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Notation and Conventions

« For quantities A and B, the notation A < B means there exists a constant C' > 0
such that A < CB. A Supc B is used to indicate that the constant C' depends on
a,b,c. A~ B means A S Band B S A. A~y B is defined analogously.

o We write “A > 1 (depending on a, b, c)” to mean “A is sufficiently large depending
on a,b,c,” or, more precisely, “A > A, for some constant A,(a,b,c) > 1.

An analogous definition applies to “0 < ¢ < 1 (depending on a, b, c).”

o All manifolds M are smooth (C*) and boundaryless OM = ). A closed manifold
is a compact (and boundaryless) manifold.

« For Q. C M, we write Q € Q' to mean the closure 2 is a compact subset of (V.

e« For f: M - RandI' € R, {f <T'} denotes the set {x € M: f(z) <T}.

o« For a manifold M, TF(M) denotes the bundle of (l;)-tensors on M and T*(M)

denotes the set of (’;)-tensor fields. We also denote, for example, T*(M) = TF (M)

for simplicity. For concreteness, T;(M) is the set of vector fields on M and T (M)
is the set of covector fields or 1-forms on M.
S%(M) C T?*(M) denotes the subbundle of symmetric ((2)) -tensors on M and S*(M)

the set of symmetric (g)—tensor fields.

o Let (M,g) be a Riemannian manifold and S, T be tensors. The notation S#T
denotes some linear combination of tensors formed by permuting the indices of
S ® T and taking traces thereof (without respect to any metric). The notation
S # T denotes some linear combination of tensors formed by taking traces (with
respect to g), raising/lowering indices (with respect to ¢), and permuting indices of

S@T.
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Chapter 1

Introduction

Geometric flows refer to processes where a geometric object changes in time according
to its geometry. The Ricci flow in particular has had many applications in geometry and
topology, most notably with Perelman’s solution of the Poincaré conjecture. However,
geometric flows generally form singularities in finite time, and applications require a pre-
cise understanding of these singularities. Indeed, the solution of the Poincaré conjecture
required a precise understanding of 3D Ricci flow singularities.

In this mini-course, we will examine singularities of Ricci flow. The broad goal will
be to show that asymptotically conical gradient shrinking Ricci solitons appear as singu-
larities for general Ricci flows, and to develop fundamental techniques in the analysis of
nonlinear parabolic PDEs.

1.1 Definition and Fundamental Properties

Definition 1.1 (Ricci Flow). Let M be a manifold. A smooth collection of Riemannian
metrics (¢()),;c(r) on M evolves by Ricei flow if

%Z = _—2Rc  Vte(0,7) (RF)

where Rc = Rcyy is the Ricci curvature tensor of g(t).

Remark 1.2. Let (M™, g) be a Riemannian manifold and let (z!,... ,2"): U C M — R"

be local coordinates. Let 5 9
gij:f](axivaxj) U—=R
denote the components of the metric in these coordinates.
If the coordinates are harmonic

ie. A =0 (Vi)
then the components Rc;; of the Ricci tensor Rec = Re;; dx' ® dz’? satisfy
1 .
Reij = —584(9) + Qij(9,09)  (¥3,])

where Q;;(g, 0g) is some expression involving at most 1st-order derivatives of the functions
(gab) 1<a,b<n-
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In particular, the Ricci flow equation (RF) becomes

9:(9ij) = Ag(gi5) — 2Qi5(g, 9g).

In this way, the Ricci flow can informally be regarded as a nonlinear heat equation for
the Riemannian metric g.

Theorem 1.3 (Short-Time Existence and Uniqueness). Let (M", go) be a closed Rie-
mannian manifold. Then there exists T > 0 and a smooth Ricci flow (9(t))ecpo,r) such
that g(0) = go.

Moreover, if (9(t))ico,r) and (§(t))ieo7) are smooth Ricci flows on M with the same
initial data g(0) = §(0) = go, then g(t) = §(t) for all t € [0, min(T, T)).

Remark 1.4. Let (M™, go) be a closed Riemannian manifold. By the short-time existence
and uniqueness of Ricci flow (Theorem 1.3), we can define the (maximal) Ricci flow
starting from g, to be the unique smooth Ricci flow (g(t))¢cpo,r) with initial data g(0) =
go such that any other smooth Ricci flow with the same initial data is a restriction of g(t)
to a possibly smaller time interval.

Remark 1.5. Unlike the heat equation, the Ricci flow is a so-called degenerate parabolic
equation (see Subsection 2.1.1 below). The existence and uniqueness of Ricci flows there-
fore requires a great deal of care to prove.

Remark 1.6. There is a broad class of research projects that aim to generalize Theorem
1.3 by weakening the assumptions to allow for:

non-compact spaces M,

non-smooth spaces M,

non-smooth initial metrics gg, or

. “weak” Ricci flows.

For example, here’s a curious open problem:

==

Question 1.7. For a general smooth, complete, non-compact, Riemannian 3-manifold
(M3, go) with
Rcg, > 0 on M,

does there exists a unique smooth complete Ricci flow starting from go?

There is an affirmative answer to this question if (M, go) is additionally assumed to
have bounded curvature sup,, |Rm| < oo and we restrict the class of Ricci flows g(t) to
those with bounded curvature for each time ¢ [Shi89].

As with any PDE, it is important to understand its symmetries or invariances.

Proposition 1.8 (Symmetries of Ricci Flow). If (M"™, g(t)) is a Ricci flow, then so is:
1. (Time Shift Invariance) g(- + to) for any fized ty € R,
2. (Diffeomorphism Invariance) ¢*g(t) for any fized diffeomorphism ¢ : M — M,
and
3. (Parabolic Scaling Invariance) \*g (%) for any fixed X # 0.

Additionally, if (M, g(t)), (M, §(t)) are Ricci flows, then the product metric g(t)® j(t)

is a Ricci flow on M x M.
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Example 1.9. If (M, go) is an Einstein manifold, (i.e. Rey, = Ago for some constant A €
R), then

g(t) = (1 = 2Xt)go
is a Ricci flow with g(0) = go.

Notice that, when A > 0 (e.g. spheres with the round metric), the metric shrinks. In
particular, the Ricci flow starting from an Einstein metric with A > 0 does not exist for
all positive times ¢ > 0. On the other hand, when A\ < 0 (e.g. hyperbolic space), the
metric expands.

1.1.1 Ricci Flow Singularities

The shrinking sphere example shows that, while Ricci flows exist for short-time, Ricci
flows may become singular in finite time. Let’s make our notion of finite-time singularity
precise.

Definition 1.10. A Ricci flow (g(t))ic(o,r) on a closed manifold M is said to develop a
finite-time singularity at 7' < oo if, for every € > 0, g(¢) does not extend to a smooth
Ricci flow defined for ¢ € (0,T + ¢).

We have the following alternative characterization of singularities.

Theorem 1.11 ([Ham95, Theorem 8.1]). If a Ricci flow (9(t))ic(or) on a closed manifold
M develops a finite-time singularity at T' < oo, then

Y sup [ Rimg(r)|g(0) = oo

In particular, Theorem 1.11 rules out the possibility that a Ricci flow has VRm
blowing up while Rm stays bounded.

1.2 Ricci Solitons

Definition 1.12. A Ricci soliton (M™, g, X, \) is a Riemannian manifold (M", g), a
vector field X on M, and a constant A € R such that

1
Rec + iﬁxg:)\g. (1.1)

A Ricci soliton is said to be:

1. shrinking if A > 0,

2. steady if A =0, and

3. expanding if A\ < 0.

A gradient Ricci soliton is a Ricci soliton (M™, g, X, A) such that X = V f for some
smooth function f : M — R. In this case, f is called a soliton potential function and
equation (1.1) becomes

Re+ V2f = \g. (1.2)

Example 1.13. If (M", g) is an Einstein metric Rc = Ag, then (M™, g,0, \) is a gradient
Ricci soliton.

From a flow perspective, Ricci solitons correspond to Ricci flow solutions that evolve
self-similarly by scaling and diffeomorphisms.
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Proposition 1.14. If (M, g, X, \) is a complete! Ricci soliton and the vector field X is
complete, then there exists a Ricci flow (M, g(t))ier such that g(0) = g and

o) = (1-20)d1g (el (13)
where ¢ : M x 1 — M, ¢(x,t) = ¢i(x) is the smooth family of diffeomorphisms satisfying

1-2Xt

Oy = —_-Xog, onMxI, (1.4)
gb():]dM on M,

and I = {t € R: 1 — 2\t > 0}.
Conversely, if (M, g(t))ier is a Ricci flow defined on some interval I > 0 and there
exist a constant A € R and a smooth family of diffeomorphisms ¢ : M x I — M such that

g(t) = (1 = 2M)¢;9(0) (Vi el),
then (M, g(0), X, \) is Ricci soliton with vector field X given by X = O0yp¢|i—o-

Ricci solitons are also important because they model finite-time singularities of general
Ricci flows.

Theorem 1.15 (Informal Statement, [Bam21]). If a Ricci flow (9(t))icjor) develops a
finite-time singularity at T < oo, then, for any sequence \; \, 0, the sequence of Ricci

flows given by .
gi(1) = xg(T + A7) (1 <0)

subsequentially converges (in some weak sense) to a gradient shrinking Ricci soliton
(which is possibly non-smooth,).

