sin (T) [An cos(cy/ Apt) + By, sin(cy/ )\nt)} :
t=0
n=1
> nwx
- S (),
nz_:l sin 7

= fl=z).

But the functions

(o () ).

L
L
/0 sin (?) sin <m£m:> dr = Edmn.

are orthogonal on [0, L]:
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Thus, multiply both sides by sin(mmx/L) and integrate:

[ s@sn (") ar = [T A (M sin (U5,

n=1
> T /mmx nwx
= ;An/o sm( 7 >sm<T>,
L
- ;Angém,m
AL
2
Hence, i
An:%/o f(a:)sm(?)dx
Second IC:
,tzozm'@i{fln M) + B, si )\nt},
w(z ) ;sm< 7 )dt [ cos(cy/Ant) + By sin(ey/ Ay )} .
= ;BHC\//\—nsin <nLLx>,
=, B,nwc . /nmx
N ; L <T)
= g(2).

Taking the scalar product with sin(mmz/L), we get
L
mmx L B,nme
/0 g(:c)sm( 7 ) =g

L Q/L mmx
B, =— g(x) sin dz.
, ot (777)

hence

nmc L

and, substituting back into the general solution, we have

u(z,t) = isin (?) [An cos(cy/Ant) + By sin(c\/)\_nt)} : (11.1)

A, = %/OLsin (?) f(z)dz,

L2 (" /nmx
B, = — /Osm(T)g(x)dx.

nmwc L
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which is a solution to the wave equation that satisfies the boundary and initial conditions.

Note: Proving that this series converges to the solution is difficult, because we do not have decaying

exponentials like e "™ DP/L* 35 in the diffusion equation, thus making it difficult to apply the

Weirstrass M -test

11.4 Physical interpretation of solution
We have found the following solution to the wave equation:
= . /nmx cm , cm
u(z,t) = ; sin <T) [An cos (nft> + By, sin (nftﬂ :

which vanishes at the boundaries u(0) = u(L) = 0.

The component

sin (?) [An cos (n%rt) + B,, sin (n%t)]
is called the nt" normal mode of vibration.

The solution is a sum over all normal modes.

e Each normal mode is a periodic function of time, with period
cm 2L

nN—7Ty, =20 — T, = ——,
L nc

e The frequency of a normal mode is given by
27
Wp = —
Tn
ne
= or—
"L’
n [T
— Or— .| =
"o p’

upon restoration of the original interpretation of the wave speed. This is probably the nicest
result of high-school physics: Modes of vibration of a string are periodic, and each

frequency is an integer multiple of a basic or fundamental frequency, given by

1T
w1 = 7T2L p,
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e In a given complex disturbance (i.e. multiple frequencies), each mode is characterised by its

frequency w,, and by the quantities A,, and B,,, which tell us the intensity of the contribution

h

made by the n*" normal mode. However, we can re-write the disturbance:

= nrx cm cm
u(z,t) = Z sin (—) [An cos <n—t> + B, sin (n—t)] :
2L L L

= f: sin (@) C, sin (nC—Wt + %> :
L L

n=1

The quantity
C:=A2+ B

h normal mode and

is thus the amplitude of the n'
Yo = arctan(B, /A,)

is its phase.

11.5 Energy

For the diffusion equation u; = Du,,, either

E, :/u(x,t)dx,
Q

or

Ey = %/uz(x,t)dx,
Q

has the interpretation of energy, depending on the physical context. Both of these are decreasing

functions of time, since the general solution is

o0

Z Bn sin (mm) eanﬂ-th/LQ
L

n=1

In this section we formulate an energy for the wave equation and show that it is conserved.

< |u(z,0)].

uz, t)] =

To do this, we recall the discrete starting point for the wave equation. We took N identical particles
arrayed on a line, connected together by identical springs. The equilibrium position of the i*" particle

is x; = 1Az, and the departure from equilibrium is small and equal to y;. The potential energy of
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such a system is

N—
Uy, -+ yny) = 3k Z Yir1 — yi)” + Boundary terms,

'Mz I

= 3k> (i1 — vi), Yo =yn = 0.
=1
At interior points, Newton's law gives
dy; ou
- = =k (i i) — Wi —Yi—1)] -
" [(Yirr — i) — (Y — yi1)]
This is an equation of the type
d*y

If we take the dot product of this equation with dy/dt we obtain

dy d’y dy
mwaE - a UMW)
d [dy\> d

2 (=22 - Yy
mﬁ(ﬁ) Tacl

or

N —=

2
m <Z—?> +U(y) = E = Const.

In other words,

As before, let m = pAz and let kAx = T = Const.. Hence, k =T /Ax and

N-1
dy; Z/z+1
1 1
5,0;2 Ax(dt) Tg Ax =F.

Now take Az — 0. The sums become Riemann integrals and the finite differences become deriva-

oo (55) w2 [ (32) -2

Thus, our candidate for conserved pseudo-energy is

o= [ 5 E) ¢ (3) ]

(I call it a pseudo-energy because strictly speaking, it does not have dimensions of energy.) Now

tives.
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finally, let's double check that the wave equation ¢ 20,u = 0,, with the zero BCs conserves the

pseudo-energy:

J
J
J
J

e}

de
dt

o)

2

il

0-—0.

(1 0ud*u  Ou O%u
|20t o2 %atax]
(1 0ud*u  Ou 0 8u} s
|2 0t Ot?  OxOx Ot
(10ud’u 0 (@a_“) Ou 8u }dx
|2 0t Ot?  Ox \ Ot Ox Ot 022
(1 0ud*u  Oud*u Ou Ou
20t o EW] (at ax)

1% @] %dx Ou( (8u) ~ 0u(0,1) (@)

2 ot2  Ox?| ot Bt ox ) _, ot ox )

=0 =0



Chapter 12

Interlude: the chain rule

Overview

We review the chain rule of multivariate calculus.

12.1 The chain rule: Theory

Let
$:R*—R

be a function of two slots, ¢ = ¢(-,+). Furthermore, let

w:R? - R
(z,y) — ulz,y),
v:R? — R

(z,y) — v(z,y)

be two-slot functions of the variables = and y. Let us place u(z,y) and v(x,y) into the two slots

of ¢(-,-) and investigate how ¢ changes as = and y change. Form the difference

¢ [u(z + oz, y), v(z + dz,y)] — ¢ [u(z,y),v(z,y)] =
o lu(z,y) + ug(z,y)0x, y, v(z,y) + va(x,y)0z] — o lu(z,y),v(z,y)],

= {% ug(z,y)ox + {%

v (2, y)oz,
s } u(e) wlz.y) ‘932} u(ey) wlz.y)

where 0¢/0s; means the partial derivative of ¢ w.r.t. the first slot, and J¢/0ss means the partial

derivative of ¢ w.r.t. the second slot. Now, dividing the difference by dx and taking dx — 0, we

99
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obtain

O D¢ 99
T ] w(@,y)v(z,y) $1 L u(ay) v(,y) 52 Ju(a,y)v(,y)

Although not technically correct, this is sometimes written as

C?gb agb@u —l—%@
Or  Oudxr  Ovor

Similarly,
y 8(;5 8¢ ou L9 0¢ Ov

dy  Oudy ooy
This abuse of notation is fine, so long as you remember that you are computing the partial derivatives
of ¢ w.r.t. the first and second slots, and these are independent of what goes into these slots (i.e.

independent of u and v).

12.2 The chain rule: Examples

1. Let
o(s1,82) = % (sf + sg) )

We wish to compute

seolue) @), ol vley).

where

u(z,y) =1+ sin(z), v(z,y) = xe’.
We write
o(u,v) = 1 (u* +v7)
and we use the formula

0 8(;5 ou N @@
ox oudxr = Ovox’

0 _ o,
= ug(lqtsm( ))Jrva—(xe ),

= (1 +sin(z)) cos(x) + ze’e”,
+ ze®

)
)

= (1 +sin(z)) cos(x
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Similarly,
0¢p d¢p Ou O Ov

oy Ou Oy Ov Oy’
0 , 0
= u— (1 +sin(x)) + v— (ze),

dy dy
= (1+sin(x))0 + xe?(zeY),
= e,

2. Let ¢(s1, s2) = s152. We wish to compute

82

Lolue ) v y)), ol ), ol

where
u(@,y) =y +sin(z),  v(z,y) = weos(y).

We write ¢(u,v) = uwv, and we use the formula

0¢ dpOu  d¢p Ov

ax mm+%%

0
= 0y sin(a)) - (weos(y)).

x cos(y) cos(x) + [y + sin(x)] cos(y),
= xcos(x)cos(y) + sin(z) cos(y) + y cos(y).

Also, by straightforward calculation,

D¢

e cos(y) [~z sin(z) + cos(x)] + cos(z) cos(y) = —x sin(x) cos(y) + 2 cos(z) cos(y).



Chapter 13

The 1-D wave equation: d’Alembert’s

solution

Overview

The d'Alembert solution to the wave equation ¢ 2uy = ., is a function of the form
P(x +ct) + Q(z — ct),

where P(-) and Q(-) are functions of a single slot. In this chapter we explain how such a solution

arises.

13.1 Motivation

We have found the following solution to the wave equation:

u(z,t) = i sin (nLLx> [An cos <n%t> + B, sin (n%tﬂ ,

n=

which vanishes at the boundaries u(0) = u(L) = 0. We call the component
Up(z,t) := sin (?) [An coS (n%t) + B, sin (n%tﬂ

h

is called the n*" normal mode of vibration. For ease of exposition, this can be re-written as

up(x,t) = Ay sin(k,x) cos(wpt) + By, sin(k,x) sin(wyt),

102
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with w = ner/L and k,, = nm/L. Let's apply the following sum to product identities:

1 [sin(a + b) + sin(a — b)] = sinacosb,
3 [cos(a + b) + cos(a — b)] = sinasinb.

Thus, the nt" normal mode becomes

Un(z,t) = 3 A, [sin(knt + wyt) + sin(k,z — wyt)] + 3By, [cos(kya + wpt) + cos(knt — wyt)] .

But

¢ =wp/kn

independent of n, hence w,, = ck,, and

un(z,t) = LA, [sin(kn(z + ct)) + sin(k, (z — ct)] + 3 By [cos(kn(z + ct)) + cos(k,(z — ct))] .

This is a linear combination of functions that depend on x — ¢t and x + ¢t. The x — ¢t contribution
corresponds to a wave propagating to the right; the other contribution is a wave propagating to
the left (note the signs!!).

13.2 Change of variables; physical interpretation

From now on, we assume that we are working with waves on the whole of the real line,
and that boundary conditions are unimportant, provided the energy is finite. Our result for
the single-mode case, namely that the solution is a linear combination of single-variable functions

in the variables © — ¢t and x + ct, suggests that we introduce new variables

= x — ct,

= x+ct,

For the solution u(z,t) to the wave equation,

o _ uon | oude
Ox ondx O Oz’
ou  Ou
an T og
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and

0%u
Ox?

Similarly,

and

o
ot?

oo () 3 (5) -
o) ()|

|9 (Qu On
“lan \an ) ot

L0 (o,
on \ On

, 0%u

o [Ou\ on

~ (@) )
0 (0u
o () 45 ()}
82u+82 +82
on* ~ 9gon

nde 5 )

ou 8u87] ou 0€

ot onot  oEat
B ou ou
_68_n+08_£’

d [ou) 0¢ 0 (Ou\0n 0 [0Ou) 0

i ()] + el (5e) e (3)
5 \ oy on \o¢) "o \ae )|

8£5n

, Pu 0%
+c . *ok
“onoe t o )

Putting it all together, i.e. taking Eqs. (*) and (**),

ou  u 4o 0%*u N 0%*u
ox2  On? ocon o9&’
1 Ou _82u_282u +82u
2ot on? 0con  0&2°
Using the wave equation ¢ 2wy = Uy, this is
Pu
oom

In other words,
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This means that Ou/0n is a function of 7 alone. Doing the integration gives

ou

Integrating again gives

n
u(n, &) = / p(s)ds + function of ¢ alone,
= P(n)+Q(&).

