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Abstract

Given n ∈ N, we study the conditions under which a finite field of prime order q will
have adjacent elements of multiplicative order n. In particular, we analyze the resultant
of the cyclotomic polynomial Φn(x) with Φn(x + 1), and exhibit Lucas and Mersenne
divisors of this quantity. For each n 6= 1, 2, 3, 6, we prove the existence of a prime qn for
which there is an element α ∈ Zqn where α and α + 1 both have multiplicative order
n. Additionally, we use algebraic norms to set analytic upper bounds on the size and
quantity of these primes.

Keywords: finite fields, cyclotomic polynomials, resultants

1. Introduction

For a natural number n, the nth cyclotomic polynomial, denoted Φn(x), is the monic,
irreducible polynomial in Z[x] having precisely the primitive nth roots of unity in the
complex plane as its roots. We may consider these polynomials over finite fields; in
particular, α ∈ Zq is a root of Φn(x) if and only if α is a primitive nth root of unity in
Zq. We can thus find elements of order n in Zq by studying the roots of Φn(x).

It is well known that for prime q, a finite field Zq will have a cyclic group of units Z×q .
For each divisor m of |Z×q | = q − 1, there is a unique multiplicative subgroup of Z×q of
order m. While the algebraic structure of Zq has been fully investigated, the additive
gaps between elements of these subgroups have not been well studied. To this end, we
are concerned with categorizing the finite fields of prime order in which we can guarantee
two generators of the same subgroup are of the form α and α + 1. By the properties of
the cyclotomic polynomial, such an α exists if and only if Φn(x) and Φn(x+ 1) share a
root in Zq.

Our main tool for finding shared roots of Φn(x) and Φn(x+ 1) is through the resultant
of these polynomials. The resultant of two polynomials over a field K is defined as the
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product of the differences of their roots in the algebraic closure of K:

Res(f, g) =
∏

x,y∈K:f(x)=g(y)=0

(x− y).

Clearly, the resultant of two polynomials over a field K vanishes if and only if they share
a root in the algebraic closure of K. We can calculate the resultant of our two polyno-
mials Φn(x) and Φn(x+ 1) over Q, and observe that if this quantity vanishes modulo q,
where q is prime, then Φn(x) and Φn(x+ 1) share a root in the algebraic closure of Zq.
It is well established that the cyclotomic polynomial Φn(x) splits in Zq[x] if and only
if q ≡ 1 (mod n), so our problem is reduced to finding prime divisors of our resultant
which are 1 modulo n. Guaranteeing the existence of these divisors is nontrivial. In this
paper, we confirm the existence of such divisors for all n 6= 1, 2, 3, 6. Further, we give an
upper bound on the size and quantity of these divisors.

The resultant of two cyclotomic polynomials has been studied in detail [7]. Additionally,
the resultant of the polynomials xn − 1 and (−x − 1)n − 1 has been researched; this
resultant is known as the Wendt Binomial Circulant Determinant [4]. However, the
resultant of Φn(x) and Φn(x + 1) has not been thoroughly investigated. Our study of
this resultant will allow us to establish the existence of fields containing two consecutive
elements of multiplicative order n.

2. Prime Divisors of the Resultant

Throughout this paper, we let n ∈ N unless otherwise stated. Here we denote by Γn the
resultant of Φn(x) and Φn(x+ 1), and find prime divisors of Γn. By the definition of the
resultant, it can be written as

Γn =
∏

(`,n)=1
(j,n)=1

(ζ`n − ζjn + 1),

where ζn denotes a primitive nth root of unity. We use the fact that
∏

(`,n)=1 ζ
`
n = 1 in

numerous proofs throughout this paper. The following lemma gives a convenient integer
factorization of Γn.

Lemma 1. For n > 1, we have

Γn =
∏

(j,n)=1

NQ(ζn)/Q(ζn − ζjn + 1),

where NQ(ζn)/Q denotes the algebraic norm over the field extension Q ⊂ Q(ζn).