Example 1.16. The following are examples of solitons:
1. Euclidean space (R", ggue, X = 0,A = 0) is a steady soliton since it’s Ricci-flat
Einstein.
o This construction generalizes to any Ricci-flat manifold.
2. Euclidean space (R", ggy.) can also be regarded as a gradient shrinking/expanding
Ricei soliton with potential function f(z) = %1 dist3,,.(z,0) and A = £1.
« This construction generalizes to Ricci-flat cones (C, gc).
3. Cylinders (S* x R"* go« @ gpu.) are gradient shrinking solitons with potential
function f(c,z) = % dist},.(2,0) and A = 3.
o This construction generalizes to the case where the sphere factor (S*, ggr) is
replaced by an Einstein manifold with positive scalar curvature.
4. (FIK Soliton) There is a gradient shrinking Kéahler-Ricci soliton on the total space
M* of the tautological line bundle Ocpr(—1) over CP" [FIK03]. It’s asymptotic to
a cone at infinity.
5. If § is a Riemannian metric on S® such that the cone metric

ge = dr* + 12§ on C(S%) = Ry x S*

has non-negative scalar curvature, then there exists a gradient expanding Ricci
soliton (R*, g, f, —3) with g asymptotic to g¢ at infinity [BC25].

Remark 1.17. There is a general research program that aims to construct examples of
Ricci solitons.

LA Ricci soliton is said to be complete if the underlying Riemannian manifold (M, g) is complete.
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1.2.1 Properties of Gradient Solitons

Proposition 1.18 (Soliton Identities). Let (M™, g, f,\) be a connected®gradient Ricci
soliton Rc+ V?f = \g. Then there exists a constant C' € R such that, throughout M,

R+Af =M (1.5)
Af —|Vf2+2\f =C (1.6)
and R+ |Vf|> =2\f + A n — C.

Proof. Taking trace of Rc+ V2f = \g gives the first equation (1.5).
To prove the second equation (1.6), first take the divergence of Rc + V2f = Ag and
use the contracted Bianchi identity and (1.5) to deduce

1 1
0=divRe+ AVf = JVR+ AVf =~ VAf + AV/.

We also compute that

AV = V,VV,
— V.Y,V
— V,VLVf + R4V f
= V;Af + RpV'f
= V;Af =V Vo fVPf + Mg VP f

1
Thus,
1
0= VAf+AV]
1 1
= —§VAf+VAf—§V]Vf\2+)\Vf
1 2
=5V (Af = VS +2)f).

Equation (1.6) then follows from the fact M is connected.
Finally, equation (1.7) follows from equations (1.5)—(1.6). O

Remark 1.19. When X # 0, one can translate the potential function f to f 4+ C’ so that
(1.7) becomes R+ |V f]* = 2)\f.

Henceforth, we will focus on the following class of gradient shrinking Ricci solitons.

Definition 1.20. We'll say (M", g, f) is a shrinker if (M™, g, f) is a complete, connected,
non-flat, gradient, shrinking Ricci soliton normalized such that

1
R0+V2f:§g and R+ |Vf?=f on M. (1.8)

2 A soliton is connected if the underlying manifold M is connected.
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For shrinkers, equations (1.5) and (1.6) become

R+Af= and (1.9)

SIEINIE

Af=|VIP+f= (1.10)
Proposition 1.21 (Properties of Shrinkers). Let (M", g, f) be a shrinker. Then it sat-
isfies the following properties:
1. ([Che09, Corollary 2.5]) Throughout M, the scalar curvature R > 0 and f =
R+ |V f|*> > 0 is positive.
2. ([CZ10, Theorem 1.1]) If py € M, then there are constants cx € R depending on
the shrinker (M™,g, f) and poy such that

i(distg(po,x) _e < fa) < i(distg(po,x) fe ) VeeM.  (L11)

Exercise 1.22. Let (M™, g, f) be a shrinker. Use Proposition 1.21 to show that, for any
I' € R, the sub-level set {x € M: f(x) < T'} is compact.

Exercise 1.23. Let (M",q, f) be a shrinker and let (¢ : M — M)« be the family of
diffeomorphisms given by (1.4), that is,

atgbt = 11tVf o gbt (\V/t < 1), ¢0 = Id.

Prove that
0<(1—=t)0(orf) <&y f  onMx(—o0,1)

and
1

/(@) = f(&(@) < fla) V(@) € M x (=o0,0].

1.3 Asymptotically Conical Manifolds

The collection of shrinkers generally will be too broad for our analysis, so we will restrict
to a certain subcollection. The first natural choice would be to consider compact (and
boundaryless) shrinkers, but it is unclear there exist such spaces.

Question 1.24. Does there exist a compact (and boundaryless) gradient shrinking Ricci
soliton that is not Finstein and not Kdhler?

Instead, we will consider the subcollection of shrinkers that are non-compact and look
like cones near infinity.

Definition 1.25. Let (X, g=) be a Riemannian manifold. The cone over (X, gy) is the
Riemannian manifold (C = C(X), g¢) given by

C =(0,00) x X, ge = dr* +1gs.

(33, gx) is called the link of the cone C.
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Definition 1.26. Given (X, g»), a Riemannian manifold (M, g) is said to be asymptotic
to the cone (C = C(X), gc) over (X, gs) if there exists a compact subset K C M and a
diffeomorphism
¥i(loo) x X — M\ K
such that
: il * _
Tlggoilelgr Ve (W9 —gc)lge =0 foralll €N.

We'll say a Riemannian manifold (M, g) is asymptotically conical (AC) if there
exists some closed (but not necessarily connected) Riemannian manifold (¥, gs,) such that
(M, g) is asymptotic to the cone over (X, gx).

In what follows, we shall primarily work with asymptotically conical shrinkers (M™, g, f).
The combination of the asymptotically conical and shrinker structure gives these spaces
some nice properties worth highlighting.

Proposition 1.27 (Quadratic Curvature Decay). If (M",g, f) is an AC shrinker, then
there exists C' > 0 such that

|Rm|; < ? on M.

Proof. Fix py € M and let r = distg(-, py) denote the distance function to py. Since

(M™, g, f) is asymptotically conical, its curvature decays like 5 near infinity. Combined

7.2
with the fact that f > 0 grows like 72 near infinity (Proposition 1.21), it follows that
S— 1 1
Rm| < — < =
| mlg ~1 —|—T’2 ~ f

]

Remark 1.28. Let (M,g, f) be an AC shrinker, py € M, and r = distg(-, py) denote the
distance function to py. Proposition 1.21 states f ~ irQ near infinity. The asymptotically
conical structure of (M,g) can be used to show that Vol(B(pg,r)) ~ r" near infinity.
These properties allow one to explicitly estimate integrals involving f.

Kotschwar-Wang showed the following rigidity statement which says that AC shrinkers
are essentially determined by their asymptotic cone.

Theorem 1.29 ([KW15]). Let (My,Gy, fi) and (Ma,Gs, f2) be two AC shrinkers. If they
are asymptotic to the same cone, then they are isometric outside a compact set and their
universal covers are isometric.

Corollary 1.30. No AC shrinker is asymptotic to a Ricci-flat cone.

Proof. Suppose an AC shrinker were asymptotic to a Ricci-flat cone. [KW15] proved
a stronger version of the rigidity statement Theorem 1.29 that applies to incomplete
gradient shrinking Ricci solitons. Since the Ricci-flat cone is a (incomplete) gradient
shrinking Ricci soliton, this rigidity result then implies the AC shrinker is Ricci-flat
outside a compact set. That, however, contradicts the fact that shrinkers have positive
scalar curvature (Proposition 1.21). O

There is also a convenient characterization of which shrinkers are asymptotically con-
ical due to Munteanu-Wang.

Theorem 1.31 ([MW17)). If (M,q, f) is a non-compact shrinker such that Rc limits to
0 at infinity, then (M,q) is asymptotically conical.
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Chapter 2

Linear Analysis

The remainder of the mini-course will be dedicated to understanding Ricci flows of metrics
that are close to an asymptotically conical shrinker metric. We will ultimately prove a
simplified version of the main result from [Sto26], which says that, given any AC shrinker,
there exists a Ricci flow on a closed manifold that forms a finite-time singularity modeled
on the given AC shrinker.

2.1 Linearized Ricci Flow

2.1.1 The Linearization of the Ricci Tensor

To understand the Ricci flows close to a shrinker, we require the linearization of the Ricci
flow equation (RF) at a shrinker and thus the linearization of the Ricci tensor.

Unfortunately, the function g — Re, is not a nice a operator because it is not a so-
called elliptic operator. A quick way to see this is through the diffeomorphism invariance
of the Ricci tensor. Consider a family of diffeomorphisms ¢, with ¢y = Id and J|s—o¢ps =
X € Ti(M). Then

Regyg = ¢iRey
and taking OJs|s—¢ of both sides gives
dRcy[Lxg) = Lx Re,.

If g — Re, were elliptic, then dRc,[Lxg] would be 3rd-order in the vector field X.
However, Lx Reg is only 1st-order in X. Thus, g — Rc, is not elliptic, and the Ricci flow
isn’t a strictly parabolic equation.

Because Rc isn’t an elliptic operator, it is often more convenient to perform what’s
called DeTurck’s trick and consider a closely related operator.

Definition 2.1. Let g, g be Riemannian metrics on a manifold M. The DeTurck vector
field B;(g) € T1(M) is the vector field on M defined, in local coordinates, by

By(9)* = 9" (T(9)t; = T(@)})

where F(g)i-“j, F(g)fj denote the Christoffel symbols of the metrics g, g respectively.
Exercise 2.2. Recall that Christoffel symbols are not the components of a tensor field
on M. Nonetheless, show that the local coordinate expression for Bg(g) does define a

well-defined vector field on M.

15
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Lemma 2.3 ([Shi89, Lemma 2.1]). Fiz a Riemannian manifold (M",g). If g is a Rie-
mannian metric on M and h = g — 7, then

~2Rey + Lp (59 = — 2Rey; + gV Vohi; + 2R, hyy — R hiy — R hy,
+ Ry (Tiph™ + hhiy) + Ry (G5h"° + 51y )
+97g" (Vh#Vh),,
where the tensor fields h,h are defined by
g =GP — R and  heb = gogh, + he,

the indices on the curvature terms are raised/lowered with respect to g, and Vh#Vh
here denotes some linear combination of tensors of the form Vh ® Vh with its entries
permuted.