Restoring the x — ¢ notation,

u(z,t) = P(x — ct) + Q(z + ct).

Physical interpretation

e The component Q)(z — ct) corresponds to a right-travelling wave. A disturbance that is

initially localised at z = 0 will have propagated a distance & = ct to the right after a time ¢.

e The component Q(z + ct) corresponds to a left-travelling wave. A disturbance that is
initially localised at x = 0 will have propagated a distance x = —ct to the right after a time
t.

e The lines z + ¢t = Const in x — t space are called characteristics, and information is

propagated along these lines.

We will make these ideas more precise in the following sections.

13.3 Putting it all together: d’Alembert’s formula

Recall the wave equation to solve:

C_Qutt = Ugz,
u(r,t=0) = f(z),
w(z,t =0) = g(x).
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We know the solution is of the form
u(z,t) = P(x — ct) + Q(z + ct).
We now fix P(-) and Q(+) i.t.o. the initial conditions. We have,

u(z,t=0) = P(z)+Q(x)= f(x),
w(z,t=0) = —cP'(z)+cQ'(z) = g(x).

cP'(z) +cQ'(x) = cf'(z), ()
—cP(x)+cQ'(x) = g(2). (%)

Adding (*)+(**) gives

ﬂm@—@mnzﬂ@—ﬂm+1AZ@Ms

c

or

Q) = 410+ 5 [ a(e)ds+ [0 - 10)].

But this relation holds for all values of the real number = in the domain. Thus, we may replace x

with  + ¢t in this formula:

Qz+ct) =L f(z+ct)+ i /OHCtg(s)ds + [Q(0) — £ (0)] .

Similarly, subtracting (*)-(**) gives

2(P(e) ~ PO)] = (o) = 10) ¢ [ g()as
Pa) = 4(@) = 5. [ alo)ds + [P(O) = 1£10)]

Again, we replace x with x — ct to give

Pz —ct) = %f(x —ct) — — /Ox_c g(s)ds + [P(O) — %f(())} .
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Add these two results:

u(z,t) = Plx—ct)+ Q(z + ct),

= Lf(e—ct)— 2%/0_ g(s)ds + [P(0) —  £(0)]
+%f(x + ct) + % /Ox ) g(s)ds + [Q(O) - %f(o)} ;

f(@—ct)+f(z+ct) 1 [ote

26 x—ct

and the term in the square brackets is identically zero, leaving

flx—ct)+ flx+ct) 1 /”Ct
+

t) = —

r—ct
This is d’Alembert’s formula for the solution of the one-dimensional wave equation on the

line.

Physical interpretation

Suppose we are at a location (z,ct) in the spacetime plane. To find the solution of the wave

equation, we need to know f and [ g(s)ds in the range
Tz —ct <xg < x4 ct.

e In this context, ‘information’ means initial conditions.
e To know u(x,t) we need only a finite amount of information.

e The amount of information required can be obtained by tracing two lines from the point (z, ct)

to the points (z — ¢t,0) and (x + ct,0) in x-ct space.
e These lines have slopes of unity and enclose a triangular region.
e In ordinary z-t space, these lines have slope +c — they are characteristics.

e The range x — ct < xy < =+ ct is called the domain of dependence (Fig. 13.1).
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ct (time)

X (space)
(x-ct,0) (x+c}, 0)

Figure 13.1: The domain of dependence for the wave equation



Chapter 14

The 1-D wave equation: Causality

Overview

In this section we show, by examples, that information is propagated at speed c in the wave equation.

Here, ‘information’ means initial data; we will see shortly what is meant by propagation.

14.1 Example |

Consider the wave equation

Ut = Ugy

with initial data

F(z), [z] <1,
u(@,t=0) = f(z)= ,
0, lz| > 1

and with wave speed ¢ = 1. We are to solve for the wave. By d'Alembert’s formula, the solution is
u(e,t) = (@ +1) + fla — ).

We need to identify where |x +¢| and |z — t| are less than one; outside of these regions the solution

is zero.

e Case 1: |z +1t| <1 AND |z —t| < 1. Along the lines where the equalities hold, |z +¢| =1

109
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and |x — t| = 1. These lines represent the boundaries of the region of interest:
—-1<z—-t<1, —1<z+i<1.

Note also that dz/dt = +1 = +c along these lines, i.e. they are characteristic lines that

give a trajectory moving at the wave speed.

We pick out the pertinent boundary lines:
t<z+1, t<1—uz.

These are lines with slopes £1 and a y — axis intercept at 1. The region R; is below these

lines, and above the z-axis (t = 0).

e Case 2: |x —t| < 1 only. In other words, —1 <z — ¢ < 1. The boundaries of this region are
t<zx+1,

t>ax—1.
These are characteristics.

e Case 3: |z +t| <1 only. In other words, —1 <z +¢ < 1. The boundaries of this region are
t<1-—2x
t>—-1—ux.
Next, we plot these different regions in spacetime (Fig. 14.1).
e Inregion Ry, |z +t| <1AND |z —t| < 1;
e In region Ry, |x —t| < 1 only;

e In region R3, |x +t| <1 only;

e Outside of these regions, |x + t| AND |z — t| both exceed 1 (> 1).

Thus,
(LF(@+t) + Flz—1)], (a,t)€ Ry,
sF(x—1), (x,t) € Ry,
u(z,t) = :
sF(x+1), (z,t) € Rs,
0, otherwise.
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ct (time)

Figure 14.1: The different regions where |z +¢| < 1.
Physical interpretation

e The initial, compactly-supported disturbance remains compactly supported for all time. The

support never exceeds © = 1 + ¢t and x = —1 — ct, which are characteristics dx/dt = +c.

e In other words, the equations x = zog+ct = 1+t and © = xg, —ct = —1—1t are an envelope

within which information is carried forwards in time.
e Qutside of this envelope, no information is carried forwards.

e This is the notion of causality: The initial solution affects the solution at a later time, within

the boundaries set by the characteristics * = xgr + ¢t and x = xq;, — ct.

e In other words, causality demands that a compactly-supported initial condition always re-
main compactly supported, and that support should depend on the initial conditions and the

characteristics.

e As can be seen from Fig. 14.1, F'(x — ct) represents a right-travelling disturbance, because

the domain |z — ¢t| < 1 extends into the right half of the spacetime plane.
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14.2 Example Il

Consider the wave equation

Ut = Ugy

with initial data

G(z) == cos*(mx/2), |z| <1,
u(z,t=0) = g(z)= :
0, lz| > 1

and with wave speed ¢ = 1. We are to solve for the wave. By d’Alembert’s formula, the solution is

u(z,t) =3 [f(x+1t)+ flz — )] +%/: g(s)ds.

We need to identify where |z +t| and |z — t| are less than one; outside of these regions the solution

is zero. But we have already done this:

1. In region Ry, |z +t| <1 AND |z —ct| < 1;
2. In region Ry, |x —t| < 1 only;

3. In region Ry, |z +t| <1 only;

4. Inregion Ry, t —t < —land x4+t > 1;

5. In region Ry, v +t < —1;

6. In region Rg, x —t > 1.
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ct (time) o
R 4 ‘.*'*"
r+t=1 ‘,-"'
R;
Irb= y - E'; 1
Rﬁ y R 6
X (space)
(-1,0) (1,00

Figure 14.2: The different regions where |z +¢| < 1.
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|

Region 1: |z +t| <1 and |z —t| < 1. This implies that
—1<z—-t<z+t< 1.

Do the G-integral. Note:

sin(7b) — sin(wa) ‘

/ab cos*(mx/2)dx = /ab% 1+ cos(mz)] dz = L(b—a) + 1

Inside region 1,
—1<z—-t<zr+t<l1,

so G(s) = g(s) everywhere in the integral:

x+t r+t
/ G(s)ds = / cos?(ms/2)ds,

sin (n(z + ) — sin (7(z — 1))
2 ’

= t+

1
= t+ — cos(mz)sin(nt).
7r

Finally, in region 1,

1
uy(z,t) =0+ 1t + o cos(mx) sin(mt).
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Region 2: |z —t| < 1. Inspection of Fig. 14.2 shows that the region boundaries are
—1<2—t<1ANDz+t>1,

sothatz—t > —land x4+t > 1. Now G(s) = g(s) for s € [z —t, 1] and is zero elsewhere. Hence,

T+t 1
/ G(s)ds = / cos?(ms/2)ds,
T—t T—t

(-1 sin () — S;r;(w(x - t))’
sin (7(x — t))
27 '

= t[l—a+t]—

Finally, in region 2,
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¥

X+t

Region 3: |z +t| < 1. Inspection of Fig. 14.2 shows that the region boundaries are
—1<z+t<1ANDz -t < —1,

sothat x — ¢t < —1 and 2 +t < 1. Now G(s) = g(s) for s € [=1,z + t] and is zero elsewhere.

Hence,

T+t T+t
/ G(s)ds = / cos?(ms/2) ds,

i . sin (m(z + 1)) — sin (r(—1))

~ blott— (-1~

27 ’
L sin (7(x + 1))
Finally, in region 3,
sin (7(z + 1))

uy (1, t) :%[x+t+1]+T.
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Region 4: Fig. 14.2,
r—1< -1, r+t>1

so G(s) = g(s) for s € [=1,1] and is zero elsewhere.

/:HG(S) ds = /_l cos®(ms/2)ds,

1—(—1)] + sin () —zs;n (7?(—1))’

— N

Finally, in region 4,

D=

ug(z,t) =
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Region 5: =+t < —1, hence G(s) = 0.
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Region 6: © — ¢ > 1, hence G(s) = 0.
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Putting it all together,

uy(z,t), (z,t) € Ry,
ug(z,t), (x,t) € Ry,

w(o.t) = ug(z,t), (x,t) € Rs,
us(z,t), (x,t) € Ry,
us(z,t), (x,t) € Rs,

\uG(m,t), (x,t) € Re,
or,

( 5t + 5= cos(mx) sin(wt),  (x,t) € Ry,
-2+t - W, (x,t) € Ry,
w(o,t) = Lo+t + 1]+ 2200 1) € Ry,
%, (x,t) € Ry,
0, (x,t) € Rs,
ko, (x,t) € Rg,

Notes:

e Region 4 gives a contribution here. If there is no initial velocity (u¢(x,t = 0) = 0), there is

no contribution from this region.
e | have sketched the d'Alembert solution in Fig. 14.3, using the code wavesolve__exact.m.

e However, there is also available my webpage, a finite-difference code integrate__sde.m. Both
these codes agree at late times, but for early times they disagree. Can you explain why? This

is a very subtle but important point!
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10

-5

Figure 14.3: The d'Alembert solution



Chapter 15

Fourier transforms: The definition

15.1 Motivation and basic idea

Recall our earlier result for Fourier series (Ch. 4, Theorem 4.1):

Let f € L? ((—m, 7)) be piecewise smooth on the closed interval [—7, 7] and continuous
on the open interval (—m, 7). Then, the Fourier series associated with f converges for

all z € [—m, 7] and converges to the sum f(z) for all x € (—m, 7).

Thus, the theorem says that

f(x) = 3a0+ Z [ay, cos(nz) + by, sin(nx)],

n=1
where
1 s
a, = —/ cos(nz) f(x), n=0,1,
™ —T
1 s
b, = —/ cos(nz) f(x), n=1,2,
™ —T
However, there is nothing special about the interval [—m, 7]. Thus, on an interval [—L/2, L/2], we
can write
S 2 2
f(x) = %ao + ; {an cos (%nx) + b, sin (%nx)} ,
where
2 /L/2 (27m >
a, = — cos | —x | f(x)dx, n=0,1,
L) 1 L
2 L2 2mn
b, = —/ sin (—x) f(z)dz, n=1,2,
L 7L/2 L
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In this chapter, we are going to show what happens when L — oo.

15.2 Complex notation

First, we re-write the Fourier expansion in complex notation:

fl@) = co+ Y cue®mhne,

n=-—oo

n#0
1 L/2 ]
Cp = — f(l')€_1(2ﬂ-/L)nxdl’,
LJ_ 1)

since

L2
/ ei@n/Lnz o —i@r/Dmeq,. _ 15
—L/2

We are going to equate the ¢, 's of the complex expansion with the a,,'s and b,,'s of the real expansion.