Proof. As stated above,

Γn =
∏

(`,n)=1

∏
(j,n)=1

(ζ`n − ζjn + 1),
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and
NQ(ζn)/Q(ζn − ζjn + 1) =

∏
(`,n)=1

ζ`n − ζ`jn + 1.

The result follows from the fact that the sets {ζ`n − ζ`jn + 1 : (`, n) = (j, n) = 1} and
{ζ`n − ζjn + 1 : (`, n) = (j, n) = 1} are equal. �

As the norm of an algebraic integer is a rational integer, the above factorization is in
fact an explicit integer factorization of Γn.

We now discuss a result which provides us with a connection to the Lucas numbers [5].

Lemma 2 (Konvalina). Let Ln denote the Lucas number of index n. We have that:

∏n
`=1 ζ

2`
n + ζ`n − 1 =

{ Ln n is odd
Ln − 2 n is even

The following proposition gives the existence of Lucas divisors of Γp when p is prime.

Proposition 1. For p > 3 prime, the pth Lucas number Lp divides Γp twice.

Proof. We have that

Lp =

p∏
`=1

(ζ2`p + ζ`p − 1) =

p−1∏
`=1

ζ−`p (ζ2`p + ζ`p − 1)

=

p−1∏
`=1

(ζ`p − ζ−`p + 1) = NQ(ζp)/Q(ζp − ζp−1p + 1),

where NQ(ζp)/Q(ζp − ζp−1p + 1) divides the resultant. Observe also that

NQ(ζp)/Q(ζp − ζ2p + 1) =

p−1∏
`=1

(ζ`p − ζ2`p + 1)

=

p−1∏
`=1

ζ−`p (ζ`p − ζ2`p + 1) =

p−1∏
`=1

(ζ−`p − ζ`p + 1) = Lp.

As both norms appear in the factorization of Γp, we have L2
p | Γn, as desired. �

The following three lemmas guarantee primitive divisors of Lucas numbers of the form
1 modulo n, which is critical in proving our first theorem. We provide a proof for the
first of these lemmas; the remaining two may be found in the literature [2, 6].

Lemma 3. For all n > 6, Ln has a primitive prime divisor.

Proof. Note the property that F2n = FnLn, where Fn is the Fibonacci number of index
n. By Carmichael’s Theorem for Fibonacci numbers, Fn has a primitive prime divisor
for all n > 12, so our result follows. �
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Lemma 4. Whenever n is odd, Ln = 4tM , where M is odd, t = 0, 1, and the prime
factors of M are of the form 10m± 1.

Lemma 5 (Brillhart, Montgomery, Silverman). If p is a primitive, odd, prime divisor
of Ln then:

p ≡ ±1 (mod 10) ⇒ p ≡ 1 (mod 2n)
p ≡ ±3 (mod 10) ⇒ p ≡ −1 (mod 2n)

By the previous three lemmas, whenever n ≥ 7 is odd, every primitive odd prime divisor
p of Ln satisfies p ≡ 1 (mod n). We now have the necessary machinery to prove one of
the main results of this paper.

Theorem 1. For every odd n ≥ 5, there exists a prime q ≡ 1 (mod n) such that q|Γn.

Proof. When n = 5, Γ5 = 121. Thus we have 11|Γ5 and the theorem holds.

We now look at n ≥ 7. As n is odd, we have by Lemma 4 that Ln = 4tM . We first treat
the case where 3 - n.

If 3 - n, then Ln is odd, therefore Ln = M where M has divisors as defined in Lemma
5. We now have the following statement:

∏
(`,n)=1

(ζ2`n + ζ`n − 1)
∣∣∣ n∏
`=1

(ζ2`n + ζ`n − 1).

