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Abstract

In this thesis we are concerned with themes suggested by rank properties of subspaces
of matrices. Historically, most work on these topics has been devoted to matrices over
such fields as the real or complex numbers, where geometric or analytic methods may
be applied. Such techniques are not obviously applicable to finite fields, and there

were very few general theorems relating to rank problems over finite fields.

In this thesis we are concerned mainly with constant rank subspaces of matrices over
finite fields, with particular focus on two subcases: (1) constant rank subspaces of
symmetric or hermitian matrices; and (2) constant full rank subspaces of matrices,

which correspond to nonassociative algebraic structures known as semifields.

In Chapter 1 we will introduce constant rank subspaces of matrices, and review the
known results on the maximum dimension of such a subspace. In Chapter 2 we will
recall the definition of a semifield, and illustrate how these algebraic structures are

related to constant rank subspaces of matrices.

In Chapter 3 we will prove a general theorem on subspaces of function spaces, and
apply the results to obtain new upper bounds on subspaces of matrices, which are

sharp in some cases.

In Chapter 4 we will study primitive elements in finite semifields, and prove their
existence for a certain family of semifields. In Chapters 5 and 6 we will introduce a
construction for semifields using skew-polynomial rings. We will show how they are
related to other known constructions, use this representation to obtain new results,

and provide elegant new proofs for some known results.

v



Chapter 1

Introduction to constant rank

subspaces

In this chapter we will define constant rank subspaces, establish some notation,
survey the known results and applications, and introduce some concepts and results

which will be needed in subsequent chapters.

1.1 Constant rank subspaces

1.1.1 Definitions and Notations

Let F denote an arbitrary field, M, «,(F) denote the space of m x n matrices over
F, and M, (F) := M, xn(F), where m and n are positive integers. We will assume
unless otherwise stated that m < n. For any non-zero subspace U of M, (F) let

U* denote the subset of non-zero elements in U.

Let V' denote a vector space n-dimensional over F. Let K denote an extension field
of F of degree 2 (assuming such an extension exists), and let W denote a vector

space n-dimensional over K.

We denote the space of n x n symmetric matrices over IF by S,,(F). If F has a degree
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2 extension K admitting an F-automorphism of order 2, we denote the space of n xn
hermitian matrices over K by H, (F). Note that H, (FF) is not a vector space over K,
but is a vector space over F of dimension n?. Note that the notation is potentially
ambiguous, since such an extension field K need not be unique. However, in this
work we will only be considering hermitian matrices over finite fields, which of course

possess a unique degree 2 extension.

Let p be a prime, g a power of p. Let F; denote the finite field of ¢ elements.

Definition 1.1. Let U be a non-zero subspace of Myxn(F). We say that U is a

constant rank r subspace if every element of U™ has rank r.

Much research has been done to investigate the maximum possible dimension of a
constant rank r subspace. The results and techniques differ greatly according to

properties of the underlying field.

We will focus on constant rank subspaces of My, xn(F), Sn(F) and H,(F), with

particular attention to finite fields and constant rank n subspaces.

1.1.2 Existing bounds for the maximum dimension of constant rank

subspaces

For any r < m, there exists an (n —r+ 1)-dimensional constant rank r space for any

field: Let U be the subspace of M, x,(F) consisting of elements of the form

ay az Ap—r41 0

0 a Ap—yr  Ap—r41

0 0 (475 T Ap—r4+1
0 0

0 O 0

for all aq, a9, ..

Westwick [74] showed that over the complex numbers, the maximum dimension of

a constant rank r subspace of M, (C) is m +n — 2r + 1. Hence if r = m, the

.y an—rt+1 € F. Then U is clearly such a subspace.
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above construction is optimal. Ilic and Landsberg [34] showed that the maximum
dimension of a constant rank r subspace of S, (C) is n — r + 1 if r is even, using
techniques of complex algebraic geometry. The maximum dimension of a constant
rank r subspace of S, (C) or S,(R) is 1 if r is odd. We will discuss the case where
r is odd further in Section 3.3.2. Much study has been dedicated to the problem of
constant rank subspaces over R and C, for example in [5], [12], [48], [57], [74], [75].
Large constant rank spaces can be constructed using division algebras defined over

F (see Corollary 2.8).

Lemma 1.2. Suppose there exist an n-dimensional constant rank n subspace U of
M, (F). Then for any 1 < r < m < n there exists an n-dimensional constant rank r
subspace U’ of M, xn(F).

Proof. Let A be an arbitrary rank r element of My, x,(FF). Let
U'={AX : X eU}.

It is clear that every non-zero element of U’ has rank r. It remains to show that
dim(U’) = n. Suppose AX = AY for some X,Y € U, X #Y. Then A(X -Y) =0.
But 0 # X —Y € U, and so X — Y is invertible. But then we must have A = 0,
a contradiction. Hence the map from U to U’ defined by X — AX is injective and
surjective, implying dim(U’) = dim(U) = n and hence proving the result. O

A presemifield is a division algebra where multiplication is not assumed to be asso-
ciative, and a multiplicative identity is not assumed to exist. These structures will
be defined and discussed in Chapter 2, and the following theorem is well known and

will be proved.