First, we prove the following theorem:

Theorem 15.1 Let f(x) be a function with a complex Fourier expansion, with coefficients c,,, and

n € Z. If f(x) is a real-valued function, then

Proof: Note first that

fla) = a+ Y el

n=—oo

n#0

= Co+ Z [cnei(%/ Lz 4. (i,,,Le*i(QW/LMx] :

n=1

But, for a real-valued function
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or

f(l') — CS + { Z [Cnei(Qﬂ'/L)nx +C,n€7i(2ﬂ-/L)nx] } ’

n=1
0o

_ CS + Z [C;e—i(2w/L)nx + Cinei(Qﬂ—/L)nm} 7

n=1

= ¢+ Z (", eiCr/Bne | gt =i(2n/Lina]
n=1

= o+ Z [Cnei(Qﬂ/L)mc + CL?Lefi(Qw/L)'rL:r} ‘

n=1

By orthogonality, we can equate each term:

flx)=[fx)]" = cy=¢}, and ¢, =c_p, n > 1.

as required.
Now, take
fl@) = ¢ +Z [cnei(Zw/L)nx +C_n€—i(2ﬂ/L)nx:| ’
n=1
= c+t Z [, @™/ 4 cc],
n=1
= ¢+ Z 2R (Cnei(27r/L)nx) .
n=1
Use
R(ab) = R(a)R(b) — S(a)S(b)
to get

F@) = co+ f: {2%(%) cos (%Tnx> — 9%(c,) sin (%naz)] |

n=0

Thus, the real Fourier expansion

f(z) = %ao + i {an cos (Q%nx) + b, sin (%Tm:)}

n=1
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and the complex one are equivalent, with

ap = 2607
anp = 2%(671,)7 n:172’... ,
by = —23(c.), n=1,2-.
15.3 The limit
We have
f(l’) — Z cnei(Zﬂ'/L)mv’
oo 1 L/2 ) .
= Z E / e—I(QW/L)ns]c(S)dS i@/ Lna.
n=-—oo —-L/2
Call
2
k, = %n,
and
2
Ak - ]{fn+1 - k'n - f
Hence,
- Ak L/2 —ikns iknx
o= nz_:oog /L/26 " f(s)ds| e

But this is a straightforward Riemann sum! Letting L — oo corresponds to Ak — 0, and the sum

1= [T o sa] o

Thus, we have the function f(x) and its Fourier transform:

converts into an integral:

foo = [ et

o0

© dk ~ .
f(x) :/ d—fkelkz.

oo 2m

This procedure is perfectly rigorous, provided the original conditions on the Fourier expansion are



126 Chapter 15. Fourier transforms

. The definition

satisfied in the limit as L — oo, namely

e f(x) should be square-integrable as the domain is extended infinitely:

/ T f @)z < oo,

o0

e f(z) should be piecewise differentiable (C') on the whole of R.

15.4 Example |

Compute the FT of f(z) = e /2" We compute

o0

i = / e~k f(2)da,

—00

* 2 /9,2
— / e*lkxefx /20 d$,
—00

— /OO 67(12/202)7ikxdx’

_ /OO e—(1/202)[1‘2+202ika}]dx’

—00

Now complete the square:
[o¢]

—00

_ 6—k202/2 / e—(1/2()’2)(:z:—i-02ik)2dx7

_ 6—k202/2/ €_y2/202dy,
= \/@e_k%Zﬂ/ e_zzdz,

—00

= V2ro2e K2,

Thus, the Fourier transform of a Gaussian is itself a Gaussian.
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Interlude: functions of a single complex

variable

16.1 A very brief summary of complex analysis

In this chapter, let 2 =z 4+ iy € C and let

f:C — C,
2 = f(z)

be a complex-valued function of a single complex variable. An example of such a function is a power

series,
o0
f(Z) = Z anzn7
n=0

assumed to be convergent on a disc D centred at the origin, with some non-zero radius. Such a

series is differentiable as a complex function (analytic):
(e 9]
f(z) = Znanznfl;
n=1

a remarkable fact of complex analysis is that the power series for f(z) is infinitely differentiable on

D. Moreover, the integral of any convergent power series around a closed contour C' in the complex

127
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plane is zero:

dzz",
n=0
0 sntl a
- Zann+ 1 a7

Any analytic function in the complex plane has a power series valid on some disc of finite radius.

Thus, this result can be extended to all analytic functions:
/ dzf(z) =0, for all analytic functions, and any closed contour C.
c

Now let's look at what happens when f(z) has a simple pole at z = 0. Thus, f(z) splits into an

analytic part and a singular part:
A
f(z) = P fi(z),

where f(2) is analytic. Let us integrate this function around the circle of radius R centred at zero.

This is a closed curve, hence [, dzfi(z) =0, and

/Cdzf(z) —a L

But z = Re'?, hence

dz = dREY + Re'%idf = 0 + Re'?id6.
Thus,

[zt = a T
C

c <

_ /271' ARl—de’
0 Reif

2
- / Aide,
0

= 27iA.
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f2) = 2 1A,

Z—a

of f(2) at z =«

zZ—a

and the following result holds:
/ f(z)dz = 27A,
c

for any closed contour C' that encloses the point a.

More generally, let f(z) be a complex-valued function of the form

where a € C is a constant and fi(z) is a regular function. Then, A is defined to be the residue

Res(f,a) = A = lim [f(2) (z — a)],

This is called the residue theorem.

16.2 Contour integrals

Evaluate

I:/OO dr
oo L+ 22

We complexify the problem and consider instead the integral

dz
I(R):= | ——
(&) /cl+22’

where C' is a semicircle of radius R whose diameter lies on the z-axis between —R and R, and

which extends into the upper half-plane. In this domain, the function f(2) = (1 + 2%)~! has a pole

at z =1, since

We write

where fi(z) is regular. We also compute

f(2)(z=1) = A+ fi(2)(z = 1),

hence

lim[f(2)(z —1)] = A+ lim[fi(z)(z —1)] = A+ 0.

z—1i z—i
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But
: . : 1 :
lim [f(z)(z =1)] = lim mx(z—l) ,
) 1
= lim -
z—1 2 41
2= A
. 1
Res(f,1):A:E.

From the last section, it follows that

21

I(R) = /C F(2)dz = 27iA — 2ri <1) o

Now C' can be broken up into two parts (Fig. 16.1): First, a semi-circle starting at (x,y) = (R,0)
(0 = 0) and ending at (z,y) = (—R,0) (¢ = 7). Along this semi-circle,
dz iRe?

1+z2:1+R26219—>0asR—>oo.

Second, a line segment going from (x,y) = (=R, 0) to (z,y) = (R, 0). Along this line segment,

dz  dx
1422 1422
Hence,
dz © Az
=J(R) = Cda B
! ( ) |:/Semi-circ|e * \/Line:| I+ 22 -~ /—oo 1+ .ZE2’ as — 00,
and finally,

/°° dx
™= .
N B
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2 ™

e X
-R R

Figure 16.1: Contour for [*° dxz(1+ z?)~!



Chapter 17

Fourier transforms continued

Overview

This chapter continues with examples of computing Fourier transforms. The integrals are tricky,

and rely on the complex-variable theory introduced in Ch. 16.

17.1 An example

Compute the FT of

We compute

As in Ch. 16, we complexify the problem and solve the following apparently more difficult problem:

efikz
I = dz = dz.
/C TE /C F()dz

where z = x + iy and C' is a closed path in the complex plane to be determined. The choice of C

depends on the sign of k.

Case 1: We have £ > 0. Then,

—ikz = —ik(z +iy) = —ikx + ky.

132
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Figure 17.1: The contour for k > 0 (Case 1)

To get a convergent exponential, e #*, the contour must be in the lower half-plane. We therefore

take the path to be a line segment C; = [— R, R] along the real line, together with a semicircle Cs

of radius R in the lower half-plane. See Fig. 17.1. The integral therefore splits into two parts:

Ch: dz = dx, y =0,
Cs: dz = iReiedH, T <0 <2m.

We have,

I = / f(z)dz= | f(z)dz+ | f(z)dz:=1 + L.
C Cq Ca

Consider I;. Letting R — oo gives

—00 +oo
I / fa)de =~ | fla)da,
“+o0o —00
which is the required integral. Letting R — oo in I gives

27 efichos GekRsinO )
12 :/ iRelede
2210 )
” 1+ R#e*

However, the exponential effsin?

is a decaying function of R since k > 0 and sinf < 0. Thus,

Iy, — 0, as R — oo.

Hence, as R — oo,

=1 = —/Zf(m)dx.

Now let us examine if the integral has any singularities in the space enclosed by the contour C.
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Indeed, in this domain, the function f(z) = e 7*?/(1 + 2?) has a pole at z = —i, since
e—ikz
= me—y
We write
f) =+ (2)
Tz N

where fi(z) is regular. We also compute

fR)(z+1) = A+ fi(z)(z +1),

hence
lim_ [f(2)(z+1)]=A+ lim [f1(z)(z+1)]=A+0.
Now
e—ik:z
lim [f(z)(z+1)] = lm EETICED (z+1)],
—ikz
= lim © -,
z——12 —1
— _eik
N 21’
= A.

From Ch. 16, we have
I= / f(2)dz = 2miA,
c

But -

I=1 = —/ f(z)dx.
hence .

/ f(x)dz = +me™",
or

00 efikx i,
/ 1+x2dx:7re ) k> 0.

—00

Case 2: £ < 0. Then,
—ikz = —ik(z +iy) = —ikz + ky.

To get a convergent exponential, e7**?, the contour must be in the upper half-plane. We therefore

take the path to be a line segment C} = [—R, R] along the real line, together with a semicircle Cy
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»> >

‘R R

Figure 17.2: The contour for k < 0 (Case 2)

of radius R in the upper half-plane. See Fig. 17.2. The integral therefore splits into two parts:

Ch: dz = dx, y =0,
Cy - dz = iRed9, 0<6<m.

We have,
I= / f(z)dz= [ f(z)dz+ [ f(2)dz:=1 + L.
C Ch Co

Consider I;. As before (but watch for the change in sign)

[l - +/ f(l')d.ilf,
[2 — 0

as as R — oo. Hence, as R — oo,

- 11:/_Zf(x)dx.

Now let us check if the integral has any singularities in the space enclosed by the contour C. In this

domain, the function f(z) = e7**/(1 + 22) has a pole at z = +i, since

W= ehe
We write p
f(2) = ==+ h(2),

where fi(z) is regular. We also compute

f)(z—1)=A+ fi(z)(z —1),
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hence
lim[f(z)(z —1)] = A+ lim[fi(2)(z —1)] = A+ 0.

z—i z—i

Now

lim [f(2)(2 =1)] = lim mx(z’—i) )

From Ch. 16, we have
I= / f(2)dz = 2miA,
c

But -

I=1 = +/ f(z)dx.
hence .

/ f(x)dz = +met*,
or

0 efikac L
1+x2dx:7re, k <O0.

—00

Putting the two cases together gives

o] efika: |
dx = we "l
/_ 1+ 2?2

[e.o]
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The delta function: convolution theorem

18.1 The definition

Definition 18.1 The delta function is defined by the following three properties:

1.
0, x#0,
5(a) - ’
oo, x=0;
2. -
/ d(z)dz =1,
3.

| @it - ) de = 1@,
for any function f(x) that decays rapidly as |x| — oo.
As you can see from these properties, the delta function is not, strictly speaking, a function, but

rather it is a distribution. However, in this chapter we show how to construct the delta function

as a limit of a sequence of real-valued functions.

Example 1

Consider the sequence of functions
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Property 2:

/_Z f(x)op(x —a)dx

and it remains to show that the

introduce z = ny. Thus,

n 1 & 7sz
= —— (§] y4
NZE O ’
n 1
- — ~Jr=1.
ﬁnﬁ
% | (@) da,
L e ™V f(y + a) dy, Y=z —a,

> 2,2 > (p) o0 2,2
fla) e [ e a2 (f ! | e y”) dy,

() .,
()

(p) 1 00
G —2/ e’ﬁzpdz7
0

npP
2’ "

%

2’77

1@ L p (p+1)/2).

npkP

Taking n — oo gives I, — 0, and property 3 is proved.