Remark 2.4. Explicitly, Vh#Vh in this case is given by
2(Vh#V ) avpgis = (Vila) (Viha) + 2(Vahyp) (Vehin) — 2(Vahip) (Vohig)
- Z(thpa)(vbhiq) - Q(Vihpa)(vbhjq)‘ (2'1)
Remark 2.5. If |h|7 < 1 is small, then
hlg ~|hl;  and  [Alg~ |h[2.
In particular, if |h|7 < 1, then
—2Rcy + Lp () = —2Rc+ Ah + Rm * h + Q(h)
where

2

= =2
Q1) < (Ihlg + [Vhlg + [V°hl5)

2.1.2 Linearized Ricci Flow Near a Shrinker

Let (M",g, f) be a shrinker. The Ricci flow starting from g is given by

(1-t)¢ig
for the smooth family of diffeomorphisms ¢; : M — M satisfying 0,¢; = ﬁv f ooy
(Theorem 1.14). We wish to consider nearby Ricci flows. To that end, it will be convenient
to transform the Ricci flow into an equation for which g is a stationary solution and which
has a well-behaved linearization at g.

Proposition 2.6 (Informal Statement, see [Sto26, Appendix B] for details). Let (M", g, f)
be an AC shrinker and (1 — t)¢;q its corresponding Ricci flow.

If G(t) is a Ricci flow on M that is suitably close to (1 — t)¢;g, then there exists a
family of diffeomorphisms 1, : M — M such that

1 —1\* /%
g(t) = 17—t(¢t D G(t)
satisfies the rescaled and reparametrized Ricci flow (rrRF)

(1 —=1)0g = —2Rc, + Lp_(99 + L5;9 + g- (rrRF)

Conversely, if g(t) satisfies (rtRF) and remains suitably close to g, then there exists
a family of diffeomorphisms 1y : M — M such that G(t) = (1 — t)(x; })*¢rg(t) solves
Ricci flow (RF).
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In light of Proposition 2.6, it will suffice for our purposes to consider (rrRF). By
defining a rescaled time variable

1
— In(1—¢ dr = ——dt
T n( ) T=1—4

the rescaled and reparametrized Ricci flow (rrRF) is equivalent to
0r9 = —2Rcy + Lp_(99 + L5,9 + 9. (rrRF)

Note that the shrinker g(7) = g defines a stationary solution of (rrRF).
Unlike Ricci flow (RF), the rescaled and reparametrized Ricci flow (rrRF) has the
advantage of being a parabolic equation.

Theorem 2.7. Let (M",q, f) be a shrinker.
If (1) =G + h(71) is a smooth family of Riemmanian metrics such that

0,9 = —QRCQ + EBE(g)g + ngg + g, (TTRF)

then
O0:h = Bh — Vg ph + 2Rm," "hay + E(B) (2.2)

where the indices on Rm are raised/lowered with respect to g,
E(h) = —h*V,Vyh+ Rm s h+ Rmshxh+ (G+h) " % (G+h)"  «Vh*Vh, (2.3)
the tensor fields h,h are defined by
g =g® —h® and  hat = g¥glhy, + hat, (2.4)
and the notation S x T denotes some linear combination of tensors formed from taking
traces (with respect to G), raising/lowering indices (with respect to ), and permuting

indices of S ® T.

Proof. The proof follows from a direct application of Lemma 2.3, the shrinker equations
(1.8), and Exercise 2.8 below. O

Exercise 2.8. Let (M, g) be a Riemannian manifold, h € S*(M) a symmetric 2-tensor
field on M, and X € Ti(M) a vector field on M. Prove that

Lxh=Vxh+h(V,X,e)+ h(e,VX).
In particular, show that if (M,q, f) is a shrinker and h € S*(M), then

Lﬁfhij = vﬁfhij + hij - hzkﬁf - h]kEf

2.2 Spectral Analysis

In this section, we examine the linear part of (2.2) more closely.
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Definition 2.9. Let (M",7, f) be a shrinker.
The drift Laplacian Ay is the operator

Zf = A —vﬁf

where A is the metric Laplacian A = E(Vo) = gabVﬁb..
The weighted Lichnerowicz Laplacian A; + 2Rm is the operator on symmetric
2-tensor fields h € S*(M) given by

Ash + 2Rmlh] == Bhy; — Ve hyj + 2Rm," hay. (2.5)
in local coordinates.

The divergence theorem shows the drift Laplacian Zf is symmetric with respect to
the weighted volume measure e~/dV of the shrinker.

Lemma 2.10. Let (M",g, f) be a shrinker with volume measure dV .
If h,k € S*(M) are smooth and compactly supported, then

/M@fh, k)yge ! dV = — /Mﬁh,v@ge*fdv. (2.6)

Using Lemma 2.10 with h = k, it follows that the weighted Lichnerowicz Laplacian
arises as the first variation of the energy functional

Elh = ; (— [ 1wnpetav + [ oRmin), h>e—fdv) |

The energy E consists of a Dirichlet energy term [ |Vh|?e=/dV and zeroth order
term [(2Rmlh], h)e=7dV. For an AC shrinker, the weighted volume form near infinity
informally looks like

eI dV ~ e 171 A
where r = distg(po, -) is a radial distance function (see Proposition 1.21). In particular,
AC shrinkers have finite weighted volume [,; e™/dV < oo.

Therefore, the weighted Lichnerowicz Laplacian Zf + 2Rm should in some sense
behave like a linear elliptic operator A + ¢ on a bounded domain 2 C R™. This intuition
indeed holds true for the spectrum of Ay + 2Rm.

Theorem 2.11 (Spectral Basis, [Sto26, Theorem 2.18]). Let (M™, g, f) be an AC shrinker
and let L3(M) denote the Hilbert space of sections h : M — S*M with [y, |h[2e~7dV < oo.

There ezists an L%—orthmwrmal basii{hj};’il of L3(M) such that, for every j € N,
h; is a smooth eigenfunction of Ay 4+ 2Rm with eigenvalue \; € R,

thj + 2Rm[hj] = )\jh]‘.
Moreover, any eigenvalue occurs with finite multiplicity and
MNZAM>X> 2>\ > — —00.

Note that some eigenvalues \; may be positive or 0. However, there are only finitely
many j such that A\; > 0. We can even describe some eigenmodes explicitly.
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Proposition 2.12. Let (M",q, f) be a shrinker. Then

A¢Rc+ 2Rm[Rc] = Re and
AN+ 2RmV f] = 0.

Remark 2.13. Let h; denote eigenfunctions with eigenvalues A; as in Theorem 2.11. If
the rescaled and reparametrized Ricci flow of g(7) = g + h(7) had no nonlinear terms,
that is,

O-h = Ath + 2Rm[h] + EG),

then
h(t) =3 c;eMTh;
J

would be a solution defined for all 7 € R. In particular, h(7) = e¥7h; with \; < 0 would
give a solution such that g(7) — g as 7 — 0.

The goal of the mini-course will be to show that one perturb this approximate solution
to an actual solution of (rrRF) (and thus the Ricci flow) with similar dynamics. To do
so requires a collection of PDE bounds that are the subject of subsequent chapters.
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Chapter 3

Local Estimates

In this chapter, we develop estimates for rescaled and reparametrized Ricci flows that
are close to an asymptotically conical shrinker. The main result of this chapter occurs in
Section 3.4. It provides C? estimates for the solution on a large pre-compact set assuming
coarser global closeness to the shrinker.

Throughout, we assume the following conditions:

Assumption 3.1. e« (M™ 3, f)is an AC shrinker,
e {h;}jen is an L3-orthonormal basis of eigenmodes with eigenvalues {);};en as in
Theorem 2.11,
¢ A < 0is a constant such that A\, ¢ {);}32,, and
o K € N is the unique index such that A\g > A\, > A\gyq.
Additionally, all constants will implicitly depend on M™, g, f and A,.

Let us establish some notation used throughout the remainder of the mini-course.

Definition 3.2. Let (M", 7, f) be a shrinker.
For a smooth tensor field 7" defined on an open subset 2 C M, we define C*-norms

k .
ITlon () == D sup [V'T], (3.1)
i=0 9
weighted L2-norms
1/2
ITlzzie = ( f 1T av) 52

and weighted Sobolev norms

L ' 1/2
[ (Z /. |VJT|2e—de> . (33)
§=0

For an interval I C R and a smooth tensor field T" defined on 2 x I C M x R, define
L*H J’?—norms

1/2
1/2 k ey
e G ALACT Ty =(zo /WIVJTl%dedT> SNCE
J:

and L>*H ]’?-norms
17 HLOOH’“(QXI) := esssup ||1 (T)HH’“(Q)' (3.5)
f Tel f

21
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Remark 3.3. The above “norms” are always defined for smooth tensor fields, but they
could be 4+o00. So, strictly speaking, they are not norms. They will, however, define
norms if one restricts to compactly supported tensor fields for example.

One could consider associated Banach spaces formed from completions with respect
to these norms, but we will typically not require such spaces.