Theorem 1.3. There exist an n-dimensional constant rank n subspace of M, (F) if

and only if there exists a presemifield n-dimensional over F.

Note that a field is certainly a presemifield. As every finite field admits an extension

field of degree n for all n, we have the following theorem:

Theorem 1.4. For every 1 < r < m < n there exists an n-dimensional constant

rank r subspace of Mp,xn(Fq) for all q.
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Beasley and Laffey showed in [5] that this dimension bound is optimal when the
conditions |F| > r+ 1 and n > 2r — 1 are imposed. We will see a similar restriction
on field size later in Section 3.3. This restriction is imposed to ensure the existence

of a non-root of a polynomial of degree r.

Theorem 1.5. Suppose |F| > r+ 1 and n > 2r — 1. Suppose U is a constant rank
r subspace of My, xn(F). Then dim(U) < n.

In [26] the following upper bound was proved for finite fields:
Theorem 1.6. Let U be a constant rank r subspace of Myxn(Fq). Then dim(U) <

m-4+n-—r.

This bound was proved via character theory, using character values calculated by

Delsarte in [16]. In Section 3.2.1 we will provide an new proof of this theorem.

The above bounds do not rule out the possibility of constant rank r subspaces of
n x n matrices of dimension larger than n if r is large, or the field size is small.
Indeed there exist subspaces which meet the bound of Theorem 1.6 over the field of

two elements, as shown in [6], [7], [26].

Theorem 1.7. There exist d-dimensional constant rank r subspaces of My, xn(F2)
for (m,n,r,d) € {(3,3,2,4),(4,4,3,5),(5,5,4,6),(4,5,3,6) }.

The subspace of 3 x 3 matrices over Fy with basis

1 00 000 011 000
010},J]010},f0O0T1],]1T 00
000 0 01 000 110

is an example of a 4-dimensional constant rank 2 subspace. Note that J-G. Dumas
showed by computer calculations that all such subspaces are equivalent to the ex-
ample above in the sense of Section 1.1.3 below, contrary to Beasley’s assertion in
[6].

Boston [7] conjectured that constant rank subspaces of n x n matrices of dimension

greater than n exist only for n < 8. However, this problem remains open.
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1.1.3 Equivalence

We consider some linear maps on M, x, (F) which preserve rank. Let X and Y be

invertible elements of M,,(F) and M, (F) respectively. Then the maps

A— XA
A— AY

clearly preserve rank.

Let o be an automorphism of F. For A € My, «,(F), define A% to be the matrix
obtained by applying o to every entry of A. Then the map A — A? is also a linear

map which preserves rank.

Clearly these above maps generate a group E of linear maps which preserve rank,

consisting of elements of the form ¢xy,: A— XA%Y.

We can extend these maps to subspaces of matrices. Let ¢ € E, and U a subspace
of Myyxn(F). Then define

U U®:={A%: AcU}.

Clearly U is a constant rank r subspace if and only if U? is a constant rank r

subspace.

We say that two subspaces U and U’ are equivalent if there exists an element ¢ € E
such that U’ = U?.

Note that if m = n, then the map sending each matrix to its transpose, A — AT,
is another linear map which preserves rank. However, we will exclude these maps

from the definition of equivalence of subspaces.

1.2 Symmetric bilinear forms and quadratic forms

In this section we will recall the connections between symmetric matrices, bilinear

forms, and quadratic forms, which we will exploit later in this work.
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1.2.1 Bilinear forms

Definition 1.8. Let V be a vector space n-dimensional over a field F. A bilinear

form is a map B:V xV — F such that

B(u + v, w) = B(u, w) + B(v, w)
B(u,v +w) = B(u,v) + B(u, w)
B(Au,v) = B(u, A\v) = A\B(u,v)

for allu,v,w eV, and all A € F.

Denote the set of all bilinear form on V' x V by B, (F). It is well known that bilinear
forms are related to matrices in the following way: let {ej,ea,...,e,} be an F-
basis for V. Let u and v be elements of V, and suppose u = >, uje;, v = >, vie;
for u;,v; € F. Then by the above defining properties of bilinear forms, we have
that
n
B(u,v) = Z uiviB(e;, €;).
ij=1
Hence the action of B is completely determined by its action on all pairs of basis
elements. Define b;; := B(e;,e;) for each ¢,5. Then the above can be written
as
n
B(u,v) = Z uivjbij. (1.1)
i,j=1

Consider now the matrix B := (b;;);; € M, (F). Identify each element u = ), u;e; €

V with the column vector
Uy

U2

Unp,

Then it is clear from the definition of matrix multiplication and equation 1.1 that
B(u,v) = u’ Bv. (1.2)

Note that the entries of the matrix B depends on the choice of basis. Hence we refer
to B as the matrix representing B with respect to the basis {e1,ea,...,e,}. Suppose

{€}, €, ..., e} is another F-basis for V, and let B’ be the matrix representing B



Chapter 1: Introduction to constant rank subspaces

with respect to this basis. Then if we let X denote the change of basis matrix, it is

clear that
B = XTBX.