Example 2

Consider the family of functions
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First, let us re-write d; (), by doing the integral:

11 izL —ixL
or(z) = iz (e —e™),
izl —ixL
= i X 2L X ¢ ¢ ,
2m 2iLx
_ Lsin(Lx)
o Lax
Property 2:
oo 1 o0 3
/ dp(z)de = —/ sm(s)d& s = Lz,
o T ) o S

Using contour integration or other methods (homework), this integral can be shown to be unity:

1 [ si
_/ Sm(s)dyzl.

TJ) o S

Property 3: As before, take

| i@t -aa = 2 [ yan
= LRy,
L (% sin(Ly) (= f®(a) »
= ;/_OO Lyy (:0 . y>dy,
L (X fP(a) [ sin(L »
L)

—00

B L [ f®(a) *sin(Ly)
_ f(0)+274726;;( Wy [T gy

and it remains to show that the second term vanishes as n — oo. Call the second term I(L) and

N L [* sin(Ly) — L (f"’)(a) > sin(Ly) p)
= f(O)W/ Iy dy+;w o /oo 1, V)W

introduce s = Ly. Thus,

®)(q * sin(s
I(L) = Z %f_()i/ —<)spds.

! P
2,4,6,-- P ) s

Properly interpreted, the integral

I,:= / sin(s)s?ds, g=1,3,5---
0



140

Chapter 18. The delta function; convolution theorem

is finite. E.g.

Hence,

and property 3 is proved.

Corollary

We have shown,

i(z) = /_OO eikxg. (%)

o0

But recall the Fourier decomposition of a function:

o(x) :/_

Equating coefficients in (*) and (**) gives

< e dE
Ooelkx(sk%. (**)
o = 1.

Thus, the Fourier transform of a delta function is unity. In other words, the delta function is

a sum of all normal modes, where each mode is given the same amplitude.

18.2 The convolution theorem

Let f(x) and g(x) be two real-valued functions. Define the convolution,

(f * g)(x) = / " @ — y)gly)dy.

It follows that

(f * 9)(z)

27

OOd ikx 7~
:/ —e™ f1.Gk.

o0
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Proof: By direct computation,

(fxg)(x) =

In other words, convolution in real space is merely multiplication in Fourier space.

oo

flz —y)g(y)dy,

/

[l e f%) ([oemaiz),
/ ( / / i, et y)ez‘py> ’
/ _/Oo%fkgp (/mdye x‘y)ei”y),
L[ e ([ es),

/ ah / dp g6 (p — k).

/ _fg elkm

8 8

Q.

Q
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Fourier transforms: Applications

19.1 Laplace’s equation on a semi-infinite domain

Solve Laplace’s equation
Pu  0%*u
— + = =0,
ox? = Oy?

on the semi-infinite domain
Q={(z,y)| —oc0 <z <00,0<y< o0},
with BCs

u(z,y)] — 0 as y — oo,

Ju(, y)| — 0 as || — oc.

Because of the shape of the boundary in the z-direction (an infinite line), we attempt a Fourier

transform in the z-direction only:
oo

Uk(y) = / u(z,y)e M dz.

oo

142
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Let's also FT the equation itself:

0 = / [Uyy + Usz] € F 2,

—0o0

o0 o0
_ —ikz —ikx
= / Uyy € d:c+/ Uz d,
— 00 —0o0

82 e’} ) 0 a ) )
= a_?JQ/—oo ue P dy + /_OO lf)_x (uxe_‘kx) + ikuge | du,
2 o)
= %ﬂk(y) + (uxe_ikz)io —I—ik/ uge Fdy
y o0 .

If the function decays sufficiently fast at the boundaries (and we assume it does), then this is

0? o0 ‘

0 = a_wﬁk(y) + ik/ uze *dz,
82 -~ : OO 9 —ikx : —ikzx

— a—yQuk(y)—i-lk/_oo {% (ue M) + ikue } dz,

2 00
— %ﬁk(y) + (ue *)% - k’2/ ue M,
Y —oc0
0 9n
= 8_y2uk(y) + 0 — k*ug(y).
Thus, we are reduced to solving
0%k (y) 2~
8—312 — k" ug(y) = 0.

We know the solution straight away:
u(y) = Ae™™ + Belv.
In order for the solution to be bounded as y — co, we must take
Ur(y) = Ae™™,
if k>0 and

Ur(y) = Be',

if &k < 0. In other words, we have
@k(y) — Akeflklg

where the subscript & on the constant of integration labels the mode e'** in the Fourier transform.
Now we sum over all such solutions to obtain the general solution. This amounts to taking the

inverse Fourier transform:

>~ dk |
u(x,y):/ %eﬂm’Ake_Wy.

—00
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Now we must fix the precise values of A;. We have,

* dk .
u(z,y=0) = / —ckz A,

o0 2T
= f(=),
> dk ikz 7
= /OO %e -
Matching up Fourier coefficients gives
fe = Ay
Thus, the final answer is
> dk ~
w(,y) = /_ Gt (19.1)

This is a perfectly acceptable final answer. But, recall Ch. 17, where we found

1y
— — _y‘k‘ > 0
(W92+$2)k € ) Yy

The multiplication of the two Fourier transforms in Eq. (19.1) therefore corresponds to a convolution:

e = [(G) A,
_ 2/“ Ld&

Q ooy2+(x_s)2

19.2 The diffusion equation on the line

Solve the diffusion equation

U = Dy,

on the line —oco < < oo with initial condition

Because of the shape of the boundary in the z-direction (an infinite line), we attempt a Fourier

transform in the z-direction only:

ﬂk(t):/ u(z, t)e % dz.
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Let's also FT the equation itself:

/ we Fdr = D / Ugpe oz,
a > —ikx > —ikx
— we dx = D Uz rd,
ot e

8 —~ o a —ikx . —ikx
Euk(t) = D/_OO [8_x (uxe k )—i—lk;uxe k } duz,

— D(uze_ikm)(io+ikD/ uge” o dy

If the function decays sufficiently fast at the boundaries (and we assume it does), then this is

2ﬂk(i) = ikD/ uge *dr,

ot
= ikD /OO 2 (ue_ikm) +ikue % | dz
oo | O ’

= D (ue_ikm)iooo — Dk‘Q/ ue *rdg,
= —DinZk(y).
Thus, we are reduced to solving
Dy (t)

el DE*U,(y) = 0,

with solution

Un(t) = Age DKL

Now we sum over all such solutions to obtain the general solution. This amounts to taking the

inverse Fourier transform:

>~ dk
u(x,t):/ %e‘kxAke_Dth.

—00

Now we must fix the precise values of A;. We have,

u(z,t =0) :/ g—keikxAk7
m

—00

= f(=),
< dk .-
= /_ gelkxfk.

[e.9]

Matching up Fourier coefficients gives
Je = Ay

Thus, the final answer is
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*dk ... ~
uo) = [ Sree PR (0

— o0

This is the final answer, although it can be manipulated into an integral over real space in the

following manner:

e However, recall the result

(e—a:2/20'2)k — ‘/271'0'26_]9202/2.
Identify 202 = 4Dt, 0% = 2Dt, or 2r0? = 47w Dt. Thus,

<6712/4Dt)k — /47TDtefk2Dt’

or
—_—

e Calling
1
we have

e Recall the convolution theorem:

(FG)(x) = /_°° Fly - 2)Cy)dy,

[e.9]

< dk ;.o A
= / —elkkaGk.
oo 2T

e Applying this theorem to the result (*) gives

uw) = [ " Ky — o) f(y)dy.

1
e (U AP f (y)dy.

N /_mm

The function
1

K(s,t):= TiDi

6—52/4Dt
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is called the heat kernel.

Hot spot on an infinite rod Consider the diffusion equation on the line with initial condition

uo/e, |z] < ¢/2,

0, |z| > €/2.

=

8
~
Il

=
I

—
|

Let's apply the heat kernel and work out the resulting integrals:

©
wad) = [ ey
€/2
_ U L —w2/aneg,,
Let
y—x
z = .
V4Dt
Then,
1 (—€/2—x) /4Dt
=B L [
€ T Jej2—z)/vaDi
Let
2 r 2
erf (z) := ﬁ/o e *dz.
Thus,

u(z,t) = —— e " dz,

€ VT

Ug

1
€ /T
U 6/2—.7:) (—6/2—.23):|
= — |erf —erf [ — | .
2¢ { ( V4Dt V4Dt
But erf is odd in its argument, so this is

u(z, 1) = 52 {erf (%) ~orf (""”’ ;gj)} |

Some pictures of this solution are shown in Fig. 19.1.

up 1 /(—e/Q—m)/\/4Dt
(e/2—x)/vV4Dt

(¢/2-a)/VADE (—¢/2—2)/v/ADi
/ e “dz— /
0

0

e_z2dz] ,
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X -10 0 t

(a) Spacetime plot of the solution

10
0.01— |
or /0_01/ 7
0,01/0_05/0'05
OOOE—/—’/O 1 0.1
0.2
< O 0.25 0.2
0. 25 i
FB-gﬁ.z ° 0.2
o%é\o 1 0.1
—_—
0.01\0-05K0l05
0.01
— \ -
5 0.01 — |
_1 | | | | |
0 0.5 1 15 2 2.5 3

(b) Contour plot

Figure 19.1: The hot spot problem; all parameters set to unity
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19.3 The diffusion equation on the half-line

Consider the diffusion equation

Uy = Dugy, 0 <z < o0,

u(z,t=0) = f(z),
where u(x,t) and f(x) decay rapidly as z — oo. We apply the Dirichlet BC
u(z =0,t>0)=0.
To solve this problem, recall the solution on the whole line:
wwaed) = / " Ky 2)f() dy.

- m—n / B f(y) dy,

and

U Ot e4Dt .
wi wm—D/ J(y) dy

If could somehow make f(y) odd in y, then this integral would vanish, and the restriction of the

whole-line solution to the half line would solve or problem. Thus, define

f(y), y >0,
f(y) =140, Y= 0,
_f(_y)v y < 0.

Thus,

u(z, W/ B Fly) dy

solves the heat equation on the half line x > 0 and solves the BC at zero.

A similar solution can be constructed for the homogeneous Neumann condition (exercise).



Chapter 20

Green’s functions on infinite domains

20.1 Motivation: a systematic way of dealing with sources

There have been several instances so far where we have had to solve
Lu(z) = 0+ inhomogeneous boundary conditions,

or

Lu(x) = q(z) + homogeneous boundary conditions,

where ¢(z) is a source term and L is some linear operator. Examples:
e The inhomogeneous diffusion equation in equilibrium:

0 = uy = Duy, + q(x);

e Laplace's equation on the half plane z € R and y > 0:
o? o?
“ U—O, —00 < x < 00, y >0,

a2 o

with BC

In this section we outline a generic method to find the particular integral to the problem
£U($1, T 7$n) = Q(‘I.b T 7$n)-

This is called the Green’s function technique.

150
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20.2 Fourier transforms in n dimensions

Given a function f(z1,---x,) defined on R™, we define the FT of f in an obvious way:

~ o o . .
fkl,---,kn — / e / dl’l e dxnefllﬂxl L. eflknxnf(xh . 7xn)-
—00 —00

That is, we do n copies of the Fourier transform, one copy on each real-space variable x;. Sometimes

we use vector notation for this operation:

fr = /Oo dmze F® £ ().

—00

Because the transform-inverse-transform pair is valid for each variable z;, an inverse FT exists for

the function of several variables:

o gk~
f(w):/_ Welk'mfk

(NOTE THE SIGN!).

The delta function in n dimensions

We define the delta function in R™ as follows:
6(x) = (w1, -+ ,mp) := 0(x1) - - - ().