3.1 Evolution Equations for Derivatives

Lemma 3.4. Assume Assumption 3.1, Q@ € M is open, 71 < To, and h is a smooth
solution of

Orh = Ath +2Rmlh] + & on Q0 X (11, Ts).
Then, for any m € Nxq, the derivatives V" h satisfy evolution equations of the form

m+1

0.V h=8,V"h+ Y Br«V'h—divg (hxV""h)  onQx (7,7)
=0

where the tensor fields B" satisfy the following estimate: if 0 < ¢ < 1 s sufficiently
small (depending on m), then

m+1
[A(T)lem+i) <& = Z | B/"| oy £ C(m, Q).
1=0

Proof. For the proof, we will omit overlines to simplify the notation. It will be understood

that all derivatives and curvatures are taken with respect to g.
For the m = 0 case, first rewrite the 2nd-order term in £ as

—hV Vyhij = = Va (B*Vyhi) + Vah™Vyhi; + bV Vo f — B*VyhiVaf
= —divy(h*Vh) +Vh*«Vh—h*Vf*Vh.
The evolution equation for h can then be written as
d:h = Ash + BY % Vh + BY x h — divy(h * Vh).
where
B =Vh+h*Vh+hsh«Vh+Vh+hxV],
BY = Rm+ Rm*h+ Rm«T, and
Tokb — gok(g 4 R — gakghl,
Taking V™ of this evolution equation and commuting derivatives then gives
O, V™h = V"™ Ash — V™ divs(h* Vh) + V™(BY * Vi) + V™(BY  h)
= ApV™h + i V'Rm « V™ 'h
1=0

vf % vl—lRm % vm—lh + Z vl-i—lf % vm—l+1h
=1
le? " vm—l-i—lh + Z VZB(O) % vm—lh

=0

+

Is

NE

_|_

N
I
o

m m—1
—divy (Z V'h x Vm_l“h) + > V'Rm x V™ (D % Vh)
1=0

=
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where we also used the soliton equation V2f = —Rc + % g to simplify the commutator of
V™ and divy. This evolution equation can be written as

m+1

0:V"™h = AV h — divy (b V™) + > B« V'h
=0

where the tensors B/" are continuous functions of h, Vh, ..., V™" h and x € M. Since
Q) € M, it follows that

m—+41
||h||cm+1(Q) < el = Z HBImHCO(Q) < C’(m,Q)
=0

3.2 Local Interior Integral Estimates

Lemma 3.5. Assume Assumption 3.1. Let m € N>o, Q2 € Q' € M be open, 10 < 11 < T,
and h be a smooth solution of

O-h = Ath+2Rm[h] + & on Q' x [19, ).
1. If 79 < 11, then there exists ¢ > 0 (depending on m) and C > 0 (depending on
m, QY 1 — 70) such that
sup ||h(7)||emir )y < €

TE[710,72]

= Ssup vah(T)HLﬁ(Q) + HhHmH;T“(Qx[n,TQ]) < CHhHmH;ﬂ(Q/x[m,m])- (3-6)

TE([T1,72]

2. If 1o = 11, then there exists € > 0 (depending on m) and C > 0 (depending on
m, 2, ) such that
sup ||A(7)||emiry < €
TE[T10,72]

= sup ||vmh<7_)”L?(Q)+HhHL2H}"+1(Q><[TO,Tz})

TE[10,72]
< C (IBll 2 st map + 1R ) - (3.7)

Proof. For the proof, we will omit overlines to simplify the notation. It will be understood
that all derivatives and curvatures are taken with respect to g.
By Lemma 3.4,

m—+1 R
O V"h =A;NV"h+ Y B"+«V'h—divy(h* V"™h).

=0

Consider first the case where 71 > 7. There exists a smooth bump functionn: M xR —
[0, 1] such that

n=1onQx [r, 7], supp(n) C Q' x (79, +00),

and the derivatives Vn, 0,1 are bounded by constants depending on m, 2, ', 71 — 79. We
compute and estimate the time derivative of

/772|th|26_f = /M772|th|26_fdvg.

In what follows,
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e C' >0 is a constant that depends on m (and the soliton M", g, f),

o (' > 0is a constant that depends on m, 2, ), 71 — 79 (and the soliton), and

e (5> 0is a constant that depends on §,m,Q, ', 71 — 79 (and the soliton).
These constants may change from line to line.

d1
dr 2
_ / PV h, 8,V h)e ! + / 0|V h|2e!

(incorporate the evolution equation for V™h)

0’|V h|*e!

m+1

_ /772(th, Aphye™ + 3 /n2<th, B+ V'hye !
=0

- /n2<th, divy(h* V" h))e™! +/n8777\vmh|26_f

(apply the divergence theorem)
m—+1

- _ /mvmﬂhy?e*f - /277V77 « VTh V™ Hhe ™ + % /n2<vmh, B" x V'h)e
=0
+ /n2 s« V™ s s V™ he ™ + /nvn %« Vh % hox V™ he™ ! 4 /n@Tn]thPe’f

m+1

= [T 4 O [l BT bl 4 C Y [l Rl
=0

IN

+ C/nZIBHVm“h\ze’f + C’/n\VnHthHBHVm“h\e’f + /nnT\thPe’f
(apply Young’s inequality)
< (=14C6 + Clhlcoa) ) /n2|vm+1h|2e_f

m+1 m
+C <1+ > IIBZ”IIQCO(Q/WIIhII%O(m)/(IVn|2+n2+nnT)Z|Vlhl2€_f
=0 =0

(use properties of 1)
m+1

< (14 C3+ Cllhlloon) [ 19" b2~ + (1 £ B o + ||h||éom) 1l
=0

The parameter § = §(m) > 0 can be taken small enough so that C'd < i. Additionally, if
0 < € < 1 is sufficiently small (depending on m and the soliton), then

m+1

A 1
||h||Cm+1(Q’) < € — O||h||cO(Q/) < Z and Z ||Blm||%v0(Q/) < C/
=0

by Lemma 3.4. Under these assumptions, it now follows that

1d 2 o f L[ o omriy 2, |2

- m - m < m . .
5 n*|V™h|%e —|—2/77|V h|%e _C’||h||Hf(Q) (3.8)
Integrating (3.8) in time from 7y to 7 € |11, T»] and using properties of 7 gives

X [10,72])*

1 . _
sup = [ [V h(r)Pe ! < Ol

TE[T1,72]
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Integrating (3.8) in time from 7y to 75 and using properties of 7 gives

1 T
X : /Q VPP VT < O3 (3.10)

><[7'0,7’2D'
The statement of the lemma now follows from summing (3.9)—(3.10) and adding the
quantity %HhHQLQH}n ) to both sides.

This completes the proof in the case where 71 > 75. The case where 7 = 7 is left as
an exercise to the reader.

(2 [71,7m2]

Exercise 3.6. Prove Lemma 3.5 in the case where 7o = 11.
(Hint: Mimic the proof for 1o < 71, but with a different bump function 1.)

O
By iterating Lemma 3.5 over a suitable sequence of domains Q2 = Qg € Q; € 2y, €
cor € O, = €@ M and a similar sequence of time intervals, we can replace the LQH}”—

norms on the right-hand sides of (3.6), (3.7) with L?L-norms. The proof is left as an
exercise to the reader.

Corollary 3.7 (L*H}'(Small) + L2H{"*'(Small) < L2L3(Big) + L*H}(Initial)). As-
sume Assumption 3.1. Let m € N>, € Q' € M be open, 19 < 11 < o, and h be a
smooth solution of

Orh = Ath+2Rmlh] + & on Q' x [19, T

1. If 79 < T, then there exists € > 0 (depending on m) and C > 0 (depending on
m,Q, Q1 — 79) such that

sup ||h(7)||emir )y < €

TE[710,72]

— ||h||L°°H}”(Q><[T1,Tz]) + ||h||L2H}n+1(QX[Tl,T2D < C||h||L2L?(Q’X[TO,T2])' (3'11)

2. If 79 = 11, then there exists ¢ > 0 (depending on m) and C > 0 (depending on
m,Q, Q) such that

sup ||h(T)||Cm+1(Q/) < €

TE[70,72]

- HhHL"OH}"(QX[To,Tz]) + ||h||L2H;n+1(QX[TO,TQ])
< C (I1hllz222 (@ romapy + 1O [arp @) - (3:12)

Exercise 3.8. Prove Corollary 3.7.

3.3 Local Interior C" Estimates

There also holds an estimate analogous to Corollary 3.7, but using C"*-norms instead of
weighted Sobolev norms. Its proof is based on Schauder-type estimates, so we omit the
proof and give only the statement.

Lemma 3.9 (C™(Small) < C°Big) + C™(Initial)). Assume Assumption 3.1. Let
m € Nso,Q € Q' € M be open, 179 < 11 < 7o, and h be a smooth solution of

Orh = Ath+2Rmlh] + & on Q' x [19, T
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1. If 79 < 11, then there exists ¢ > 0 (depending on m) and C > 0 (depending on
m, QY 1 — 70) such that

HhHCO(QIX[TOﬂ'QD < € — sup Hh”cm(g) < CHhHCO(Q’X[m,TQ])' (313)

TE[T1,T2

2. If 79 = 71, then there ezists ¢ > 0 (depending on m) and C > 0 (depending on
m, 2, ) such that

[Allco @ ro,m) + 1R (T0) [[em+1(ary < €
— sup ||h||cm(Q) < C (HhHCO(Q’X[To,TzD =+ ||h<7—0)HCm+1(Q/)> . (314)

TE|710,72]

3.4 Local C? Estimate

We now proceed to state and prove the main estimate of this chapter. It yields C?
estimates on a large pre-compact set assuming weaker bounds on the solution and its
initial data. The idea of the proof is to combine the integral estimates with the Sobolev
inequality to achieve C? estimates.

Theorem 3.10. Assume Assumption 3.1, 19 < 11, and h is a smooth solution of

O-h = Aph+2Rm[h] + & on M x [r9,71]. (3.15)
If
NP (T)|[coary < € V7 € [r9,71] (Coarse C° Estimate) (3.16)
||h(7)||L§(M) < pe™T V7 € [10,71] (Fine L} Estimate) (3.17)
1A (70)[|cant2(r<sry) < peT (Fine Local Initial Data Estimate) (3.18)
then

IR(T) || c2((p<ry) < Crpe™ VT € |10, T1] (Fine Local C* Estimate) (3.19)

for some constant Cr (depending only on T', the soliton (M™, g, f), and \.), so long as
[' > 1 is sufficiently large (depending only on the soliton (M",g, f) and \.), 0 < e < 1
is sufficiently small (depending only on T', the soliton, and ), and 7o > 1 is sufficiently
large (depending only on T, i, the soliton, and \)

Proof. For the proof, we will omit overlines to simplify the notation. It will be understood
that all derivatives and curvatures are taken with respect to g.
For i € N, define the open subsets

If I' > 1 is sufficiently large (depending only on the soliton M™, g, f), then Q; € M for
all € N and
91@92@93@"'@91'@....