As
∏n

`=1(ζ
2`
n + ζ`n − 1) = Ln = M , it follows that

∏
(`,n)=1(ζ

2`
n + ζ`n − 1)|M . Similarly,

since
NQ(ζn)/Q(ζn − ζn−1n + 1)

∣∣∣Γn
and

∏
(`,n)=1(ζ

2`
n +ζ`n−1) = NQ(ζn)/Q(ζn−ζn−1n +1), it follows that

∏
(`,n)=1(ζ

2`
n +ζ`n−1)

∣∣Γn.

By Lemma 3, Ln has a primitive prime divisor q, so q|M and therefore q ≡ 1 (mod n)
by Lemmas 4 and 5. It remains to show that q|NQ(ζn)/Q(ζn − ζn−1n + 1), which would
imply that q|Γn, yielding the desired result.

Note that

Ln =
n∏
`=1

(ζ2`n + ζ`n − 1) =
∏
d|n

∏
(`,d)=1

(ζ2`d + ζ`d − 1) =
∏
d|n

NQ(ζd)/Q(ζd − ζd−1d + 1).

Suppose by way of contradiction that q - NQ(ζn)/Q(ζn − ζn−1n + 1). We would then have
that q|NQ(ζd)/Q(ζd− ζd−1d + 1) for some d < n. This implies that q|Ld, which contradicts
q being a primitive prime divisor of Ln.
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Therefore q|NQ(ζn)/Q(ζn−ζn−1n +1), and thus divides our resultant. Since q ≡ 1 (mod n),
we have shown our result.

In the case where 3|n, we have that Ln is even and of the form 4M . Since each Lucas
number for n > 6 has a primitive prime divisor, and 2|L3, there is some odd primitive
prime divisor q of Ln. Clearly q|M , so q ≡ 1 (mod n) by previous lemmas. By the same
argument as above, q|NQ(ζn)/Q(ζn − ζn−1n + 1), and therefore divides the resultant. �

By Theorem 1, we have that when n ≥ 5 is odd, there exists at least one prime divisor
q of Γn which satisfies q ≡ 1 (mod n). This guarantees that for each such n, there exists
a field Zqn with α ∈ Zqn such that both α and α+ 1 are primitive nth roots of unity. In
the case where n = p is prime, we provide a constructive method of determining such
primes q. This follows immediately from the next lemma.

Lemma 6 (Daykin, Dresel). When p > 3 is prime, each divisor d of Lp satisfies d ≡ 1
(mod p).

The following corollary follows immediately from Proposition 1 and Lemma 6.

Corollary 1. For any prime q|Lp where p > 3 is prime, there exist two adjacent elements
of order p in Zq.
The following lemma allows us to prove the existence of the desired prime divisors of
Γ2n when n is odd.

Lemma 7. Whenever n is odd, Γ2n = Γn.

Proof. Apply the observation that

Res(Φ2n(x),Φ2n(x+ 1)) = Res(Φn(−x),Φn(−x− 1)) =
∏

(`,n)=1

∏
(j,n)=1

(−ζ`n − (−ζjn − 1))

=
∏

(`,n)=1

∏
(j,n)=1

(−ζ`n + ζjn + 1) =
∏

(`,n)=1

∏
(j,n)=1

(ζjn − (ζ`n − 1))

= Res(Φn(x),Φn(x+ 1)).

�

Corollary 2. For q prime, Zq has adjacent elements of odd order n if and only if Zq
contains adjacent elements of order 2n.

Proof. If n and q are odd positive integers larger than 1, then q ≡ 1 (mod n) if and only
if q ≡ 1 (mod 2n). The result then follows from the previous lemma. �

When n > 3 is odd, or n = 2k for any odd k > 3, we have shown that there exists a
prime q ≡ 1 (mod n) such that q|Γn. Equivalently for any such n, there exists a field
Zq containing an element α such that α and α + 1 are both of multiplicative order n.
Using a different algebraic norm, we now obtain equivalent results for n ≡ 0 (mod 4).
We first establish the following two preliminaries. The first lemma, originally due to
Bang [1], has been proven independently many times. The interested reader should see
[8] for more in depth discussion.
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Lemma 8 (Bang). For each n > 6, the Mersenne number Mn = 2n − 1 has a primitive
prime divisor.