Thus, the n-dimensional delta function inherits the properties of the one-dimensional variant:

/_OO 4"z 6(x) = 1,

o0

/ T dwd(@ - a)f(z) = f(a),

o0

for any smooth function f. Thus,

gk = / d"z e_ik'mé(m) = e k0 — 1,

o0
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hence,

o = 1,
< d"k A :
— -1 ik-x
5(‘:8) /;Oo (27_‘,)11 ((Sk )e )
= d"k ik-x
- [m@m”

20.3 The definition

Let £ be a linear operator mapping smooth functions on R" to R. The Green’s function associated
with £ is the function G which satisfies

LG(x) = i(x),
such that
| 1|im G(x) = 0.

The idea behind the definition

Why have we bothered with this definition? Well, it turns out that knowledge of the Green's function

is sufficient to solve the problem

For, consider
u(x) = /d”y G(z — y)q(y).

Operate on both sides with the linear operator L:

Coulz) — @/ﬁwe@—ymwx

_ / d"y L, [G(z — y)q(y)],
_ /d"y [£.-yG(z —y)]a(y),
— / A"y é(z — y)q(y),
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Thus, the full particular integral can be obtained from the Green's function by a simple convolution.

Example

The function

G(x) = LS

47 ||
is the Green's function for the Laplacian in three dimensions.

For, let « # 0. Then,

11
Glx)=——- r=lx|=Va?+y?+ 22

Ay’

The function G is radially symmetric; the radially symmetric Laplace operator is

10 0
VQ() = 71—25 (7’25') .

Hence,

110 01
20y _ 1O f 5,01
VG = 25 (r 7") ,

Now let's integrate the V2( over a region including the origin. For definiteness, let's take the region
to be a ball of radius R centred at 0; call it B.

/V2Gd3x = /V-(VG)d3w,
B B
= /ﬁ-VGdS,
S
where

e S is the boundary of B — a sphere of radius R, centred at 0;
e n is the outward-pointing unit normal to the sphere;

e dS is an element of area.

This is an application of Gauss's theorem.
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But we know these quantities:

e 1 = 7 is unit vector in the radial direction;

o dS = R%sinfdfdy is the element of area in the usual spherical polar coordinates.
Hence,

e

n-VG=r-VG = —.
or

So,

/V2Gd3m - /ﬁ-VGdS,
B S

- [as%]
S 87’ r=R

1 or—t
= — [ d
Am Jg o or

?

r=R

1
= +—/stin9d9dg0
47 S

1

= —/sin@d@dgp,
4 S

= 1.

1
ﬁa

In summary,
e V2@ = 0, except at zero, where it is infinite;
e [, V?G =1, for any region B C R" containing 0;
e (G o 1/r decays to zero as r — oo.

It follows that V2@ is a delta function, or that

11
G=_——"=

4 r

is a Green's function for the Laplace operator in three dimensions.

Of course, this example is rather contrived — how did we have such excellent foresight in picking
candidates for the delta function? In the next section, we develop a systematic way to compute

Green's functions.

20.4 Green’s functions by Fourier transform

Consider the problem
V2G(z) = §(x), x € R®,
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—ik-x

to be solved in three dimensions. Let's multiply both sides of the equation by e and integrate

over space:
/d3:175(:flr:)e_ik'”c = /dngQG(m)e_ik‘w,
1 = / d’z [V - (e7**VG) + e **ik - VG|,

= Vanishing boundary terms + /d3xe_ik'“’ik - VG,
= / dPre **ik . VG,
= ik- / dPre **VGE,
= ik- / &’z [V (e7**G) +ikGe **] |
= V.B.Ts+ (ik) - (ik) / dPre **G(x),
S e

Thus, we have solved for the Green's function, at least in Fourier space:

~ 1

But now we can re-construct the Green's function by the inverse transform:

d3k ik-x
G(x) = /(2ﬂ)3ek Gk,

- / Bk g 1
- 2m3° &

Thus, a hard problem, namely solving
V2G(x) = §(x)

has been reduced to (relatively) simple integration, namely

d3k ik-ax 1
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Green'’s functions on infinite domains

20.5 The integral

We have seen the equivalence between solving

V3G(x) = §(x

and simple integration, namely

A3k
G = —
@ == [ e
We now do this integral.
Three-dimensional space In three dimensions,
Bk o1
G - _ ikx —

)

ik-x 1

1 [e'¢) ) 2m s ' 4 1
R — 0 1 :B_
(27T)3/0 k dk:/O dgp/o sinfdfe 2

where we have introduced the standard spherical polar coordinates for k-space. Now we choose a

coordinate system such that the vector x aligns with the z-direction of k-space. Thus,

k-x = k|x|cosb := krcosb,

and

<//
/

3 "

OJ

2

dk

sin

0

dk

r >0,

1
<p/ sm@d&elkka,

dk / / sin 0 d@ eFreos?

0do k:r cos 9

ikr cos @
() () oo

> —1 ikrcos 0\ T
dk <@) (e,
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as advertised previously.

Two-dimensional space: Remarkably, the problem is harder to solve in two dimensions. We have,

d’k w1
G(%) = —/@Te E,

)2
1 (') 27 ] 1
= ——— | kdk [ dpeFT—
(27)? /o /o Lk

where we have introduced the standard polar coordinates in the two-dimensional k-space. Now we
choose a coordinate system such that the vector x aligns with the y-direction (note!!) of k-space.
Thus,

k- x = k|x|sinp := krsinp, r=+/22+y> >0,

Gx) = — ! /Ook:d /%d i 1
a (2m)% Jo 0 7 k2’

1 /Oodkl /QFd ikrsin @
= — — € .
(27)% Jo k Jo v

2
/ dy elFrsine — on J (kr),
0

and

E

But we have the identity

where Jy(+) is the zeroth Bessel function. Thus,

o) = o [k [Magumns
v (27)2 0 k Jo 7e ’
1 >~ 1

= —% ; dk‘EJo(kT>
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We must be careful doing this integral because of the apparent singularity at £ = 0. Let us take

dG 1 d [ 1
—_— = ——— dk—=Jy(k
dr 2mdr J, k o(kr),

1 [~ 1dkr) d
- = | k- To(k
27r/0 kdr ager) )

1 [ 1
0 k

2T
2 /Oodkj’(k )
27 J, 0Ty
11 [~
= ———/ d(kr)Jg(kr).

2rr J

kJg(kr),

Now the integrand is totally regular, and we can do a change of variable:

dG 11 [~
o 2 Atk ik
o= ey At
11 [~
= —%;/0 dsJi(s), s = kr,
11
= —g5- [Jo(00) = Jo(0)],
R
- 2 ’
Hence,
@ _ 1
dr — 2mr
Integrating once gives .
G(r) = %logr,

where the constant of integration is set to zero because the Green's function must vanish as r — oc.

Some important conclusions:

e The Green's function depends not only on the form of the linear operator, but also on the

dimension of the space;

e The Green's function for the Laplacian does not exist in one dimension (i.e. for (—oo < z <

00)).

e Working out the Green's function in this way is not confined to the Laplacian; any linear

operator can be studied in this way.

e For example, as homework, try to work out the Green's function for

(+a® = V?) G(x) = 6(x)
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20.6. Table of Green's Functions

in three dimensions. The answer should be

—ar|
G(w)—e : r=\a+y>+ 22 aeR.

- Ay

This pair is called the Helmholtz operator and the Helmholtz kernel, respectively.

20.6 Table of Green’s Functions

Dimension/Operator Laplace, Helmholtz, | Modified Helmholtz,
\%& —V? —o? —V? 4+ o?
1 No solution on (—o00, ) L elole] el
i 1
2 2 log || Y (elzl) | g Ko(alal)
1 elO( @x e*(l T
3 "~ dnla] 4r|x| + 4r|x|




Chapter 21

Green’s functions on domains with

boundaries

Overview

In the last chapter, we solved the Green's function problem
V2Go(x) = 6(x), x € R? or R?,

where the domain of the PDE is the full space. The solution is

drk eikq:
)=~ [ Gy

In two and three dimensions n = 2, 3, the solution satisfies

lim Gy(x) =0.

|| —o0

We also saw how to generalise the Green's function problem to arbitrary linear operators. In this

chapter, we study a method to obtain the Green's function when the domain is compact ('finite’).

160
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21.1 Finite domains

For definiteness, in this chapter we work in two dimensions. Let ) be a finite domain in R?, with

smooth boundary 0€2. We are interested in solving

ViG(xiy) = d(z-y), =xinQ,
G(xz;y) = 0, @ in 0.

Now the function Go(x — y) will satisfy the first of these criteria.

To construct a GG that satisfies both criteria, simply add a smooth function to Gy:

G(z;y) = Go(x — y) + h(z; y).

There are some conditions on h:

Vih(x;y) = 0, x in §,

T

Go(x —y) + h(z;y) = 0, @ in 0.

e Having constructed a Green'’s function on the full space, solving for the Green's function in the
compact domain € is relatively straightforward - just add a function that satisfies V2h = 0,

together with some BCs.

Let’s check that our solution makes sense. Consider

and propose the solution

u(x) = /Qde G(x;v)q(y), G =Gy + h.
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Operate on both sides with V2:

V() = V2 /Q &y Gl y)a(y).
&y V2 Gz y)a(y)],
d?y [V2G(x;y)] a(y),

d*y [ViGo(x —y) + Vih(z;y)] a(y),

I
S—— S — 15—

d*y [0(x — y) + 0] q(y),

I
<

On the boundary,

u(z € 0Q) = /Qde G(x € 0% y)q(y),
= 0.

21.2 Example: The Laplacian on the half plane

Solve

ViG(wy) — dw-y), @i
G(xz;y) = 0, x in 01,

where
Q= {(x1,29)] — 00 < 1 < 00, T3 > 0}.

We already know the fundamental Green's function:

1
Go(x;y) = Go(x —y) = %log |z — y|.

Now we must solve

Vih(miy) = 0, =xe,

1
h(zy,20 = 0;y) = —%108? [(21,0) — y|.
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We introduce an ‘image point’ & = (x1, —23) and we try the solution

1 i
h@y) = -5 log|z —yl.

We have,
oh 1 1 @ ) 271/2
or,  27m|E —y| 0z (@1 = 9"+ (=2 =0
1 1 _
T T |z — vy (21— 1) + (=22 — 12)°] 2 2(z1 — )],
_ _i 1 —
2 (x1 — y1)* + (22 — 42)?
07 T @l ol [ u)rt (o
1 1 1 2(z1 — y1)?
2m (5171 - 91)2 + (—132 - 92)2 27 [(531 - y1)2 + (_332 - ?J2)2]2
Also,
oh 1 1 0 9 911/2
8332 — ot |5: _ y‘ axz [(l’l yl) +( L2 y2) ] ’
. 1 1 @ 2 2 1/2
= o oglan, (0w el
1 1 1 1 9 2
- 1 (2 +12)" |,
2m |2 — y| ( (1 — 91)2 + (22 + 12)2]/* O
_ 1 To + Y2 .
21 (21 — y1)? + (22 + y2)?
0%h 1 1 1 T2 + Yo
g _ = + — 2(xy + ,
ox3 21 (w1 —y1)? + (=22 —42)? 27 [(zy —y1)2 + (—2p — 92)2]2 oz +32)

1 1 1 2(xy + yo)?

2m (21 — )2 + (2 + 12)° 27 () — y1)? + (22 + 1)

Putting these together, we have

@—%@——i 1 _|_i 2(901—?/1)2
oz} 03 2m (w1 —y1)* + (22 —y2)® 27 [(z — )2 + (—22 — y2)2]2
1 1 1 2(zs + yn)?

+ -
21 (v1 —yn)? + (2 +92)? 27 [(2y — y1)2 + (wg + y2)2]2

Y
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or
?h  *h 1 2 120 — ) + 2z +1p)*

— = -
Ox}  Oxj 2m (21 — )2 + (22 — 92)? 27 (21 — y1)? + (22 + 30)?)°

Note, moreover, that this calculation can be carried out everywhere in the domain ) because the

singularity is located at
(z1—11)° + (22 + 12)* = 0,

or

1 = Y1, T2 = —Ya.

Provided y € (2 also, the singularity is outside of the domain €2, and h is therefore entirely regular.