Let 7 € [19, 71]. There are two cases to consider based on whether or not 7 > 75 + 1.
Case 1: (Long-Time) 7 > 19+ 1
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The Local Interior C™ Estimate (Lemma 3.9) and the assumed Coarse C° Estimate
(3.16) imply
sup |[|h|canr(e,) Srllhllco@sxir—1.) < € (3.20)

[7__577_}

so long as 0 < ¢ < 1 is sufficiently small. In particular, estimate (3.20) implies the hy-
potheses of the Local Interior Integral Estimate (3.11) hold when 0 < & < 1 is sufficiently
small depending on I'. Therefore,

12 (7)||c2(0) Sr Hh(T)HH?n(QI) (Sobolev Inequality)
51‘* ||h||L2L?(QQX[T—%,T]) (Corollary 37, (311))
< ||h||LooL§(ng[Tf§,T])
< petT (by the Fine L} Estimates (3.17)).
Case 2: (Short-Time) 1o <17 <719+ 1

Lemma 3.9, the assumed coarse C° estimate (3.16), and the assumed initial data
estimate (3.18) imply

sup [|hl|cansii,) Srllhllco@axim.r) + [17(70) |canrzy) < €+ pe™ (3.21)

[TO 7T]

so long as 0 < ¢ < 1 is sufficiently small. In particular, estimate (3.21) implies the
hypotheses of the local interior integral estimate (3.12) hold when 0 < ¢ < 1 is sufficiently
small depending on T', and 75 > 1 is sufficiently large depending on I" and p (and the
soliton and A, < 0). Therefore,

(Tl 200y <o 1) @) (Sobolev Inequality)
St 1l 2222 @ax o,y + [1A(70) | 117 02) (Corollary 3.7, (3.12))
St 1Pl 1200 m0,71) + [(70) loani2(@)
< et
where the last line follows from the assumed fine L? estimate (3.17), the assumed initial

data estimate (3.18), and the fact that 70 < 7 < 75 4 1 in this case.
Combining the results of the two cases proves the theorem. O
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Chapter 4

Estimates Near Infinity

In this chapter, we continue to assume Assumption 3.1. The previous chapter obtained
C? bounds on a large pre-compact set. In this chapter, we seek to extend those estimates
to global estimates.

The methods for this chapter, however, are completely different from the previous
chapter. To obtain estimates near infinity, we shall construct supersolutions that, by
the maximum principle, control the C° norm of the solution. A rescaling argument then
bootstraps that C? estimate to a C? estimate.

4.1 Supersolutions

Lemma 4.1. Assume Assumption 3.1. Let 2 C M be open, 1 < 7o, and h be a smooth
solution of

O;h = Dph+ 2Rmlh] + E(h)  on QX [y, 7). (4.1)

Then there ezist C,e > 0 (both depending only on the soliton (M",q, f)) such that

|hlg <e on QX [r, )]
— 8T\h\§ <(1+ C’\h\g)zw% — V§f|h|§+ C|%|§\h\§ on Q X [r1, 7). (4.2)

Proof. Throughout the proof, C' > 0 will be a positive constant depending only on the
soliton (M",g, f) and which may change from line to line. Similarly, 0 < e < 1 will be a
small positive constant depending only on the soliton (M™,7, f) and which may change
from line to line.

First, if |h|; < e, then the metrics ¢ = g+ h and g are comparable, namely,

g<g<2g.

N | —

It also follows from the definition of &, i (2.4) that
|hl; < Clhly and |h[2 < C|h)2  when |hl; <e.
Using the definitions of the error term £(h) (2.3) and h (2.4), it will be convenient to

29
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rewrite
A¢h+2Rm[h] + E(h)
= 7abvavbh — v§fh + m x h
— hN, Voh+ Rmsh+Rmxhxh+ (G+h) "+ (G+h) " +«Vh*Vh (by (2.3))
= (9 + h)**VaVih — Vg h + Rm s h
+Rmxh+Rmshxh+(@G+h) " *(G+h) "« Vh*Vh (by (2.4)).
These estimates therefore yield that, on Q X [y, 7],
1
= (h, Ath + 2Rm[h] + E(h));
= (h, (g + h)"VoVyh)g — (h, Vg h)g + Rm s hx h
+Rmshsxh+Rmshsxhsxh+ (G+h) " %(G+h) "' «VhsVhxh
1 abxo — ab /7 - 1= D
= 5@ + h)*N o Volhlz — (G + ) (Vah, Vih)g — §V§f|h\§ + Rm * hx*h
+Rmshsh+Rmshxhxh+(@G+h) " x@+h) " «VhsVhxh
1 PR = . = 1= S
< 5@ = MV hlg = (G + h)" (Vah, Vih)g = 5V lhlg + C[Rmlglhl7  (by (2.4))
+ C|Rmlglhlglhlg + C|Rim|*|71|*|h|2 + Cl(? +h) GV Rl
1 . _ -
< SO+ CI)T VT2 — L2 — ST Ihf2 + ClBmlylh2

+ C|Rmlglhl2 + C|Vh|Z|hl;
1

1 1
< S+ CIRIGIBIRE + (=3 + Clhly) [VhI2 — ¥ A2 + C| Rl

where the last two inequalities use the facts that |hl; < e, |hlz < |hlg, By < |h|2, and
G+ h ~g. For 0 < ¢ < 1 sufficiently small (depending only on the soliton (M",g, f)),

1 — 1 _
hy<e —s (—2 + cyhyg> VA2 < (—2 + 05) Vh2 <0,
and so we deduce in this case that
8T|h|§ < (1+ C\h|)§|h\§ - vgf]h% + C’\%Hhﬁ on § X [y, o).

[]

On a shrinker (M™, g, f), the potential function f behaves like dist% (Proposition 1.21)

and satisfies the PDE A, f = —f + 5 (1.10). These properties make f a convenient tool

to construct supersolutions to (4.2). To construct supersolutions, the following lemma
will be convenient.

Lemma 4.2. Let (M™,g, f) be a shrinker and let k € R. Then

2
s L
Vi

f

n

KPR (= 1)

Ap(fF) = 5
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Proof. The proof follows from a straightforward computation using the identities (1.8)—
(1.10). 0

Lemma 4.3 (Suspersolution 1). Assume Assumption 3.1 and let Co > 0. For 0 < a < 1,
define u : M — R by

hoal O
Then u satisfies
0-u > (1 + C’O\/ﬂ> Au — Vg u + Co| Rmlgu on{f>T} xR and (4.3)
%<u<a on{f>T} xR (4.4)

if ' > 1 s sufficiently large depending only on Cy and the soliton (M",g, ).

Remark 4.4. How might one guess that these are supersolutions?
Let’s ignore nonlinear terms and simply consider

Au — Vg u + Co| Rmlgu.
Plugging in v = 1 gives

Au— Vg fu+Co|Rm|gquolRm|gN 7

where the estimate follows from the quadratic curvature decay of an AC shrinker.

For an AC shrinker, the soliton equations (1.8) and positive scalar curvature (Propo-
sition 1.21) show
V2 -R
0< Vil _ 1 <1
S f

Thus, Lemma 4.2 gives
‘Zf_l/Q‘ < f—3/2
—Vg /7 = +.fWWﬂ 5/ P -R) = f1”+Mf“%am
‘Collegf V2 S A,

By taking a suitable linear combination of 1 and f~'/?, the —=Vg,f~'/? ~ § f~'/? terms
dominate near infinity and yield the correct sign. The remaimng assumptlons I'>1and
0 < a < 1 are added simply to ensure these f~'/2 terms indeed dominate.

Proof. We omit overlines in this proof to simplify the notation.
A straightforward but tedious computation using Lemma 4.2 shows

d-u — (1 + Cov/u)Au + Vg u — Co| Rm|u
14 _ _3 n  3|Vf]?
— 5 g oGl + - -2 3T 6]

2
+ f_%aCO\/_ [—4 + 5 + z ’v}.ﬂ ]

e “taC, <S}\l4p |Rm|f> + f3% [—ﬂ + 73%aCov/u {—Z]

v
\
=
[N}
|
kﬁ
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where the last inequality uses the facts that R, f > 0 on M (Proposition 1.21) and the

shrinker equations (1.8) to deduce

VP f-R
f f

0< <1
By the definition of u,
u<a<l on M

and
a

usa-——>%59 on {(z,7): f(x) >T}

JT 2

so long as I' > 1. Thus, on the region where f > T,

Oru — (14 Cov/u)Au + Vg yu — Co| Rm|u

> Cf7h = Gy (sup |Bmlf ) = 72T — fT2aCov/al
2 M 4 4
a, 1, 1aCy(sup,, |Rm|f) _iaj _1aCp/af
> _ _ —4 V4
— 2f 2 f 2 \/f f 2 F f 2 1—\
> af 1 Co(supy [Rm[f) n  nGCy
2 VY 4I° 4
This last quantity is positive when I' > 1 is sufficiently large depending only on Cpy,n,
and sup,, |Rm|f < oco. O

4.2 Higher Order Interior Estimates At Infinity

Lemma 4.5. Assume Assumption 3.1. Let 19 < 11 and assume h is smooth solution of

O-h = Aph +2Rm[h] + E(h) on M x [y, 71].

If
(D) lcogssry <& V7 € [r0,71]  (Coarse C° Estimate Near oo)
and [|h(10)|lcs(gr>ry) < € (Coarse Initial C* Estimate Near oo),
then

”h(T)HCQ({f>4F}) < Ce V7 € [To,Tl]

for some C' = C(M",q,f) >0 so long as 0 < ¢ < 1 is sufficiently small and T' > 1 is
sufficiently large (both depending only on the soliton (M™,g, f)).