Lemma 9. If 4|n, then Φn(−x) = Φn(x).

Proof. Note that (`, n) 6= 1 if and only if (n
2

+ `, n) 6= 1. Therefore

Φn(−x) =
∏

(`,n)=1

(−x− ζ`n) =
∏

(`,n)=1

(x+ ζ`n)

=
∏

(`,n)=1

(x+ ζ(n/2)+`n ) =
∏

(`,n)=1

(x− ζ`n) = Φn(x).

�

Theorem 2. For each positive n ≡ 0 (mod 4), there exists a prime q ≡ 1 (mod n) such
that q|Γn.

Proof. One may compute Γ4 = 5 to verify that theorem holds in this case. Now suppose
n > 6, and see that NQ(ζn)/Q(ζn − ζ(n/2)+1

n + 1)|Γn, where

NQ(ζn)/Q(ζn − ζ(n/2)+1
n + 1) = NQ(ζn)/Q(ζn − (−1)ζn + 1) = NQ(ζn)/Q(2ζn + 1)

=
∏

(`,n)=1

(2ζ`n + 1) =
∏

(`,n)=1

−ζ`n(−2− ζ−`n )

=
∏

(`,n)=1

(−2− ζ−`n ) = Φn(−2).

As 4|n, we have by the previous lemma that Φn(−2) = Φn(2), which is the primitive
part of the nth Mersenne number (which is guaranteed to exist as n > 6). We claim
that there exists a prime q dividing Φn(2) which must be 1 modulo n. As Φn(2) is the
primitive part of 2n − 1, it will have a primitive prime divisor q. It follows that 2n ≡ 1
(mod q), and as q is a primitive prime divisor of 2n− 1, we have 2d 6≡ 1 (mod q) for any
d < n. This implies that n is the order of 2 modulo q, and thus n divides |Z×q | = q − 1.
So q ≡ 1 (mod n) and q|Φn(2), where Φn(2)|Γn. �

The following corollary summarizes the major results we have obtained in this section.

Corollary 3. There exists a prime q such that Zq contains consecutive primitive nth
roots of unity if and only if n 6= 1, 2, 3, 6.

Proof. All other cases have been treated in Theorems 1 and 2. One computes Γ1 = Γ2 =
1, and Γ3 = Γ6 = 4, and it is clear that neither Φ3(x) nor Φ6(x) has any roots modulo
2. �
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3. Analytic Bounds on Relevant Prime Factors

While we have shown the existence of a necessary prime divisor of Γn, one might consider
the number of such divisors. That is, given n 6= 1, 2, 3, 6, how many fields Zq have at
least one pair of consecutive elements of multiplicative order n? Clearly the number of
such fields must be finite, as Γn has only a finite number of prime divisors.

In this section, we set an explicit bound on the number of prime divisors, counted with
multiplicity, of Γn. In a study of the Wendt Binomial Circulant Determinant, Granville
and Powell were able to bound the number of prime divisors of the resultant of xm − 1
and (−x− 1)m − 1 for even m [4]. Here we adapt their argument to arrive at a similar
bound for Γn. First we define some necessary terminology. As is convention, let ϕ(n)
denote the Euler totient function. Further, let dn be the number of prime divisors q ≡ 1
(mod n) of Γn, counted with multiplicity. It is immediately clear that dn is finite, and
we have already shown in the previous section that dn ≥ 1 for n 6= 1, 2, 3, 6. To establish
a bound on dn, we first bound Γn.

Lemma 10. The resultant Γn satisfies |Γn| ≤ 3ϕ(n)
2

.