Moreover, on the boundary,

1
h(z1,0;y) = “on log [(z1 = 11)* + (v2)?] 1/2 ’

while

1
Go(z1,0;y) = %log (1 = y1)* + (92)°] V2 —h(z1,0;y).

Thus, we have found the Green's function for the upper half-plane, and the solution to the inhomo-

geneous problem is thus

ulers) = 5 {10g [ = 00)? + (22 = 0] ~dog [(21 = 00)* + (2 + )] }q<y> &y,
Q
1 (21 —y1)? + (22 — y2)?

= — [ lo d?y,
4T Jq s (21 —91)% + (w2 + y2)2q(y) Y

21.3 Inhomogeneous boundary conditions: Laplacian on the

half plane

Suppose instead we are to solve

L = V%
Lu(x) = q(x), x in ,
u(x) = f(x), x in 05,

on some domain 2. We already know how to find the Green's function:

1. Construct the fundamental solution on the whole space by Fourier transforms;

2. Add a regular solution that solves £ = 0 to soak up the boundary conditions.
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3. Call the answer G(z;y). Then,

G(xz;y) = 0, x in 092,

To tackle inhomogeneous problems, we propose the following convolution solution:
o) = [ G+ [ fwa)- 9,0y,
o0

where ) is some n-dimensional volume, n(y) is the outward-pointing normal on the boundary 02,

and dS, is an element of area. Let's check this ansatz. We work with € 2:

Louz) = L, / Gy dy + | Lof@)ay)-V,Ge:y)ds,,
o0
- / £.G@ylaw) @+ [ J@)i)- V£ GlEy) s,

= [25(w —y)g(y)d"y + ., fy)n(y) - Vi(x —y)dS,,

We assume x € €2, hence, if y € 0L it is impossble for x — y = 0, since a boundary point and an

interior point cannot coincide. Thus, é(x — y) = 0 in the second integral, and

Lou(x) = /5:1:— y)d"y +0,

Moreover, consider again

/ Gl y)aw)dy+ | F)aly) - V,Gla;y)ds,,
oN
with
x € 0f).

By construction,
G(x € 0 y) =0,

hence
u(x € 002) = . fly)n(y) - V,G(x;y)dS,.
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But we have,

f(W)aly) - V,G(xy)dS, = fwmwwm£@WM%—/'maw<> v,/ (y)ds

o9 o9 Joa

-
=0, £z€oN

_ /ﬁ(y) [f(y)V,Gla:y) — Gz:9)V, f(y)] dS
:/v y)V,G(x;y) — G(x;y)V, f(y)]d"

(by Gauss's theorem)

- /Q[f(y)sz(m;y)—G(w;y)Vf}f(y)] d"y,
— /Q[f(y)Vf/G(w;y)—Oxvf,f(y)} d"y,

_ /Q{f(y) [V2Go(:y) + V2h(z:y)] bd"y,
_ /Q {F(y) [V2Go(a;y) + 0] Yy,

:(Av@w@—ynm%
= f(y).

Now we solve

Viu(z) = 0, x in (2,
ulx) = f(x), x in 01,

where

Q= {(x1,29)] —00 <z <00, T3 > 0}.

We need to solve for the Green's function

ViG(xiy) = d(z-y), =xinQ,
G(xz;y) = 0, x in 0.

But we already know this: the fundamental solution is
1
Go(z;y) = Go(® —y) = 5 log|z — ],
™
and the bit that soaks up the BCs is

1 1/2
h(z;y) = —%bg (@1 —y1)* + (22 + 12)°] ”

Y
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The required solution is thus

1 Y1=00

u(@) =~ dy1<—1>a% log [(#1 = 31)” + (a2 +12)°] 7| F(w).

Y1=—00 y2=0

Doing the differentiation, we have

o oo (@ — )2 2l

= g/mdyl f(w)

T Joo (@1 —m)?+ a3

(o, 33) = 1 Ood 2xo f (y1)

However, if we treat xo as a mere parameter, this is a convolution:

u(xy, ) = (F * f)(z1),

where

In other words,

i) = [ T Fls — ) fun) dyn.

o0

But by the convolution theorem, this is

©dk ~ ~ .
u(xy;-) = /_Oo %kakeml,
where

F, = / dse % F(s),

—00

00

_ / ds e—iks L2 1

= —— 5 -
—00 T 8%+ )

Let's do the contour integral. For example, take kK < 0. Then, we must close the semicircular

contour in the upper half-plane, and integrate in an anticlockwise sense around the contour. The
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only singularity is a simple pole at s = iz5. Thus, the only residue is at this point, and

. s 1 T2
Res(izy) = / [e s s——ds :
Circle T 5% + T3 s=izg+eei?

2m e—ik(ia;2+eei9)

T .
= —= - TR 2.eleele de,
T Jo 2ixgee’ + efed
2
T2
= = [e"2 + O(e)] d9,
™ Jo
To ekmg
= — 2T, e — 0,
™ 2%2
— o Ikl

Similarly for the upper half-plane. Thus,

and

*dk ~ ~ .
u(zy;-) :/ —Wkakelkm,

dk _
u(wy;mp) = / —e Flm2 felhon

but this is precisely the result obtained by FT methods, in Ch. 19.



Chapter 22

The 1-D linear advection equation

Overview

The advection equation describes the transport of a scalar u(x,t) by a prescribed velocity field
ez, t):
ou ou
— t)— = 0.
ot el )8x

Topics: discussion of ¢ = Const.; solution in the general case; derivation. In this chapter, the

equation is to be solved on the real line, unless otherwise stated.

22.1 Constant velocity

We consider the equation
ou  Ou

" Con

There are three ways of solving this.

=0, ceR>0.

1. A clever ansatz: This is the most contrived way. We take

u(z,t) = f(x — ct)

169
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as an ansatz, and verify that it satisfies the linear advection equation:

ot ot dn ’ g ’
= _Cf,(n)a
Ou _ Ondf(n)
Ox Or dn’
= +f'(n).
Adding them,
ug + cu, = —cf’'(n) +cf'(n) = 0.
Note that

is the initial condition.

2. By consideration of the second-order wave equation: Recall the second-order wave

equation
Pu 0%
—— C —
ot? ox?

We solved this by changing coordinates:

=0.

s
onoE

where

n=z—ct, E=x+ct.

which gives a solution

u(x,t) = [Left-moving wave| + [Right-moving wave| + [part depending on initial velocity],

= 1f(z+ct)+ 5f(z — ct) + [part depending on initial velocity],

where u(z,t = 0) = f(z) is the initial condition.

Note, however, the form of the wave equation again:

K N (2,1) = 0
ot~ “ox) \ot T Cor )Y TV

Thus, solutions to the linear advection equation are solutions of

g+cg u=0
ot ox 7
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and are therefore right-moving solutions of the second-order wave equation. In other words,

(%+c%)u:o — u(wt) = f(r — ).

3. By physical intuition:

e If you are familiar with fluid mechanics, you will know what advection is.

e It is the idea that material property, such as the concentration of a pollutant, is carried

with the flow.

e Thus, a patch of pollutant, of density u, and initially located at zq, will, at a later time,

retain its density, but move to a new location z = xy + ct.

e |n other words,

u(xo,0) = u(x = x¢ + ct, t).

e A solution to this equation is

u(z,t) = f(x — ct).
Check:

u(w,0) = f(xo),
u(zo+ct,t) = f(zo+ct —ct) = f(xo) = u(xp,0).

Thus, the statement that the density u is conserved along trajectories dxz/dt = c is
equivalent to the advection equation,

: : . ou  Ou
density conserved along trajectories <—= — 4+ c— = 0.

ot or

To understand the next section, it will be helpful to be conversant with all three interpretations.

22.2 Velocities depending on space and time

Consider the problem

ou ou

e We can give ¢(z,t) the interpretation of a fluid velocity: dx/dt = ¢(z, 1)

e Also, interpret u(z,t) as the density of a pollutant.
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e Thus, a patch of pollutant, of density u, and initially located at xq, will, at a later time, retain

its density, but move to a new location given by the solution of
dx
i c(x,t), x(0) = xo.

In most cases !, this equation will have a solution. We write this in generic form:

x(t) = z(t; zo),

where the x4 on the RHS indicates the parametric dependence on the initial condition. Suppose

we can invert this identity, to give

To = n($7t>7

Then, the solution to the advection equation is

u(xvt) = f(ﬂ(xat)),

where f(z) is the initial data.

e Let's check if this makes sense.

@u 877

= J'(n) %] = nef (),
8u 877
Add: 5 .
S5 ez = )t e, ] =0

But xy = n(z,t) = Const. Differentiate w.r.t. time:

dxg T
0 = —2=n+n—,
a T

= 77t+0($7t>77z’

and the trial solution works.

That is, if ¢(z,t) has the Lipschitz condition
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22.3 Examples

Linear velocity field

Solve the equation

o0
ot or

We first of all solve the characteristic equation dz/dt = ¢(x,t), or

0.

dx
— = —ax
dt
Separating the variables gives
T dx
— = —at.
o)
Doing the integration gives
T =x0e @
hence
xo = re
or
zo = we” = n(x,t).

The solution is

u(zo,t =0) = wu(z,t),

But z¢ = ze™ = n(x,t), hence

u(z,t) = f (xeat) )

Sinusoidal velocity field

Solve the equation

ou _ u
o + asin(z)=— = 0.

We first of all solve the characteristic equation

dx

priakl sin(x).
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1 1 -

08 08

06 <08 :
3 ;

0.4 > 0.4 .

0.2 0.2

0 0

Figure 22.1: Advection with the flow ¢(x,t) = asin(z). | have set a = 1.

Separating the variables gives

/‘r dz o
2 Sin(z)

xT

Doing the integration gives

logtan(z/2)| = at,

z0

hence

log tan(z/2) = log tan(x¢/2) + at,
and

log tan(xy/2) = log tan(z/2) — at.

Thus, we have
tan(zo/2) = tan(z/2)e” ",
zo = arctan (tan(z/2)e” ) :=n(z,1).

The solution is

u(zo,t =0) = f(xo) = u(z,t).

But 2 = arctan (tan(z/2)e~*) := n(x,t), hence

u(z,t) = f [arctan (tan(z/2)e"*)]. (¥

| have plotted the solution in Fig. 22.1, with a = 1 and the ICs
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6—12/(2x0.52), |x| <,

0, |z| > 7.
Something very troubling happens, which we can describe by studying the equation
dx/dt = asin(z).

e This equation has fixed points (equilibria) at z = 0, x = +7.

e The point x = 0 is an unstable fixed point, because in the neighbourhood of this point,
x = 0+ 0 the equation is dd/dt = .

e The points x = 7 are stable fixed points, because in the neighbourhood = = 7 + § of these

points, the equation is dd/dt = —9.

e Thus, an initial condition initially near x = 0 are repelled from there, and are attracted to

T = .

e Our initial condition for the concentration has a maximum near x = 0. This corresponds to a

collection of particles clustered here.

e The particles are repelled from zero and end up at x = 7. This corresponds to matter‘piling

up’ at the end points. No matter can pass the end points because # = 0 there.

e The piling up of matter produces at © = +7 leads to a steepening in the solution.

e Finally, and with reference to the solution (*), the asymptotic (¢ — oo) solution is
u(z,t) ~ f(arctan(0)) = Const. = 1,
unless we are outside |x| < 7, where it is
u(z,t) = 0.

Thus, the problem develops a discontinuity in infinite time. This is what | called ‘troubling’.
Later on, we shall investigate a more worrying phenomenon, namely a discontinuity in finite

time — even more troubling.




176 Chapter 22. The 1-D linear advection equation

Figure 22.2: Characteristics for the problem dz/dt = asinx, with a = 1.
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One last thing
By construction, u = const on dz/dt = c¢(x) = asin(z). For, let
v(t) == u(z(t), x), dz/dt = c(x).

Differentiate w.r.t. time:

& ouds v
dt Ox dt ot’

= a—uc(x) + 8_u
- Or ot’
= 0.