Ideally, one could prove this lemma simply by appealing to interior regularity estimates
lullc2smanry S |Jtllcopigy for solutions of linear parabolic equations d-u = a”(, t)9;0;u +
b'(z,t)0u + c(x,t)u. There are however two problems with this approach:

1. The £(h) term makes the evolution equation for A nonlinear.

2. The constant implicit in “<” generally depends on the C®-norms of the coefficients

a’,b',c. However, the evolution equation for h has a Ist-order term —Vgh =

—V'fVh, and [V f]| is not bounded on an AC shrinker M. Indeed, the soliton
equation (1.8) implies |V f|?> = f — R ~ dist® near infinity.
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The first issue can be remedied by a more robust interior regularity estimate that
handles nonlinearities like £(h) when h is small (see [Sto26, Appendix C]). The second
issue is handled by a rescaling argument, which is a useful technique in the analysis of
PDEs. In order to gain experience with rescaling arguments, we shall give a proof of the
above lemma under the simplifying assumption that £(h) = 0.

Proof (when E(h) =0). Assume additionally that £(h) = 0 so that h satisfies the linear
PDE
(97-h = th + 2%[}” on M x [7'0, ’7'1].

Fix 7, € (79, 71]. Consider the family #H(s) of symmetric 2-tensor fields on M given
by
H(S) = (1 - S)(b:[h(T* - ln(l - S))], (1 — ™o <s<1-— 67'*77'1)

where ¢s : M — M is the family of diffeomorphisms for the soliton as in (1.4), that is,

1 —
Dsps = 17_8Vf o ¢s, ¢o = Id-
Then H satisfies
OsH
x N . 1
= = ¢ht (1= )0 Lo 00 h + (1= 8)¢0h - (1_5)
= — ¢.h+ oL h + ¢50-h
= ¢} [Ash+ 2Rm[h] + Lgsh — b
= ¢ [Zh —W—i— 2Rmlh] —|—%h + K+ Rcxh — ]’4 (by Exercise 2.8)

where the expression in square brackets is evaluated at time 7, — In(1 — s). Closer
inspection of the 2Rm[h| + Rc * h term above shows that it is of the form

9Rm[h] + Re x h = g ' #R#h

where R = R; € T>(M) here denotes the Riemann curvature as a (i’)—tensor field.
It now follows from using scaling and pullback properties that

OH = ¢t [Zh + g—l#ﬁ#h}
= (1= 8)Aa-sorgdsh + (1 = )((1 = 5)659) "' # R —ss:g# 050
= AjH + 5T #RHAH
where §(s) := (1 — s)¢’g.

Using the fact that f grows quadratically at infinity (Proposition 1.21) and the cur-
vature decays quadratically, one can show the following:

Exercise 4.6. If I' > 1 is sufficiently large depending only on the soliton (M",q, f),
then, for any p € M such that f(p) > T,

Byt 1) € {3500 < £ <200}

and Bg(p,1) € M contains no points conjugate to p.



34 CHAPTER 4. ESTIMATES NEAR INFINITY

Now, fix p. € M such that f(p.) > 40 and denote sy := max{—1,1 —e™"™}. We
consider

OH = AyH + g7\ #R#H  on By(p.,1) X [s0,0]. (4.5)

By Exercise 4.6, Bg(ps, 1) has no points conjugate to p., and so the exponential map
exp,, is a local diffeomorphism onto Bg(p.,1). After pulling back by this exponential
map, the PDE (4.5) for H becomes a linear parabolic PDE system on the Euclidean
domain Bpg,.(0,1) X [sg,0]. Moreover, the coefficients of this PDE can be bounded by
constants that depend on (M™, g, f) but are independent of p.,T.. Therefore, interior
Schauder estimates for linear parabolic PDEs imply

[Hllc2a(By(pe1/2)x[-1/2.0) < ClH | coBy (. 1)x[~1.0)) (when sg = —1)
and

[ H o2 (By(p.1/2)x[s0.0) < C (HHHCO(Bg(P*,l)X[SO,O]) + \|7'l(80)||027a(85(p*71>))
(when —1 < 59 < 0)
where in both cases the constant C' = C(M", g, f) is independent of p.,T.. In the case

where sy = —1, using this estimate and undoing the pullback and rescaling gives the
following estimate for h

Vhlg(pe, 7)) + [V hlg(pa, 72)
= [VH|(ps, 0) + [VZH]5(p, 0)
<C sup [|H]

Bg(p«,1)x[-1,0]

<C sup ||, (Exercise 4.6)
{3 F(pe)<f<2f(p«)}x[-1,0]

=C sup \h|g(z, 7 — In(1 — s))

s€[—1,0],

v€ds({3/(p)<f<2f(p)})

<C sup \h|g(z,T) (Exercise 1.23)
{37 () <f<4f(p)} x[r0,74]

< Ce.

A similar argument also applies in the case that —1 < sg < 0 to show that
Vhl5(pe, 7.) + [VhIg(pe, 7.) < 2Ce.

Since (py, 7i) € {f > 4'} X (19, 71] was arbitrary and the constant C' above is independent
of (p«, T), we have therefore obtained that

|Pllc2(gfsaryy < 2Ce V7 € [10, 1)
Il

4.3 An Additional Supersolution and Interior Esti-
mate

Lemma 4.7 (Supersolution 2). Assume Assumption 3.1 and let Cy,y > 0. For A,k > 0,
define u : M — R by )
ws e (AF - APE).
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Then u satisfies
Oru > (1 + C’g\/ﬂ) Au — Vg u + Co| Rmlgu
on {(x,7) € M X [19,00): I' < f(x) <~ve™} (4.6)

if I' > 1 s sufficiently large (depending only on Cy, k, and the soliton (M",q, f)) and
Ay® < 1.

Lemma 4.8 (Interior Estimate 2). Assume Assumption 3.1. Let A,x > 0, let 79 < 71,
and assume h is smooth solution of

O-h = Ayh +2Rmlh] + E(h) on M X [1g, 7]
If

Bl < A f on{(@,7): T < f(z) <7’ m <7< 7}

3
and |vkh]§ < Ae " f" on {(z,m0): T' < f(z) <~e™},
k=0

then
_ _ 1
Vhls + [Vohl; < CAe ™5 on {(z,7): AT < f(z) < ST <N}

for some C' = C(M",q, f,k) > 0 so long as I' > 1 is sufficiently large and Ay" < 1 is
sufficiently small (both depending only on the soliton (M™,g, f)).

4.4 Global C? Estimate

We now combine the supersolutions and interior estimates from this chapter to improve

the main estimate from the previous chapter (Theorem 3.10) to a C? estimate on all of
M.

Theorem 4.9. Assume Assumption 3.1, 1o < 11, and h is a smooth solution of

O-h = Ayh +2Rmlh] + & on M x |19, 71]. (4.7)
If
| (T)|[cory < € VT € [19, 71 (Coarse C° Estimate) (4.8)
||h(T)||L?(M) < pe™" V71 € [10, T1] (Fine Lf[ FEstimate),
and the initial data satisfies the strong estimate
ant2
> IV h(70)l7 < po min {1, e)‘*Tofp‘*‘} on M, (4.10)
k=0

then, h satisfies the global C? estimate
|hlg + [Vhlg + |72h|§ < min {;, e’\*Tf’\*|} on M X [1g, 7] (4.11)

so long as 0 < e < 1 is sufficiently small (depending only on the soliton (M™,g, f) and
), 0 < p < 1 s sufficiently small (depending only on the soliton and A, ), 0 < g < 1
is sufficiently small (depending only on the soliton, ., and €), and 19 > 1 is sufficiently
large (depending only on the soliton, A, e, 1, o)
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Remark 4.10. The following proof will make use of the maximum principle for parabolic
equations. Since the underlying manifold M is non-compact, it requires some care to
justify the use of the maximum principle. We will ignore those details for the proof and
simply invoke the maximum principle.

Proof. Throughout the proof, C' = C(M",g, f, A\x) > 0 denotes a positive constant de-
pending only on the soliton (M™,7, f) and A, and which may change from line to line.
Fix ' = I'(M™, g, f, \x) > 1 to be a constant large enough so that the results of the
last two chapters apply with this choice of I'. Let 0 < 6 = 6(M™, 7, f, \s,e) < e < 1 be
a small constant to be determined.
The assumption on the initial data implies

1a(70) [|oams2(gp<sry) < poe ™ (3T) M.
Theorem 3.10 therefore implies
Hh(T)HCQ({f<F}) S CF max{,u, Mo(BF)M*‘}e)\*T S 5 VT € [7’0, 7'1] (412)

if 0 < e < 1 is sufficiently small (depending on T') and 75 > 1 is sufficiently large
(depending on I, p, pg, ).
Lemma 4.1 implies

Orlhf5 < (1+ Colhlg) Alhlg — V|15 + ColRmlglhlg  on M x [ro, 7]

for some Cy = Co(M"™, g, f) > 0 when 0 < ¢ < 1. By Lemma 4.3, the function v =
252 — % is a supersolution to this equation on

{f>T} x[r,7]
so long as I' > 1. Additionally, (4.12) implies that, along the lateral boundary {f =

F} X [70,7'1],
h]2 <6 <.

The assumption on the initial data implies that, on {f > T'} x {7},
2 < i < 3 <
if 0 < pup < 4. Therefore, the maximum principle implies that
|hlg < Vu < V26 on {f >T} x [, 7).
Combining this estimate with (4.12) gives the global C° bound
lhlg < V20 on M x [, 7). (4.13)
The assumption on the initial data also implies
(o)l s>y < o <6
if 0 < po < d. The interior estimate at infinity (Lemma 4.5) now applies to show

R (T)||c2(gp>ry) < C6 VT € [19,71]
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when 0 <0 <e < 1andI'> 1. Combining with (4.12) yields

2
S VRl < 06 <
k=0

on M x |19, 7] (4.14)

DO ™

if 0 < 6 < 1 is sufficiently small (depending on ¢).