Proof. We have

|Γn| =
∣∣∣ ∏
(`,n)=1

∏
(j,n)=1

(ζ`n − ζjn + 1)
∣∣∣ ≤ ∏

(`,n)=1

∏
(j,n)=1

|ζ`n − ζjn + 1| ≤ 3ϕ(n)
2

.

�

The next corollary follows trivially, and gives a bound on the largest prime whose cor-
responding field may contain consecutive elements of order n.

Corollary 4. If q|Γn, then q ≤ 3ϕ(n)
2
.

We now set a bound on dn. Again, this gives a bound on the number of relevant prime
divisors when counted with multiplicity.

Proposition 2. The following bound holds for dn:

dn ≤ ϕ(n)2
log(3)

log(n+ 1)
.

If n = p is prime, we have the refined bound

dp ≤ (p− 1)2
log(3)

log(2p+ 1)
.

Proof. If q is a prime divisor of Γn such that q ≡ 1 (mod n), then q ≥ (n+1). Therefore

(n+ 1)dn ≤ |Γn| ≤ 3ϕ(n)
2

.

We then have dn log(n + 1) ≤ ϕ(n)2 log(3), and dn ≤ ϕ(n)2 log(3)
log(n+1)

. If n = p is prime,

then q ≥ 2p+ 1, so in this case we have the bound dp ≤ (p− 1)2 log(3)
log(2p+1)

. �
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We now let d′n denote the number of unique prime divisors of Γn. The following results
are useful in order to bound d′p where p is prime.

Lemma 11. For p ≥ 5, the element ζ2p − ζp + 1 is a unit in the ring of cyclotomic
integers; that is, NQ(ζp)/Q(ζ2p − ζp + 1) = 1.

Proof. Note that (ζ2p − ζp + 1)(ζp + 1) = ζ3p + 1. By rearranging terms, we obtain
(ζ2p − ζp + 1) = (ζ3p + 1)/(ζp + 1). Direct calculation reveals that NQ(ζp)/Q(ζ3p + 1) =
NQ(ζp)/Q(ζp + 1). The result then follows by the multiplicativity of the norm. �

Proposition 3. For prime p, Γp is a square.

Proof. We claim that for k > 1, NQ(ζp)/Q(ζp−ζkp +1) = NQ(ζp)/Q(ζp−ζ−k+1
p +1). Observe

that

NQ(ζp)/Q(ζp − ζkp + 1) =

p−1∏
j=1

(ζjp − ζjkp + 1) =

p−1∏
j=1

ζjp(1− ζjk−jp + ζ−jp )

=

p−1∏
j=1

(ζ−jp − ζ−j(1−k)p + 1) =

p−1∏
j=1

(ζjp − ζj(1−k)p + 1)

= NQ(ζp)/Q(ζp − ζ−k+1
p + 1).

For each k 6= p+1
2

, the corresponding norm in the integer factorization of Γp given in

Lemma 1 is paired with an identical value. When k = p+1
2

, we apply the substitution
ξ = ζkp along with the previous lemma to get

NQ(ζp)/Q(ζp − ζkp + 1) = NQ(ζp)/Q(ξ2 − ξ + 1) = 1.

We may conclude that

Γp =

(p−1)/2∏
j=1

(NQ(ζp)/Q(ζp − ζjp + 1))2.

�

The following corollary is an immediate consequence of Propositions 2 and 3.

Corollary 5. For p prime, we have the following bounds for Γp, d
′
p, and for any prime

q dividing Γp:

|Γp| ≤ 3(p−1)(p−3), d′p ≤ (p− 1)(p− 3)
log(3)

2 log(2p+ 1)
, q ≤ 3

(p−1)(p−3)
2 .
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Proof. For the first bound, observe

|Γp| = |
p−1∏
j=1

p−1∏
`=1

(ζ`p − ζjp + 1)| =
∏

2≤j≤p−1
j 6=(p+1)/2

p−1∏
`=1

|ζ`p − ζjp + 1|

≤
∏

2≤j≤p−1
j 6=(p+1)/2

p−1∏
`=1

3 ≤ 3(p−1)(p−3).