In other words, contours of u(z,t) plotted in spacetime satisfy dz/dt = c(z,t). This is shown in
Fig. 22.2:

e Figure 22.2 (a) shows the contours u(x,t) = const. in spacetime.

e Along t = 0 (the z-axis), the contours intersect the z-axis points | have chosen:

2o = {0, £0.0628, £0.1257, £0.1885, £0.2513, £0.3142, £0.6283, 20.9425,
+1.2566, £1.5708, £1.8850, £:2.1991, +£2.5133, £2.8274}. ()

e Figure 22.2 (b) shows the solutions of dx/dt = sin(x) for the initial data (*).

e The curves in (a) and (b) are exactly the same: u = const along dx/dt = c(x).

The implicit solution

u = const along dx/dt = ¢(x)

is called the solution by the method of characteristics.

22.4 The continuity equation

In this section we give a physical motivation for the linear advection equation with constant

velocity.

Let u(xz,t) be the concentration (mass/area) of a pollutant contained in an infinitely long channel

—00 < x < 00, 0<y<L.
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y Area=LAx

N

Mass in/Time Mass out/Time

u(x.t) Ulx+4ax,t)

X X+Ax

Mass/Time=ConcentrationXVelocityXLength

Figure 22.3: One-dimensional continuity equation

Let ¢ > 0 be the constant velocity of flow, such that the pollutant is carried along the channel in

the z-direction. Furthermore, consider a control area
LAz,
located at x (See Fig. 22.3). The amount of matter entering through z in a a time interval At is
min = u(x) LeAt.
Similarly, the amount of matter leaving the control patch through x + Az in a a time interval At is
Mout = u(z + Ax)LcAt.
The net increase in the amount of matter is thus

Am = mi, — Moy = u(x)LeAt —u(x + Az)LeAt,

—c@ LAxAt.
ox

Q

Dividing by At, this is
am - Ou.
At - Car T
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However, the instantaneous amount of matter in the control patch is

m(t) = / u(z,t)Ldr ~ u(x,t)LAx,
patch

hence A Duz. 1)
m u(x,t
~ "~ LAzx.
Al ot *
Equating the two formulas gives
ou ou
—_— = —C—
ot oz’

which is the linear advection equation with constant velocity. Notes:
e For appropriate boundary conditions, the total mass

M:/ u(zx, t)dz

is conserved:

dM d [
'2327' = zzg J/ico QL(ZU, t)(ia;
[ Ou(x,t)
- /_oo or
B * Ou(z,t)
= —c/_oo o dz,
= —cC [U(OO,t) - U<—OO,t)] )
= 0,

if the concentration at both ends is zero.

e In one dimension, this physical interpretation of the one-dimensional advection equation breaks

down in ¢ depends on space (try to see why).
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Burgers' equation: Introduction

Overview

Burgers' equation is a nonlinear variant of the advection equation previously studied

@4_ @—D@
ot u@x— or?’

Topics: solution of the equation by the method of characteristics; breaking waves; Cole—Hopf

transformation.

In this chapter, the equation is to be solved on the real line, unless otherwise stated.

23.1 Characteristic solution

In this section we work with D = 0, and we are to solve

@+u@—0
ot or

with initial data u(z,t = 0) = f(x).

e Recall the linear advection equation, u; + ¢(x, t)u, = 0, with solution u = const on dx/dt =

c(x,t). Let's propose the same thing here:

v(t) == u(x(t),t), dx/dt = u.
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Differentiate wrt time to show that v(¢) = const.:

dv 8ud_x @

@& owdr ot
B 8uu+8u
- Ox ot’
= 0.
e Hence,
U({E[),O) = Uy,

u(z,t) = wup, dz/dt = u(x,t),xz(0) = .
Solving the characteristic equation gives
x = x(t; xp).

Inverting gives

xo = n(x,t).

But

u(x,t) = uo = f(zo) = fn(z,t)).
e For Burgers' equation, the solution can also be written in implicit form:
u(z,t) = flx — u(x,t)t).
Proof:

wtuu, = f(z—ut) %(ﬂf—ut)JF“%(x_“t) ’
= fllz—ut)[—u—wt +u(l —u.t),
= fl(x —ut) [—us — uug|t,

= 0.

The latter is not much use in practical applications, although in gives rise to certain theoretical

insights later on — so remember it!

For now, we shall consider instead the characteristic solution only: u = const along dz/dt = u.
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Examples

1. Solve the PDE
ou ou B

o Var T

for t > 0, subject to the initial condition u = x on t = 0.

0,

The characteristics are given by

dx

— = U = const. = u
dt 0,

hence

T = xg + ugt.

But up = f(zo) = xo, hence
T = xy + xot.
Inverting gives
T
Tog=——
0 1 +t,

and

U@J)Zf(x@:f( z ) x

1+t)  1+¢

2. Solve the PDE
ou ou

" Yar

for t > 0, subject to the initial condition v = x on t = 0.

=1

Y

Even though this is not Burgers' equation, let's try characteristics:

v(t) = u(x(t),t), dx/dt = u.

Then,
do _ duds  ou
dt  Oxdt Ot
- Ox ot’
= 1.
Hence,

U(t) = Uo+t:U0+t,
= u(x,t).



23.1.

Characteristic solution
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along characteristics dx/dt = u. Thus, characteristics are given by

— =Uu=v="uy+1t,
dt 0

hence

T = 2o+ Ut + %tQ.
But up = f(zo) = xo, hence
_ 1,2
x—x0+x0t+§t. (>I<)
Inverting gives

_ 142
x 2t

1+t

To —

and

u(z,t) = wug+t,

= x94T,
x—%tz
1+t
T+t + 3t?

1+t

+t,

The characteristic curves are shown schematically in Fig. 23.1.

Note: for plotting a t-z curve, invert Eq. (*) to obtain

t:—xo—l—\/xg—l%(a:o—x):—x0+\/x3—2x0+x.
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//// >

20 0 20 40 60 80 100
X

Figure 23.1: Characteristic curves for u; + uu, = 1, initial data u(z,t = 0) = x. The curves are
given by Eq. (*).
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Burgers’ equation: Breaking waves

24.1 Breaking waves

Consider the PDE
ou ou B

=g
ot Mor T
for t > 0, subject to the initial condition u = f(z) ont =0

The characteristics are given by p
X

— = U = const. = u
dt 0,

hence

T = o9+ upt.

But uy = f(z0), hence
= x0+ f(xo)t.

We need to invert this and solve for xy = n(x,t). Is this possible? Consider two curves:

y1(zg) = x (a positive constant in xg-y space),

Y2(r0) = w0+ f(z0)t,

in xg — y space (we take z > 0 here; this is allowed, since the equation is to be solved on the whole

real line). A sufficient condition for a solution to the problem y; = y5 to exist is if

dy2

>0 eR
dl’o ) Zo )

since then the curve y, (o) is increasing and is bound to cross the line y; = = eventually (Fig. 24.1).

185
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Y2=xo+f(xg)t, increasing
f

=
Il

W/

L J

Xo

V2=Xo+f(x)t, decreasing

Figure 24.1: The failure of the inversion for f decreasing.

However, we see that g
min ~22 = min 1+ f'(x0)t],

xo i xo

which might be negative. This suggests that the method of characteristics will fail in general if
Ir;(i)n 1+ f'(z0)t] <O0.
The failure happens at the critical time
t. = —min ——.

o f'(o)

Thus, we are left with the following solution:

f(zo) along x(t) = zo + f(zo)t, 0<t<o0oift.<O,
u =
f(xzo) along z(t) = xo + f(xo)t, 0<t<t.ift.>0.
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What happens after ¢t =¢.?

Suppose that f’(s) < somewhere. Then, there is an interval I where f(s) is a decreasing function.
Let's take two points z1,x5 € I. We will try to compute if and where the characteristic curves

cross. We have,

x = xo+ flao)t,
x = x4+ f(x)t.

At the crossing point, the two x-coordinates agree, and the times are the same, so
xo + f(xo)t = 21 + f(21)t,

Solving for t gives
Lo — I1

f(@1) = fl@o)’

= (m=rtm) >

which is positive because f(s) is decreasing on I. Thus, the failure of the inversion

t =

or

r =19+ f(xo)t = xo=n(x,1)

is equivalent to the crossing of characteristics.

Finally, recall the implicit solution of the problem:
u= f(x —ut).

Along characteristics, consider the gradient of u:

_ Ou
g = ox

ae(t)7
= [z —u(x,t)t) (1 - %t) :
= flla—ut)(1—gt),

Hence,

__ J'(= —ut)
T 1+ filw —ub)t

z(t)
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Call X := z — ut. Thus,
)
L+ f(X)t ]
Thus, if

f(Xt=-1, (%)
for some X, then the slope goes to infinity and the solution loses its smoothness. But (*) is

precisely the criterion for the inversion to fail. Thus, the slope g goes to infinity if the method of

characteristics fails. Thus, we have the following equivalent criteria:

The method of characteristics fails iff the inversion procedure
x=x0+ f(zo)t = zon(z,t)
fails,

e iff f(xo) is decreasing somewhere on the domain,
e iff characteristics cross in finite time,

e iff the slope of the solution tends to infinity in finite time.

This phenomenon is wave breaking.

Example

Solve the PDE
ou ou B

o Var T

for ¢ > 0, subject to the initial condition u = sin(x) on ¢t = 0. Restrict your attention to = € [0, 27].

0,

Sketch the characteristic curves up to the breaking point.

The characteristics are given by p
x

— = U = const. = u
dt 0,

hence

T = Zg + ugt.

But ug = sin(xg), hence

x = xo + sin(zo)t.
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We need to invert this and solve for o = n(z,t). Is this possible? The time at which the inversion
fails is given by
1 4 cos(zg)t =0,

hence
t = —1/cos(zy).

For m/2 < xy < 3m/2 the function cos(zy) is negative, and ¢ > 0. Thus,

te= min (-1 = 1.
xore%gﬂ( / cos(xo))

Sketches of the characteristics and the breaking time are shown in Fig. 24.2.



190 Chapter 24. Burgers’ equation: Breaking waves

LN

ad

L2

X

(b) Breaking time as a function of initial location

Figure 24.2:
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2

- t=0
PR e 1.5 ---t=0.2| |
L ‘ : o t=0.4| |

u(x,t)

Figure 24.3: Numerical simulation of Burgers equation with u(z,t = 0) = sin(z).

10 S—
] —t=1.01

' - --t=1.02

5 5 121031
N - - t=1.04

u(x,t)
o

|
o
L OC ™ AN N N

26 28 3 32 34 36
X

Figure 24.4: Failure of the numerical simulation of Burgers equation with u(z,t = 0) = sin(x),
after t = 1.

Numerical simulation

| have done a numerical simulation of the last problem (Fig. 24.3). It is a standard finite-difference
code (‘burgers.m’), and it works. The wave steepens around x = 7, until it develops a very large
slope at z = 1. Now look at what happens if you try to integrate beyond ¢t = 1 (Fig. 24.4). The
code fails!! It is impossible to integrate beyond a breaking point with a standard finite-difference

code. Don't try it!!
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24.2 Riemann problems

For the purposes of this module, a Riemann problem is a Burgers problem with initial data defined

in a piecewise manner. The idea can be extended to other PDEs of conservation-law type.

Example 1

Consider the PDE

@_._ @—0
ot “ax_’

for t > 0, subject to the initial condition u(z,t = 0) = f(z),

0, z<0,
fl@)=qz 0<z<1,

1, =z>1.

Solve the equation using the method of characteristics, up to the breaking point (if it exists).
Divide the answer into three regions.

Region 1: Here z < 0. Along characteristics,
dx/dt = const = u(xg) =0,

hence

T = X, Region 1.

Region 2: Here 0 < x < 1. Along characteristics,
dx/dt = const = u(xg) = xy,
hence

r = xo(1+1),

t = L 1, Region 2.
Zo

Region 3: Here z > 1. Along characteristics,

dx/dt = const = u(zg) = 1,
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R1

o-----------—

10

Figure 24.5: Characteristics of the Riemann problem with piecewise increasing initial data

hence

r = x9+1,
t = x— o, Region 2.
Now sketch these curves, but pay close attention to the boundaries:

Region 1-Region 2 boundary: Here z; = 0. The region-1 curve gives x = 0, as does the region-2

curve. This is a continuous boundary.