Conversely, clearly every n x n matrix over F defines a bilinear form in the manner
of equation 1.2. Hence the B, (F) can be identified with M, (IF) through the choice
of a basis for V. Similarly, if V' is a vector space m-dimensional vector space over
F, we can define B,,x,(F) to be the set of bilinear forms on V' x V', and identify

Brsn(F) = My, «n(F), where ‘>~ denotes F-isomorphism of vector spaces.

1.2.2 Symmetric matrices and quadratic forms

A bilinear form B is said to be symmetric if B(u,v) = B(v, u) for all u,v € V. Denote
the set of symmetric bilinear forms by S, (F). It is clear from the definitions that
if B represents B with respect to some basis, then B is a symmetric bilinear form
if and only if B = B, i.e. B is a symmetric matrix. Conversely, every symmetric

matrix defines a symmetric bilinear form. Hence we can see that
Sp(F) ~ S, (F).
Definition 1.9. A quadratic form is a function @ : V — F such that
QU+ uv) = NQ(u) + 12Q(v) + AuBg(u,v), (1.3)
where Bg is a bilinear form on 'V x V.

We call By the associated bilinear form (or polarization) of Q. The set of quadratic

forms on V' forms an F-vector space. We denote this space by Q, (F).
Rearranging (1.3) gives us
Bo(u,v) = Q(u +v) = Qu) — Q(v).

It is clear that this bilinear form is in fact symmetric. Furthermore, if the charac-

teristic of F is not two, we see that
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since 4Q(u) = Q(2u) = Q(u + u) = Q(u) + Q(u) + Bg(u, u). Conversely, when the
characteristic of [F is not two, then given a symmetric bilinear form B we can define

a quadratic form Qg by

Hence when char(FF) # 2 we have a bijection between the space of quadratic forms
and the space of symmetric bilinear forms. It is easily checked that this is in fact a

vector space isomorphism, and so

Remark 1.10. Let =z = (z1,22,...,2,) be a vector of indeterminates. Given a
quadratic form @ we can define a polynomial Q(z) € F[z1,z2,...,2,]. Then Q(z)
can be shown to be homogeneous of degree 2. This is sometimes given as the

definition of a quadratic form.

1.2.3 Hermitian matrices and hermitian forms

Let F be a field, and let K be an field extension of F of degree 2. There exists an
F-automorphism of K of order 2, i.e. an involution, which we will denote by bar,
a — a. We can extend the automorphism to an F-linear transformation on a vector
space or matrix ring over K: for an element X of a vector or matrix space, denote
by X the element obtained by applying the bar automorphism to all coefficients or

entries of X.

Definition 1.11. Let W be a vector space n-dimensional over K. A hermitian form
is a map H: W x W — F such that

H(u+v,w) = H(u, w) + H(v,w)
H(u, v+ w) = H(u,v) + H(u,w)
H(Au,v) = \H(u,v)
H(u,v) = H(v,u)

for all u,v,w € W, and all A € K.
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As in the case of bilinear forms, we can define a matrix H representing H with
respect to some K-basis {e]'} of W, by setting H = (h;;), where h;; := H(e}, e]).
Then

H(u,v) = uHV.

The properties in definition 1.11 imply that H is a hermitian matriz, i.e.

H =H
We will denote the set of hermitian forms by H,,(F). Clearly every hermitian matrix

defines a hermitian form, and so we have
H,(F) ~ H,(F),

where H,,(IF) is the space of hermitian matrices with entries in K, and ~ here denotes
isomorphism as F-vector spaces. Note that H,(F) is an F-vector space, but not a
K-vector space: if H is a hermitian matrix, and A € K, then AH is hermitian if and
only if X = A, i.e. if and only if A € F. The dimension of H,(F) over F is n?.
Definition 1.12. A quadratic hermitian form is a map h: W — F such that

h(u) = H(u, )

for some hermitian form H.

We can see that h(u) does indeed lie in F for all u, as h(u) = H(u,u) = H(u,u) =
h(u). Hence h is a map from W to F.

Let QH,,(F) denote the space of quadratic hermitian forms defined on W. Then by

definition and by the above we have

Note that the concepts of hermitian forms, hermitian matrices and quadratic her-
mitian forms are analogous to symmetric bilinear forms, symmetric matrices and
quadratic forms respectively. We say a hermitian matrix represents a quadratic

hermitian form in the analogous way.
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1.2.4 Isotropic vectors

In the following, by “quadratic (hermitian) form” we will mean “quadratic form
(resp. quadratic hermitian form)”.
Definition 1.13. Let f be a quadratic (hermitian) form. A vector u is said to be
isotropic with respect to f if

f(u) =0.
Definition 1.14. Let f be a quadratic (hermitian) form over a finite field F. Let a

be an element of F, and define

Ni(a) = [{u eV | f(u) = a}].

The main theorems of Chapter 3 rely on the fact that the number of isotropic vectors
with respect to a quadratic (hermitian) form over a finite field is well known and easy
to calculate. From the above definition, the number of isotropic vectors is denoted
by N;(0). To illustrate this, we need to introduce the concepts of the radical and

rank of a form.
Let B be a bilinear form defined on V. Define the right radical of B by
rad,(B) := {v : B(u,v) =0 for all u € V}.