By similar logic using instead the supersolution from Lemma 4.7 and the interior
estimate Lemma, 4.8, one can show the remaining C? bound. The argument is left as an
exercise

Exercise 4.11. For parameters e, u, o, and Ty sufficiently large or small as in the state-
ment of the theorem, show that

2
Z |th|§ < M7 fIA] on M X |19, 71].
=0

1

(Hint: Note that Ae*" [l > ¢ when f > A_ﬁelk*lef}

With the exercise and estimate (4.14), the proof is complete. ]
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Chapter 5

Ricci Flows Forming AC Shrinker
Singularities

In this chapter, we combine the analysis of the previous chapters to show that, given any
AC shrinker, there exists a Ricci flow starting from certain perturbations of the shrinker
metric for which the flow develops a finite-time singularity modeled on the shrinker (Corol-
lary 5.8). The overall proof strategy aims to perturb the approximate Ricci flow solutions
from Remark 2.13 to an actual Ricci flow with similar dynamics. To obtain the suitable
perturbation, we appeal to a Wazewski Box argument [Waz47].

5.1 Overview of the Wazewski Box Argument

Wazewski Box arguments are one method to perturb approximate solutions of a differ-
ential equation into exact solutions of the equation [Waz47]. We outline the strategy of
this argument.

/ S*(M)
%’o;‘m) /

A | 1

e

First, construct a “box” B = U, <;<0o(B(T) X {7}) such that
o B(7) shrinks down to 0 as 7 — oo (t — 1) and

N\
i

39
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o each time-slice B(1) C 8§?(M) splits off a finite-dimensional factor
B(r) = BX (1) x B*7(7)

such that each factor is a closed ball.
Consider a collection of initial data hy(7y) parametrized by p (and initial time 7) as
in the picture. Let hy(7) = hp(7;70) denote the corresponding solution of

0-hp = Ashp + 2Rmhp)] + & (hy) (5.1)
i |

T0;T0) = hp(70)-

Suppose for the sake of contradiction that all hp(7) exit the box B at some finite
time 7.t (p) < co. Develop an argument to show that hp(7) can only exit through the
finite-dimensional portion

(0BX(7)) x B~ (7) ¢ 9B(7).

<8BK(T)) x B~ (1) ~ SK=1 is homotopic to a K — 1 sphere. If the parameters p vary
over a closed K-dimensional ball B¥, then the function

| O Mae hp(Texit(p)) < (3BK) X BOO_K ~ SK_I

can be used to construct a continuous retraction BX — SX~!. However, no such retrac-
tion exists by homology considerations. This contradiction therefore indicates that there
exists p. such that hp, (7; 7)) never exits the box B. Since B(7) shrinks down to 0 as
T — 00, this shows that hp, (7;7) is a solution to (5.1) that limits to 0 as 7 — oc.

5.2 Definition of the Box

Definition 5.1. Assume Assumption 3.1.
For h € L3(S*(M)), define

K o
T h = Z(h’ hk)Lffhk and msh = . > (h, hk)Lf,hk
j=1 Jj=K+1

to be the Lfc—projections onto the part of the spectrum above and below A,.

Definition 5.2 (The Box). Assume Assumption 3.1. For parameters ¢, u > 0, define
Blr] = Blr; p, €]

to be the set of h € S?(M) such that

||7TuhHLf,(M) < petT (5.2)
I7shllz2any < pe (5.3)
and |1z < e. (5.4)
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5.3 Evolution of L7(M) Norms

Lemma 5.3. If h € S*(M) satisfies

2
>" [V hlg < min{e, ¥ 7M1},
k=0

then
I1E(h) ||L§(M) < Ce*T

for some C' = C(M™, g, f,A\«) >0 solong as 0 < e < 1 and 7 > 79 > 1 (both depending
only on the soliton (M™,g, f) and \,).

Proof. By the definition of the error term £(h) (2.3), there holds the pointwise estimate
— —9 2
EW)l5 S (Iklg + [Vhlg + [Vhl5)

when 0 < € < 1. Therefore,

2 _ 2 —f v 2 ~f g1
€3, = [ €k avet [ gl tav;

S €4A*Tf4|/\*|e—fd‘/§ + / €4€_fd‘/§
{f<em} {f>e7}
< thr / Fle=fqve + e lavs.
M {f>e7}

Since f grows quadratically (Proposition 1.21) and the shrinker is asymptotically conical,
it can be shown that

/ f4|>\*|e—fd‘/§ < 00 and / : e_fd‘/g 5 e_ﬁ(eT) S 64)\*7'
M {f>e™

when 7 > 79 > 1. The claimed estimate for ||£]| 12(M) follows. O
Lemma 5.4. Assume Assumption 3.1. Let 19 < 71 and let h be a smooth solution of
O-h = Ash +2Rm[h] + E(R) on M x |1, 7]

such that
2
Z \vkhlg < min{e, e)‘*Tfl’\*l} on M x [1g,T1].

k=0

Then, for all T € [y, 1], the stable and unsta ble projections satisfy

d, s, N ]
e mbllzgan = O = Alle  mbllpan = CN and

d. . L )
d*THe A mshllzzoan < (A = Adlle A mshllzzan + Cetm

for some C = C(M",q, f,\) >0 so long as 0 < e < 1 and 79 > 1 (both depending only
on the soliton (M™,q, f) and X, ).
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Proof. We compute

d — AT 2
%He WuhHL?(M)
= — 2\ 2T 7Tuh||%? + 26_2)‘*7(7ruh,877ruh),—4§
= — 2\ T 7Tuh||%? + 277 (1, h, (Af + M)Wuh)L? + 26_2’\*7(7ruh,%€(h))L§

Z _ 2)\*6—2>\*T

7ruh||2L? + 26_2)‘*7)\K||7Tuh||2L? — 2e7 2T

> 2(\g — M)He‘“%ﬁ”%i —2CeMT

w3 €112

e_A*TWuhHLf,

where the last inequality follows from Lemma 5.3 when 0 < ¢ < 1 and 79 > 1. Thus,

d ., _ _
%He A*T7Tuh||L§(z\4) = (Ax = A)lle )\*Tﬂ-uhHLf,(M) — CeMm,
An analogous argument applies to show the claimed estimate for %HG*A*TWShH 12(M)-
]

Corollary 5.5. Assume Assumption 3.1. Let 19 < 11 and let h be a smooth solution of
87-h = th + ZW[h] + g(h) on M x [7'0, 7'1]

such that )

> |vkh|§ < min{e, M7 fM1} on M X [19,7].
k=0
Let 1 > 0. If0 < e < 1 (depending only on the soliton and \.) and 79 > 1 (depending
on the soliton, A, and 1), then the following hold:
1. (Cannot Exit through Stable Side)

||7Tsh(To)HL§ < pet = ||7Tsh||L§ < petT VT € [70, T1).

2. (Hits Unstable Side Transversely) [f”ﬂ'uh(T)”L? = pe™" for some T € (19,71), then,
at that time T,

i H e—)\*T
dr
Proof. (Cannot Exit through Stable Side)
Suppose for the sake of contradiction that there is a time such that ||7sh(7)|| 12 = perT
and consider the first such time. Then, at this time,

d — AT
%He As ’/TSh(T)HL? > 0. (5.5)

On the other hand, Lemma 5.4 implies that at this time

Tl ()l 2201y > 0.

iHe_)\*TWSh(T)HLZ < kg1 = A le M Tmah(n) |2 + CeM™ = (Mg g1 — A + Ce ™.
dr f f

Since A1 < A < 0, this quantity will be negative for 79 > 1 (depending on p), which
contradicts (5.5).

(Hits Unstable Side Transversely)

If H7ruh(7')\|Lz} = pe™T, then Lemma 5.4 implies, at this time,

@
dr
Since A\, < 0 and Ag > A, this quantity will be positive if 75 > 1 (depending on p). [

le™ mh(7)l2 > (Ak = )™ Tmh(7)ll g — Ce™™ = (Ax — A — Ce™ ™.
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5.4 The Main Result and Its Proof

Lemma 5.6 ([Sto26, Proposition 2.33]). Assume Assumption 3.1. Then for any j,m €
N with j < K, there exists a constant C,, = Cp(M",q, f, \,,m) > 0 such that the
eigenfunction h; satisfies the pointwise derivative estimate

V" hilg < Conf™ on M.

Theorem 5.7. Assume Assumption 3.1. Fix a cutoff function® n: M — [0,1] such that

nx)=1 on {f<;em}, suppn C{f <e™},

and sup |V'nl; < Cp = Co(M™, G, f. A\ k) Vk €N.
M

So long as

e 0 <e<k1 (depending only on the soliton and \,),

e 0 <19 <1 (depending only on the soliton, \., and ),

e 0 < pu <1 (depending only on the soliton, A\, €, and ry),

o 0< g <1 (depending only on the soliton, A, €, and rq),
and

o 79> 1 (depending only on the soliton, A, e, 7o, 14, 1o,

the following holds:

If the initial data h(ry) € S*(M) is such that

[’Le)\*ﬂ'o’

Hh(TO)HL;(M) < pipe™™, ||7Tsh(TO)HL§(M) < 3

and

4An+2 .
Z |V]h(70)|§ < o min {1, e’\*mf|’\*‘} ,
§=0
then there exists a perturbation of the form
K
hp(10) = h(70) +ne™™ Y pih;
j=1
for some p = (p1,...,px) € By, € RE such that the solution to
Orh = Ayh +2Rmlh] + E(h) (5.6)
starting from hy(70) exists for all 7 > 19 and hp(T) € B[T; p, €] for all 7 € [19,00).
Proof. Consider the collection of initial data
K
hp(10) = h(70) +ne™™ Y pihy
j=1

parametrized by p € B,, C R where B,, denotes the closed Euclidean ball of radius g
centered at the origin.