Combining this argument with Propositions 2 and 3 gives the second and third bounds.
�

These bounds give us some notion as to how many primes may satisfy the necessary
properties, that is, the number of fields Zq that will have adjacent elements of multi-
plicative order n. The authors of this paper have further conjectures as to precisely
which primes will work; we explore these in the next section.

4. Conclusion and Further Conjectures

We have succeeded in showing that for any n 6= 1, 2, 3, 6, we can produce a prime q > n
so that there is an element α ∈ Zq where both α and α + 1 are primitve nth roots of
unity. In fact, in the case where n = p is prime, any prime divisor of Lp, the Lucas
number of index p, corresponds with such a field. With a similar analysis, we have also
shown that when n is any odd number, there exists a prime q dividing Γ2n = Γn satis-
fying q ≡ 1 (mod 2n). This provides a finite field of prime order that has both a pair of
consecutive primitive nth roots of unity, and a pair of consecutive primitive 2nth roots
of unity. Finally, in the case where 4|n, we have shown that modulo a primitive prime
divisor q of the nth Mersenne number, we will have consecutive primitive nth roots of
unity.

There are many logical follow-up questions to ask regarding the relevant primes. We
have shown the existence of at least one prime q ≡ 1 (mod n) dividing our resultant,
but empirically, the following conjecture seems to be true.

Conjecture 1. For a prime p 6= 1, 2, 3, 6, all primes q > p dividing Γp satisfy q ≡ 1
(mod p).

One realizes that this conjecture has an equivalent formulation in elegant, field theoretic
language:

Conjecture 2. Let p 6= 1, 2, 3, 6 be a prime, and let q be a prime. Whenever α and
α + 1 are primitive pth roots of unity in a finite field Fqr where q > p, we have α ∈ Fq.

The simplicity of the above statement is intriguing; there is certainly an underlying
algebraic structure involved. We will now provide the beginning of an argument towards
proving Conjecture 1.

9



Proposition 4. When p is prime, NQ(ζp)/Q(ζp − ζjp + 1) ≡ 1 (mod p) for each 1 ≤ j ≤
p− 1.

Proof. For each j, ζp − ζjp ∈ 〈1 − ζp〉, where 〈1 − ζp〉 is the ideal generated by 1 − ζp
in Z[ζp]. For all 1 ≤ ` ≤ p − 1, we have that ζ`p − ζ`jp + 1 = 1 in Z[ζp]/〈1 − ζp〉. As
Z[ζp]/〈1− ζp〉 ∼= Zp, we conclude that NQ(ζp)/Q(ζp − ζjp + 1) ≡ 1 (mod p). �

The next result follows immediately.

Corollary 6. When p is prime, Γp ≡ 1 (mod p).

The preceding arguments confirm that each of the norms dividing Γp is 1 modulo p.
However, it is more difficult to reach the same conclusion regarding the prime divisors
of the norms.

Another area of interest is the relationship between the multiplicity of a prime divisor q
of Γn and the behavior of Φn(x) over Zq. In Proposition 3, we have shown that for all
prime p, Γp is a perfect square. The authors of this paper observe that the multiplicity
of a prime divisor q of Γp corresponds with the number of roots that Φp(x) and Φp(x+1)
share when taken modulo q. This leads us to our final conjecture.

Conjecture 3. For p prime, let k be the largest integer such that qk|Γp for some prime
q ≡ 1 (mod p). If k < p−1

2
, then there exist exactly k distinct elements α1, . . . , αk ∈ Zq

such that the order of αi and αi+1 is p for each 1 ≤ i ≤ k. If k ≥ p−1
2

, there are exactly
p−1
2

distinct elements α1, . . . , α p−1
2
∈ Zq such that the order of αi and αi+1 is p for each

1 ≤ i ≤ p−1
2

.
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