The left radical rad;(B) is defined similarly. These two subspaces have the same

dimension. If B is symmetric, then clearly rad,(B) = rad;(B) =: rad(B).

We say that a bilinear form is non-degenerate if rad, (B) = 0, and degenerate other-

wise. We define the rank of a bilinear form by
rank(B) := n — dim(rad,(B)) = n — dim(rad;(B)).
It is straightforward to see that
rank(B) = rank(B),

where B is the matrix representing B with respect to some basis. If B’ is the matrix
representing B with respect to some other basis, then we saw that B’ = X7 BX for
some invertible matrix X. Hence it is clear that the rank does not depend on the

choice of basis, and B is non-degenerate if and only if B is invertible.

10



Chapter 1: Introduction to constant rank subspaces

Suppose now () is a quadratic form on V, and By its associated bilinear form. We
say that @ is non-degenerate if Q(u) # 0 for all u € rad(Bg), v # 0. If char(F) # 2,
then it is clear that @) is non-degenerate if and only if Bg is non-degenerate. We
define rad(Q) := rad(Bg), and rank(Q) := rank(Bg).

Suppose now char(F) # 2. Suppose dim(rad(Q)) = n —r, i.e. rank(Q) = r. Let V'
be a subspace of V such that dim(V’) =r, V' Nrad(Q) = 0 and V = V' @ rad(Q).
Then for any u € V there exist unique v € V', w € rad(Q) such that v = v + w.
Then we see that Q(v +w) =0 < Q(v) = 0, since

_ Bo(v+w,v+w)

Qv+ w)

2
_ Bg(v,v) + Bg(v, w) + Bg(w,v) + B (w, w)
2
_ Bg(v,v)
2
— Q)

Consider now @' := Qly, the restriction of @ to V’. Then @’ is non-degenerate.
For suppose v' € rad(Q’). Then for any v € V', w € rad(Q), we have

Bo(',v+w) = Bg(v',v) + Bo(v',w)
_ Bo (o, 0) + Bo(t/, w)
=0+0
= 0.

But then o' € rad(Bg), and hence v' = 0, proving the assertion. Hence we have

that

Ng(0) = [rad(Q)[Ng: (0)
_ qn—rank(Q)NQ/(O)

Suppose now that () is a non-degenerate quadratic form on V, where V has even
dimension n = 2k over a finite field F,. A subspace V' of V is said to be totally
isotropic with respect to @ if Q(v') =0 for all v' € V'. We define the Witt index of
Q@ to be the maximum dimension of a totally isotropic subspace. It is well known
that the Witt index is either k or k — 1 over a finite field. For the purposes of this

work we will define the type of a quadratic form as follows:

11
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Definition 1.15. Let Q) be a non-degenerate quadratic form on V, where V has

even dimension n = 2k over F,. Define the type €(Q) by

e(Q) := { +1 if Q has Witt index k

—1 4 Q has Witt index k — 1

We say that Q@ has positive type or negative type respectively. If Q) is degenerate,

we define
e(Q) = e(Q),
where Q' = Q|y+ for some V' such that dim V' = rank(Q), V' (rad(Q) = 0.

The following theorem can be found in [54], Theorem 6.26, where the quantity
denoted by 7((—1)™2A) is the same as our €(Q):

Theorem 1.16. Suppose @ is a non-degenerate quadratic form on V, where V is
r-dimensional over Fy. Then the number of isotropic vectors with respect to Q is
given by
g1 if v is odd
No(0) =19 ", | . . .
"""+ e(@Q)(g—1)) if r=2Fk is even

Then for an arbitrary quadratic form we get the following corollary:

Corollary 1.17. Suppose @ is a quadratic form on V', where V is n-dimensional
over F,, and suppose rank(Q)) = r. Then the number of isotropic vectors with

respect to @ is given by

No(0) = qnfl if r is odd
Q qn—k—l(qk +€e(@Q)(g—1)) ifr=2kiseven

Proof. We saw above that the number of isotropic vectors is given by Ng(0) =
lrad(Q)|.N¢(0), where Q' is non-degenerate on some r-dimensional vector space V.

As |rad(Q)| = ¢"", the result follows immediately from Theorem 1.16. O

We can similarly calulate the number of isotropic vectors with respect to a quadratic
hermitian form, using the number of isotropic vectors with respect to a non-degenerate

quadratic hermitian form calculated in [70], Lemma 10.4.

12
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Theorem 1.18. Suppose h is a quadratic hermitian form on W, where W is n-

dimensional over T,

vectors with respect to QQ is given by

and suppose rank(h) = r. Then the number of isotropic
No(0) = ¢ Hq" + (=1)"(¢ — 1)).

1.3 Subspaces of matrices as codes

In this section we will discuss two applications of subspaces of matrices to coding

theory.

Let F be a field, and V ~ F" an n-dimensional vector space over F. A code is a
subset C of V. A code is said to be an F-linear code if it is an F-subspace of V. The
length of a code is given by n = dimg V. The cardinality of a code is defined to be
|C|, and the rank of a linear code is defined to be dimp C. A code is said to be a

(n,|C])-code, and a linear code is said to be an [n, dimp C]-linear code.