By exploiting the correspondence between (rrRF) and (RF) (Proposition 2.6), it is
possible to show that the corresponding solution hy,(7) to (5.6) starting from hy,(7) exists

'Such cutoff functions always exist when 7y > 1 depending on the soliton and .
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for 7 € [0, 7.(p)). Without loss of generality, take 7.(p) € [1, 00] to be the maximal
existence time.

Suppose for the sake of contradiction that, for each p € B(0, 1), the solution hy(7) ¢
B[7; p, €] for some 7 < 7.(p). Define 7..4(p) to be the infimum of such times.

Consider the function
®:B,, —RF

B(p) = ((hp(Teait (P)): P 22ar))

Claim 1. The image satisfies

1<k<K

®(B,,) CR"\ {0}
so long as 0 < ¢ < 1, 0 < pg,rog < 1 (depending on ), 0 < p < 1, and 15 > 1
(depending on e, i, o, 7).

Proof of Claim. Let p € B,,. Then h,(7) € B[r; i, €] for all 7 € [0, Texir(P))-
By the pointwise estimates for h; (Lemma 5.6), the initial data satisfies

4An+2 i 4An+2 - N K 4An+2 —
DV hp(r0)lg < Y IV A(o)lg+ e psl D IV (nhy)lg
=0 =0 =1 k=0

< Moe)\*’rofpx*\ + CeA*TOTOfM*\
— (MO + CT(])@)\*TOfl)\*‘

for some C' = C(M™,q, f, \x) > 0 which may vary from line to line. Similarly,

4An+2

> [V hp(T0)lg

=0

4n+2 i K 4n—+2 —k
< S VR g+ e pil Yo IV (nhy)lg

=0 j=1 k=0
< 1 + Cerrg(e7) (suppn C {f <e™})
< (po + Cro) (A <0)

for some C' = C(M™, g, f, \.) > 0.
Combined with the estimates provided by B[7; i, €], the global C? estimate (Theorem
4.9) gives
2 )
Z thp(r)b < min {;, eA*Tfl’\*} VT € [10, Terit(D)]
7=0
solong as 0 < ¢ < 1, 0 < pp,ro < 1 (depending on €), 0 < p < 1, and 75 > 1
(depending on e, , f19,79). In particular, hp cannot exit the box B through the side
defined by ||h[|cor) = €.
We also have

K

1mshp (o)l 2 < llmsh(ro) o2 + €™ > Ipjlllms(n — 1)hyll 2
j=1

<

W=

K
6)\*7'0 —|— Oe)\*TOTO Z ||h]||L?c({f>%eT}) (57)

=1
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By the h; pointwise estimates (Lemmma 5.6), for any 1 < j < K,
/ Ih[2efdV < / FMleIqy < e o3¢ (5.8)
{f>5e70} {f>5e70}
if 79 > 1. Indeed, the last inequality follows from approximating

/ fle=fqv ~ r2Aele= i n =l d A
{f>31em0} {r>v/2e70/2}

Inserting this estimate into (5.7), it follows that

1
*6/\*7—0

||7rshp(7—0)”L§ < 5

if 7o > 1 (depending on p,7g). Corollary 5.5 then implies

o
oy < 5> ¥r € [, T (D))

That is, hp cannot exit the box B through the side defined by ||7sh(7)]] 12 = perT.
Therefore, hyp can only exit the box B through the side defined by ||m,A| 2 = e,
Hence,

®(p) = ((hp<7—exit(p>)7 hk>L';(M)) # 0

1<k<K

Claim 2. ® is continuous.

Proof Sketch of Claim. Tt suffices to show that p — 7., (p) is continuous.

The proof of the previous claim shows that hj can only exit the box B by saturating
the inequality ||7Tuhp||L§(M) < pe*™. By Corollary 5.5, this implies ||7ruhp(7')||L? > peMT
for 7 slightly larger than 7..;(p). By continuous dependence of solutions on their initial
data, hyp then “pulls” nearby hy out of the box for nearby times. Hence, 7., (p’) cannot
be much larger than 7.,;(p) for p’ near p.

Corollary 5.5 implies ||m,hp(7)]| 13 < per™ for 7 € [19, Tewit(p)). Combined with the
proof of the previous claim, this implies hp(7) lies in the interior of B(r) for 7p < 7 <
Tezit(P). By continuous dependence of solutions on their initial data, h, “pulls” nearby
hy into the box for nearby times, and so 7..+(p’) cannot be much smaller than 7., (p)
for p’ near p.

This proves p — Tegit(P) is continuous. O

Claim 3. If A = B,, \ B,,/2 denotes the closed annulus, then the restriction ®|5: A —
R\ {0} is homotopic to the identity Idz : A — A C RX\ {0} so long as po < 185,
p <", and 1o > 1 (depending on ro).

Proof of Claim. We compute
K K

oy = (X D pihiy hy)z + (7o), e + (L= m)e™™ Y pihi, hy)
i=1 i=1

K
_ e)‘*mpj + <h(70), hj>L§ + <(1 — n)eA*m Zpihi, hj>L?.

i=1

{hp(70); j) 12



46 CHAPTER 5. RICCI FLOWS FORMING AC SHRINKER SINGULARITIES

We have

AxTO
;

[(h(70). hy)z

< Ho€

and, using (5.8),

K
1 1
S) e)\*TO Z |pz||’hl”L?({f>%eTo}) S e)\*TOTOeim(EGTO)
=1

K
(L =n)eM™>" pihy, hj>L‘;;

i=1

) To
- 100K

if 70 > 1 (depending on rp). So

To

(hp(70), hj>L§ =eMp; +eME  where |E| < g+ 100K

70

If also pg < 0o

follows that

and 2 > i, then we see T.,u(p) = 79 for all p € A. Additionally, it

®,(p) = eM™p + s(®(p) — e p)

is a homotopy from ®|5 to e*™Id5 (through maps A — R\ {0}). eM™Id is clearly
homotopic to Idz so the claim is proved. O

In summary, we have a continuous map @ : B,, — R*\{0} such that ®| is homotopic
to the identity Idg : A — R¥\ {0}. The latter property implies ®|5 induces the identity
map map on (K — 1)""-homology groups

Id: Hx_(A) 2 Z — Hp_(RF\ {0}) 2 Z.
On the other hand, the former property implies
(s,p) = @(sp)  (s,p)€[0,1] x A

defines a homotopy from ® | to a constant map, which induces the zero map on (K —1)"-
homology groups B
0: Hy 1(A) 27— Hg (R )\ {0}) = Z.

This contradiction proves there exists some p. € B,, such that hy, (1) € B[r; i, €] for all
T € [10, T(P))-

Finally, if 7.(p.) < oo, then the fact that hy, (1) € B[r] for all 7 € |79, Tu(ps)) would
give sufficient estimates to extend the solution hy, to times beyond 7.(p.), contradicting
the maximality of 7.(p.). Hence, 7.(p.) = 00 and hy, (1) € B[7] for all T € [19,00). [

By Proposition 2.6, a solution h(7) € B[r] for all 7 > 7y gives sufficient estimates to
transform the rescaled reparametrized Ricci flow solution g+ h(7) to a Ricci flow solution
G(t) with time t defined by 7 = —In(1 — ¢). The above theorem (with suitably chosen
e, i) therefore yields the following corollary.

Corollary 5.8. Assume Assumption 3.1. Fiz a cutoff function as inn : M — [0,1]
as in Theorem 5.7 (and with e ™ = 1 —1ty). Let ¢y : M — M denote the family of
diffeomorphisms associated to the soliton as in Theorem 1.14.

Consider ty < 1 and initial data

G(to) = (1 = to)¢y, (9 + 1)
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such that
||h||L;(M) < po(1 —to)*, ||7Tsh||L§(M) < 5(1 —to)™!, and
4n+2 .
> [V'hlg < pomin {1, (1 — to) ™ fM1}
=0
If

e 0 <1y <1 (depending only on the soliton, A, ),
e 0 < po <1 (depending only on the soliton, \.,ro),
and
e 0<1—1ty<1 (depending only on the soliton, A, 1o, o),
then there exists a perturbation of the form

K
G(tO) = (1 - t0>¢:0 (g +h+ (1 — to)p\*‘ﬁ Zp]h]) with |(p1, R ,pK)‘ <7y

Jj=1

such that the Ricci flow G(t) starting from G(ty) exists for t € [ty,1), develops a finite-
time singularity at time 1, and the singularity is modeled on the AC shrinker (M",g, f)
in the following sense: there exists a family of diffeomorhpisms vy : M — M (t € [ty, 1))
such that the rescaled and reparametrized solution satisfies

Cloe(M.g)

1 —1\* /% loc —
17—t(¢t ) Ui G(t) t/—1> g.

Remark 5.9. By the definition of the box B, the convergence ﬁ(gzﬁt_l)*w;‘G(t) ;? 7]
happens at a rate of at most (1 —¢)**I. A priori, the box B only gives L? convergence,
but the local C? estimate (Theorem 3.10) and local interior C™ estimate (Theorem 3.9)

improve the convergence to a C}%. convergence.

Using similar techniques as presented in this mini-course, one can even “compactify”
the Ricci flows in Corollary 5.8 to find Ricci flows on closed manifolds that form finite-
time singularities modeled on any given AC shrinker. In particular, any AC shrinker
arises as a finite-time singularity of some Ricci flow on a closed manifold.

Theorem 5.10 ([Sto26]). Let (M™,g, f) be an AC shrinker. Then there exists a closed
manifold M™ and a Ricci flow (G(t))cjo,r) on M such that the flow develops a finite-time
Type I singularity at T < co which, informally speaking, is modeled on the given shrinker

(M., g, f).
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