Region 2—Region 3 boundary: Here xy = 1. The region-2 curve gives x = 1 4 ¢, as does the

region-3 curve. This is a continuous boundary.

Sketch the results in an = — ¢ plane for a variety of initial values z, (Fig. 24.5).

Example 2

Consider the PDE
ou ou

ar Yo
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. Breaking waves

1, x <0,
fle)=q1-2, 0<z<1,

0, x> 1.

Solve the equation using the method of characteristics, up to the breaking point (if it exists).

Divide the answer into three regions.

Region 1: Here z < 0. Along characteristics,
dx/dt = const = u(zg) = 1,

hence

T =20 +t, Region 1.

Region 2: Here 0 < x < 1. Along characteristics,
dx/dt = const = u(xg) = 1 — xy,
hence

x = xo+ (1 —m)t,

xr—x . :
t = 0, Interior of region 2.
1— Zo

Region 3: Here z > 1. Along characteristics,
dx/dt = const = u(zy) = 0,

hence

T = T, Region 2.

Now sketch these curves, but pay close attention to the boundaries:

Region 1-Region 2 boundary: Here xy = 0. The region-1 curve gives x = t, as does the region-2

curve. This is a continuous boundary.

Region 2—Region 3 boundary: Here o = 1. The region-2 curve gives © = 1, as does the region-3

curve. This is a continuous boundary.

Sketch the results in an x —t plane for a variety of initial values = (Fig. 24.6). The characteristics

from region 2 all collide at ¢t = 1, and a breaking wave occurs. Thus, {. =1

for the piecewise
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4_ : "' 7
: ;
1 "
3t [R1 . | -
2 n R3| -
l_ i

Figure 24.6: Characteristics of the Riemann problem with piecewise decreasing initial data

decreasing data.
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The spectrum of Burgers’ equation

Overview

In this chapter we compute the Fourier coefficients of the solution of Burgers' equation in closed

form for the initial data
u(z,t =0) = f(z) =1+ cos(z). (25.1)

The Fourier coefficients of the gradient G := u, then follows immediately. We are able to show
that for a certain value of x — ¢, the gradient blows up. This calculation was pointed out to me by
Miguel Bustamante. In this chapter, the boundary conditions are periodic and the spatial

domain is [0, 27].

25.1 The derivation

Start with
ou ou

— — = 0. 25.2
8t+u(’)a: 0 (25.2)

The solution is known to be

u(z,t) = f(n),  n=z—ulzt)

where u(z,t = 0) = f(x) is the IC. The spatial domain of the PDE is [0, 2], and the boundary

and initial conditions are periodic. Thus, define the Fourier coefficient or u:

1 27 )
Uy(t) = —/ u(z,t)e P* dx.
0

2

196
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Now

27 a
Uu s
—e Py

ox

27 Jo

hence
o 1
1pup(t) = %

Consider

2m J,

27 Jo
ipap<t>7

2m
/ Opu(z,t)e P dz.
0

Also, n = & —u(z,t)n, x = n +u(z, t)t, v = n+ f(n)t. Hence,

1
27
1

27

ipﬁp(t)

We are going to choose the IC

2

.0
e P —dux,

0 Ox

2

e_i”(’7+f(”)t)f’(n)dn.
0

f(n) =1+ cos(n),

for which f’(n) = —sin(n). Hence,

1
iply(t) = ——
b 21 Jo
Effect a change of variable:
)
cos 1
sinmn
Hence,
1 /2

ipﬂp(t) = _% y
—3m/2

2w

sin ne—lpne—lpte—lpt cos ndn

1
57[- -1,
sin ¥,

CoS Y.

cosy e—lp(7r/2—y)e—1pte—1pt sin ydy
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Take the constants outside the integral:
e—ipTr/Qe—ipt w/2 ) o
ip,(t) = ——/ cosy ePVe PISINYdy,
27 —3m/2

The integrand is a 27-periodic function and the limits of integration can therefore be shifted at will:

e—ipﬂ'/2e—ipt ™ . -
ipt,(t) = ———— cosy ePYe PHoNYdy,
2 -

Now consider the integral

™

o 1 ipy —iptsiny
I = 5 cosy et e dy,
-7
™ iy —iy
= L i e_ipt Siny d
5 5 v,
-7

227
—7 -7

™ ™
_ %L/ ely(P—I—l)e—lptsmy dy + 11 ely(p—l)e—mtsmy dy

But

27

Ja(0) = & / eVreTfsmy gy § e R

—T

Therefore, if we take § = pt and n = p + 1, we get
I'= 3Jp(pt) + 5 Jp 1 (pt),

and . .
o e—1p7r/2e—1pt
iy (1) =~ (o) + Jyia ().

The power spectrum |i,|? of Burgers' equation (for the prescribed initial conditions) is thus

|ap|2 = ﬁ | Jp+1(pt) + Jp—l(pt)|27 p#0.

25.2 The Fourier coefficients of the gradient

Now Fourier coefficients of the gradient are

N

o e—ip7r/2€—ipt
G, =ipt, = —

9 [‘]p-i-l (pt) + Jp+1 (pt)],
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hence

o0
Uy = E e’ G,

G :=
p=—00
p#0
1p7r/2 1pt ipz
Ly o)+ ),
o0
_ _% Z oiP(—7/2—t+2) [Jp1(pt) + J,_1(pt)] -
pzfoo
p#0

Consider what happens when the phases

eip(—ﬂ'/Z—t—i-x)

are all the same, in other words, when = =t + 7/2:

oo

Gle=t+m/2,t) = =5 > [Jpua(pt) + Jpra (pt)]

p#0

However, we have the asymptotic formulas

Lo~ =(5) =

hence

et)pil p71/2

Jpr1(pt) ~ (5 Jon

Now > p~'/2 diverges by the integral comparison test and hence, the tail of the series (*) is bounded

P — 0.

from below by a divergent series and therefore itself diverges.

As in previous chapters, the minimum blow-up time is

te = min [~1/f'(xo)] =

and the location of the blow-up is therefore x = 7/2 + 1. In a way, this entire calculation is
a fancy way of proving that the gradient blows up — even though the shape of the initial
data anyway guaranteed such a result. However, the behaviour of the phases at blowup is a very
interesting phenomenon: it is as if ‘constructive interference’ happens, such that all Fourier waves
in the gradient align and add explosively — to produce blowup. We therefore have the following

theorem:

Theorem 25.1 The gradient in this simple example of Burgers' equation (Eq. (25.2), initial con-
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ditions (25.1)) blows up when the phases of the Fourier coefficients all align. This happens when
r=1t+m/2.



Chapter 26

Burgers’ equation: Regularisation

26.1 Finite diffusion; Cole—Hopf transformation

Without more information, it is impossible to integrate beyond the breaking time. There are ways of
doing this — weak solutions and jump conditions. We do not pursue this approach here. Instead,

we consider the regularized Burgers’ equation,

ou ou D 0%u

UL o _pdt pay
ot Yor = Vo ~

It is straightforward to show that this equation is regular, at least in a mean sense. To show this,

multiply both sides by u and integrate. Assume that u vanishes at the boundaries of the domain :

/uutder/uqudx = D/uumda:,
Q Q Q
%8,5/142 dx+%/8xu3dx = /uum dux,
Q w
L d

—D/ (wy —u]dx,

— D/ (uuy) dx.

d
llull3 = —2Dfua 3

—lull3 + $u®
th .

= uum

1
5&”“”2

Finally,

Integrating over a finite period of time gives

HU\!%(T)ZH%LH%(O)—M/O luall3(®)dt. (+)
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Regularisation

Thus,
[ul|5(T) < ||lull3(0),

and the solution at later times 7' > 0 is bounded in the L?-norm. Call

[ull5(T) = a(T)[[ul3(0),  a(T) < L.

Refer back to Eq. (*). We have
[ull2(T) = a(T) [[ul5(0) = [|ull3(0) — 2D i s |5(t)dt.

Re-arranging gives
T
2D [ a0t = (1 = a(T) Jul(0) 2 0
0

Thus, we have a sandwich result:

0< QD/O luz[3(t)dt < B(T) := (1+ €)(1 — a(T))||ul|2(0),

and the gradient is bounded in the L? norm in space and the L' norm in time, for any finite interval

of time [0, T]. Thus, finite diffusion D > 0 prevents blow-up of the gradient.

There is one further nice feature of the regularised Burgers' equation: it has an exact solution.

With 20 — 20 hindsight, we suggest the transformation

U(l’,t) = _%gbx
Thus, oD
= _?Qﬁ:pt ¢2 Qb:v(btv
and oD
Uy = _?(é ¢2 (bz(bx
Put them together:
2D 2D 2D
U + ULy = _?¢xt ¢2 ¢x¢t (_?¢w) (_?Qb ¢2
2D 4D? 4D?
= _?qbzt + ¢2 gbxqbt ¢2 ¢x¢xz - Fﬁbi
Now let's work out u,.,:
4D

¢$¢$> Y
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and 2D? 2 4 4D?
¢ ¢2 ¢2 ¢
Compare both sides:
U+ uty = Dugy,
D 4 4D% 2D? 2 4 4D* ,
——
Cancel like terms: .- 2 e -
—?(ba:t ng ¢m¢t ¢ (bx:r:p ¢2 ¢x2¢m

More cancellation:

D

¢ ¢
Factorise the terms in ¢, /¢:
_ s
multiply both sides by —1: 5
‘factorize' by 0, on the LHS:
Pu

¢

one solution of which is the linear diffusion equation:

¢t = D¢mc

But we know the solution to the diffusion equation on the line:

o) = [ " Ko — g, 060(y)dy,

where

is the heat kernel and
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But
2D O0¢y 0

—2D ——log ¢y (7).

U(%tzo):f(ff):—ma p

Solving for ¢g(x) gives

f( )ds = log(do(z)) — log(¢o(0)),

0

Bo(x) = o(0 exp{ /f }

But recall the heat-kernel solution:

hence

1 o
m/ e VAP gy (y)dy.

Putting the last two equations together gives

¢($vt) =

oart) = o [ G exp[ 35 [ £385]
¢o(0) (z —
Tl exp {— 4Dt — —/ f(s ds] dy,

and

EPTRSLE TR RCE R N P

The logarithmic derivative is invariant under rescaling, so the final answer is

AR Y O RCES' S N 008 Y

26.2 Perspectives

The Burgers' equation is nice: it is nonlinear but causal. It admits analytical solutions. The
regularised equation is even better: the solution never blows up, and an exact, analytical formula

exists. It was once thought that such simple equations could shed light on turbulence. Turbulence
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manifests itself in the Navier—Stokes equations

r € QCR.
Unfortunately, the Burgers model does not shed light on the following open question:

Prove or give a counter-example of the following statement: In three space dimensions
and time, given an initial velocity field, there exists a vector velocity u(x,t) and a
scalar pressure field p(x,t), which are both smooth and globally defined, that solve the

Navier-Stokes equations.

Correct answers, sent on a postcard or otherwise, to the Clay Mathematics Institutes in Cambridge

MA will earn you a one million dollar prize.



Appendix A

List of .m codes

e brownian.m — solves a stochastic differential equation for a particle doing Brownian motion

on a finite interval.

e diffusion__one__d.m — solves the one-dimensional diffusion equation with periodic boundary

conditions and a spectral method.

e cahnhilliard__solve.m — solves the two-dimensional quasi-linear Cahn—Hilliard equation with

periodic boundary conditions and a spectral method.

e diffusion__constant__temp.m — computes the series solution for the diffusion equation with zero

boundary conditions and a constant initial temperature.

e wave_solve__exact.m — solves the wave equation using the d'Alembert formula for certain
piecewise initial data (Ch. 14, Sec. 14.2).

e integrate__sde.m — a one-dimensional finite difference solver for the wave equation. Needs C?

initial data.

e burgers.m — a one-dimensional finite difference code for the Burgers equation. It cannot handle

shocks.
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