Let w : C x C — N be a metric on C'. We define the weight of a codeword a
to be w(a) := w(a,0). The classical example is the Hamming weight: if v =
(v1,v2,...,v,) € F" is a vector, then the Hamming weight h(v) is defined to be

the number of non-zero coefficients v;.

The weight enumerator of a linear code C of length with respect to some weight

function w is defined to be the polynomial
W(z) = Z Ay,

where a,, denotes the number of elements of C' with weight w.

1.3.1 Rank metric codes

Define a metric on the space of n X n matrices by

w(A, B) :=rank(A — B).

13
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A subset of matrices C C M, (F), together with the weight function arising from
this metric, is said to be a rank metric code. If C' is a subspace of M, (F), then C
is a linear code. These codes were introduced by Delsarte [16], and further studied
in for example [69], [28]. In [29] Gabidulin considered symmetric rank codes, corre-
sponding to subspaces of symmetric matrices. Hence we can view a d-dimensional
constant rank r subspace of M,,(F) as an [n, d]-linear, constant weight r, rank metric

code.

1.3.2 Codes from quadratic and hermitian forms

Subspaces of quadratic and hermitian forms have been used to define codes by
Goethals [32] and de Boer [14] as follows.

Let U be a d-dimensional subspace of quadratic forms on V ~ F" ie U < Q,(F).
Let P(V') denote the projective space of V. The number of elements of P(V') is given
by [n]q := %. For each f € U define a vector ¢y € Flnla by

e = f(w) : weP(V)),
for some fixed ordering of V. Define the set Cy by
Cy = {Cf : fEU}

Then Cyp is a subspace of FI™a, and dim(Cp) = dim(U) = d. Therefore Cys is an

[[n]q, d]-linear code over F, with weight function being the Hamming weight.

Note that f(u) = 0 < f(Au) = 0 for all A\ € F. Hence the Hamming weight of a
codeword c; is then given by
q" — N4 (0)

w(cy) = 1

As we know the value of N(0) from Lemma 1.17 above, we can easily calculate the

weight enumerator of the code Cpr as follows. Define

AS = |{f €U |rank(f) =r and e(f) = €}| if r is even;
A= |{f €U | rank(f) =r}| if r is odd.

14
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Lemma 1.19. Let U be a subspace of Q,(F), and let Cyy be the code as defined

above. Then

A if w=¢""2" g2 —¢), reven
Ay = Z’f‘ odd A’I” lf w = qTL—l
0 otherwise

Suppose U is a constant rank r subspace. If r is odd, then the code Cy is a constant

n—1

weight ¢ code. In fact, if every element of U has odd rank, then Cy is also a

constant weight ¢" 1

code. If r is even, then Cy is either a constant weight code,
or a two-weight code. Two-weight codes have been studied extensively, and if the
code is projective then it has important connections with strongly regular graphs and
partial geometries, dating back to Delsarte [15]. Note that a code being “projective”
means that no two columns of its generator matrix are linearly dependent. See for
example [10] and [51], Section 2.6. We will see an example of a two-weight code

arising from a subspace of quadratic forms in Section 3.2.3.

Similarly, given a d-dimensional subspace of quadratic hermitian forms U < QH ,(F),
we can define a [[n]2,d] code Cyy over F. If U is a constant rank r subspace, then

ko _1\k+1
Cy is a constant weight ¢?*—*~1 (%) code.
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Chapter 2

Semifields and constant rank

subspaces

In this chapter we introduce semifields, survey some properties, and show how they

are related to constant rank subspaces.

2.1 Semifields

Definition 2.1. A semifield (S, +,0) is a set with two binary operations, + and o,

satisfying the following axioms.

(S1) (S,+) is a group with identity element 0.

(S2) zo(y+z)=xo0oy+zozand (x+y)oz=xzoz+yoz, forallz,y,z €S.
(S8) z oy =0 impliesx =0 ory =0.

(S4) For all a,b € S there exist unique z,y € S such that aox =b and yoa = b.
(S5) 31 € S such that lox =z o0l =z, for all z €S.

We call the operations 4+ and o addition and multiplication respectively. Multipli-

cation is not assumed to be associative or commutative. Multiplication is left- and

16



Chapter 2: Semifields and constant rank subspaces

right-distributive over addition, by (S2). Axioms (S3)-(S5) imply that (S, o) forms
a loop. If S is finite, then (S4) is implied by the other axioms.

A presemifield is a structure satisfying (S1) — (54), i.e. a multiplicative identity is

not assumed.

It is easily shown that the additive group of a finite (pre)semifield is elementary
abelian, and the exponent of the additive group is called the characteristic of the

semifield.

Contained in a semifield are the following important substructures, relating to the
concept of nucleus. The left nucleus Ni(S), the middle nucleus Ny, (S), and the right

nucleus N,.(S) are defined as follows:

Ny(S):={z : z€S|zo(yoz)=(xoy)oz Yy, zecS} (2.1)
Ni(S):={y : y€S|zo(yoz)=(xoy)oz Vr,zeS} (2.2)
Ny(S):={z : z€S|zo(yoz)=(roy)oz Vr,y €S} (2.3)

The intersection N(S) of the nuclei is called the associative centre, and the elements

of N(S) which commute with all other elements of S form the centre Z(S).

It is clear from the definition that the each of the nuclei are associative division
algebras, and the centre is a field. The well known Wedderburn-Dickson Theorem
[22], [72] states:

Every finite associative division algebra is commutative.

Hence we have the following is a standard result:

Theorem 2.2. Let S be a finite semifield. Then Ni(S), N,(S), N, (S) and Z(S) are
all isomorphic to finite fields.

If there is no confusion, we denote these substructures by N;, N,;,, N, and Z.
Some further properties of finite semifields [46]:
1. S is a vector space V over its centre.

2. S is a (not necessarily associative) division algebra over its centre.

17
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3. S is a left-vector space V; over its left nucleus.
4. S is a right-vector space V,. over its right nucleus.
5. Sis a left-vector space V},,, and a right-vector space V,.,,, over its middle nucleus.

We denote the dimension of V; over N; by n;, and define n,, and n, similarly. We

define the parameters of S to be the tuple

(#Za #le #va #Nr)

Note that while Z is clearly a subfield of each of the nuclei, there is no restriction on
the orders of the nuclei. See for example [65], where the classification of semifields

of order 64 demonstrates the spectrum of possible parameters.

2.1.1 History and examples

All fields and division rings are semifields. We will call a semifield proper if multi-

plication is not associative.

The classical example of a proper semifield over the real numbers is the octonions.
This was first discovered by Graves in 1843, and independently in 1845 by Cayley.
Frobenius and Hurwitz showed that the only normed semifields over the real number
are the real numbers, the complex numbers, the quaternions, and the octonions. Bott
and Milnor [8], and independently Kervaire [45], proved that any semifield over the

real numbers must have dimension 1,2,4 or 8.

Finite semifields were first considered by Dickson in 1906 [23]. He constructed the
first non-trivial example of a finite semifield, as follows: Let Fgn» be a field for some
q odd, and consider the Fg-vector space Fgn X Fyn. Let addition be vector space

addition, and define a multiplication o on V by
(a,b) o (c,d) := (ac+ yb°d?, ad + be)

for all a,b,c,d € Fyn, where o € Aut(Fyn), and v is a non-square in Fgn. Then this

defines a commutative semifield.

The following construction is due to Albert [2].

18
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Definition 2.3. Let F be a field, and K an extension field of F of degree n. Let
p, 7 € Aut(K : F), and v € K. Define a multiplication o on K by

xoy:=uxy—yxly’.

If v ¢ {a"~Yy™1 . 2,y € K}, then P(K, p,7,7) := (K,0) is a presemifield. A
generalized twisted field GT (K, p, 7,7) is a semifield isotopic to P(K, p,7,7).

Note that this construction works for arbitrary fields. In the case where K = Fy»
is a finite field, and F = [, we have that p = ok, 7 = o™ for some k, m, where
o is the Frobenius automorphism z — z9. We then denote the twisted field by
GT(Fgn,k,m,v). Then GT(F¢n, k,m,~) is a semifield if

n—1
Np o, (V) =707 # 1

We will study these semifields further in Chapter 4.

There are many families and constructions known for finite semifields. See [43], [53]
for an overview of the available constructions. In Chapter 5 we will consider an

important family known as cyclic semifields.

The classification of finite semifields is far from complete, and probably infeasible.
Full classification by computer search has to date only been achieved up to order
243: see [21], [65], [66], [67]. The majority of semifields of small order have no known
algebraic or geometric construction: for example, in [65] classification for order 64
found 332 isotopy classes (see Section 2.1.3 below), while only 35 were previously
known. Similarly, there exist 80 Knuth orbits (see Section 2.2.2 below) of order 64,

while only 13 were previously known.

2.1.2 Projective planes

Finite semifields are of interest in finite geometry due to their connection with
projective planes:
Definition 2.4. A projective plane is a set of points P, a set of lines £ and an

incidence relation T on P x L such that

o for every pair of distinct points p1,p2 € P, there exists a unique line | € L
such that (p1,1), (p2,1) € Z;
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o for every pair of distinct lines ly,lo € L, there exists a unique point p € P such

that (p> ll)v (p7 l2) € I;
e there exist four points, no three of which are incident with the same line.

Every semifield coordinatizes a projective plane. See [17]. A semifield coordinatizes a
translation plane which is also a dual translation plane. Conversely, every translation

plane which is also a dual translation plane defines a semifield.

2.1.3 Isotopy

Let (S,0) and (§',0") be semifields n-dimensional over their centre F. We say that
S and S are isotopic if there exists a triple (F, G, H) of non-singular F-linear trans-

formations from S to S’ such that

F 7

2 o' yS = (o)

for all z,y € S. Isotopy is an equivalence relation on the set of semifields, and the
equivalence class of a semifield S under this relation is called the isotopy class of S,
denoted by [S].

The concept of isotopy was introduced by Albert [1]. Semifields are classified up to
isotopy in part due the following important theorem of Albert [3]:

Theorem 2.5. Two semifields are isotopic if and only if the planes they coordinatize

are isomorphic.

The following is also a standard result [39], [46]:

Theorem 2.6. The parameters (#Z,#Ny, #Np,, #N,.) of a semifield are invariant

under isotopy.

It is well known that every presemifield is isotopic to a semifield. This can be
shown by the so-called Kaplansky trick: Let (P, o) be a presemifield. Choose some
0 # e € P. Define a new multiplication o’ by

(zoe)o (eoy)=wzoy
for all z,y € P. Then (P, o) is a semifield with identity element e o e.
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2.2 Semifields as subspaces of matrices

Suppose S is a presemifield, n-dimensional over its centre IF. For each x € S, left

multiplication by x defines an endomorphism L, € End(V') as follows:

Lo(y) :=woy

for each y € S. As S contains no zero divisors, L, is invertible for each 0 # x € S.

Moreover, L, is F-linear and
Lyzyy = ALy + Ly
for all x,y € S, A € F. Hence the set
Ls:={L,:z €S}

forms an n-dimensional constant rank n F-subspace of End(V') ~ M,,(F). The set

Ls is called the semifield spread set corresponding to S.

In fact, as S is a right-vector space over N,., left-multiplication is an invertible N,-
linear transformation of S. Hence Lg can be viewed as a subset of End(V;) =~
M, (N;). Similarly, Rs can be viewed as a subset of End(V}) ~ M, (N;).

However, L., does not necessarily equal aL, for all a € N,.. Hence the space Lg is

not a N,-subspace of M, (N,). It is however an F-subspace of M,, (N,).

Similarly, the set of transformations of right-multiplication, denoted by Rs := {R, :
x € S}, is an F-subspace of M, (N;).

Conversely, suppose we have an n-dimensional constant rank n subspace U of End(V').
As U and V both have dimension n over I, there exists an F-isomorphism ¢ : V' — U.
Now define a multiplication ‘o’ on V' by

roy:=¢(z)y.

Then clearly Sy := (V,0) is a presemifield, and Ls, = U by definition. Hence we
get the standard result:

Theorem 2.7. There exists an n-dimensional constant rank n subspace U of M, (FF)

if and only if there exists a presemifield S which is n-dimensional over F.
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This theorem together with Lemma 1.2 gives the following corollary:

Corollary 2.8. Suppose there exists a presemifield S which is n-dimensional over
its centre F. Then for any 1 < r < m < n, there exists a constant rank r subspace

of My xn(F) of dimension n.

2.2.1 Isotopy and semifield spread sets

Let S and S’ be isotopic via (F,G, H). Let L, and L/ denote left multiplication by

z in S and §' respectively. Then we see that

= (H'Lyr G)(y)

for all z,y € S. Hence
Ls=H 'LyG.

Note that F, G, H are invertible F-linear transformations of V. Hence if we view Ls
as a subspace of End(V'), then we can view G, H as invertible elements of End(V').
If we view Lg as a subspace of End(V;) however, G and H do not necessarily lie in
End(V;). Nonetheless, we do have the following result, which can be found in [53],
where the authors credit the result to Maduram [55]:

Theorem 2.9. Two semifields S and S’ are isotopic if and only if there exist in-
vertible elements X,Y € End(V,.) and o € Aut(N,.) such that

Ls = XL3Y.

Note that this theorem says that S and S’ are isotopic if and only if Ls and Ls are

equivalent in the sense of Section 1.1.3.
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2.2.2 Knuth cubical array and Knuth orbit

Let A be an n-dimensional (not necessarily associative) algebra over a field F, and

let {eg,e1,...,en—1} be an F-basis for A. Then for each i, j we have
n—1
€;0€; = Z QijkCL (24)
1,5,k=0

for some a;;;, € F. We call the coefficients a;;), the structure constants of A. We form
the 3-dimensional (hyper)cube T4 := (asj)ijx- Conversely, given any hypercube T

we can define an algebra A7 by defining a multiplication on F™ as in (2.4).

We can see how this hypercube is related to the endomorphisms of multiplication

as follows:

n—1 n—1

L,= § Vile, = ) vilaijk) ik
i=0 i=0
n—1 n—1

Ry, =) wiRe, = ) wj(agr)ik
=0 i=0

Given a vector v € F", we can define three maps ¢9, ¢35, ¢4 from the set of hypercubes

of order 3 to M,,(F), which act on a hypercube T' = (a;jx); i by:

n—1

P1(T) = (Z Viijk) j
o

$5(T) = (O vjaij)ik
7=0

n—1

$5(T) = (O vraijn)ij-

k=0
We call ¢, a projection of T'. If v # 0 we say this projection is non-trivial.
Definition 2.10. A hypercube is said to be be non-singular if every non-trivial

projection is a non-singular matrix.
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Note that these definitions are a special case of the larger theory of tensors, but
we will not need this theory for the purposes of this work. See [52] for more on

this.

We can see now from the definitions above that L, = ¢{(T4) and R, = ¢¥(Ta),

and hence

La={¢1(Ta) :veF"}
Ra=A{¢5(Ta) : v € F"}.

Knuth [46] showed that A is a semifield if and only if T4 is non-singular. Knuth
also showed that there is an action of the symmetric group S5 on hypercubes which
preserves nonsingularity: given an element 7 € Ss3 and a hypercube T = (aijk)i j ks
define
T7 := (Qr(ij) )ik

Then by ([46] Theorem 4.3.1), T™ is non-singular if and only if 7" is non-singular.
Hence given a semifield S with associated hypercube T, we can define up to six
semifields {S™} with associated hypercubes {T7}. We define the Knuth orbit of a

semifield to be the set of isotopy classes
K(S) :={[S"] : m € S3}.

If two semifields lie in the same Knuth orbit, we say that they are Knuth derivatives
of each other. The semifield S33) is usually called the transpose of S, and the
semifield S(1?) is usually called the dual of S. The dual of S is equal to the opposite
algebra of S.

2.2.3 Commutative semifields and symmetric matrices

Let S be a semifield, and let 7' = (aj;x)q,jx be the associated hypercube. Then it is
clear that S is commutative if and only if a;;x = aji, for all 4, j, k. Consider then

the semifield S(3?)| and its spread set

Lgaiz2) = {¢§(T) cv eV} C M,(F).
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As T is non-singular, every element of this set is an invertible matrix. Moreover, as
it is the spread set of a semifield, it is an n-dimensional constant rank n subspace

of M, (F). We can see that every element of this set is symmetric, since

n—1
5T = O veajin)iy
k=0

n—1

= (Z Ukajik)i,j

k=0

= ¢3(T)

Hence we get the following known result [42]:

Theorem 2.11. Let F be a field. Then there exists an n-dimensional constant rank
n subspace of Sy, (F) if and only if there exists a commutative semifield n-dimensional

over IF.

This gives us the following simple corollary on constant rank subspaces of symmetric

matrices over finite fields:

Corollary 2.12. Let F, be any finite field. Then there exists an r-dimensional

constant rank r subspace of S, (F,).

Proof. We know that every finite field has an extension field of degree r for all r.
Hence by Theorem 2.11 there exists an r-dimensional constant rank r subspace of
Sr(Fy), and for r < n we can embed this space into S, (F,) simply by addending the
appropriate zero matrices. This clearly does not affect the dimension or the rank,

proving the claim. O

Remark 2.13. Commutative semifields have important applications in areas such
as cryptography, due to their connection with so-called Dembowski-Ostrom polyno-

mials. See for example [18] for more on this.
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Chapter 3

Constant rank subspaces of
symmetric and hermitian

matrices

In this chapter we will investigate constant rank subspaces of symmetric and hermi-
tian matrices over finite fields. We provide optimal bounds in the hermitian case, and
bounds in the symmetric case that are optimal in some cases. We will then consider

some constant rank subspaces of symmetric matrices over arbitrary fields.

3.1 Counting theorem for subspaces of function spaces

Let F be a field, and € some non-empty set. The F-valued function space on € is the
set of functions from € to F, and is denoted by F?. We can easily impose a vector
space structure on F as follows: given an element oo € F and a function f € F®,

define the function af by
(af)(w) := a(f(w))
for all w € Q.
Example 3.1. Let V, V/ be n, m-dimensional vector spaces over I respectively, and

let W be an n-dimensional vector space over K, where K is a degree two extension
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of F. Recall that we are assuming m < n throughout.

A bilinear form B is an element of the function space FV' %V and the set of all

e . !
bilinear forms is a subspace of F¥V" *V.

A quadratic form @ is an element of the function space FV', and the set of all

quadratic forms is a subspace of FV .

A hermitian form # is an element of the function space KW*W  and the set

of all hermitian forms is an F-subspace of KW*W  but not a K-subspace.

A quadratic hermitian form h is an element of the function space FV, and the

set of all quadratic hermitian forms is a subspace of F'V .

By the above correspondence, we can also consider

Mysn(F) = Bysn(F) < FV'*V,
H,(F) ~ h,(F) < FW,

and if ¢ is odd,
Sp(F) ~ Q.(F) <FV.

As in Section 1.2.4, we denote by Ny¢(«) the number of elements w € Q such that
flw) =«

Let U be an F-subspace of F*. We define
Ny(0) i ={w e Q| flw)=0VfeU}.

We will call such an element a common zero of U. In this section we will prove
a general expression for Ny(0), which we will then apply to subspaces of bilinear,
quadratic and quadratic hermitian forms, eventually leading to our main result of
this section on constant rank subspaces. The proof is a generalization of a result of
Fitzgerald and Yucas [27].

Theorem 3.2. Let Fy be a finite field, Q a finite set, and U a d-dimensional subspace
of Ff}. Then

S rew N 0) — a0
NU<0>—( ! qui(qz” (3.1)
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Proof. Let {fi, fa,..., fa} be an Fy-basis for U. Define a map p: Q — IF“qi by

,U/(w) = (fl(w)a f2(w)ﬂ SR fd(w))

for w € Q. Then
Nu(0) = [{w € Qlpu(w) = (0,0,...,0)}].

For each A = (A1, \g,..., \g) € Fg, define f) € U by

= fi+ Xefot o+ Adfa
Then given w € €2, we have
d
faw) =Y Nifilw) = X+ p(w),
i=1
where the dot denotes the usual dot product. Denote A+ = {v € IFZ | A-v = 0}.
Then f\(w) = 0 if and only if p(w) € A*.
Hence the number of zeros of f) is given by

Np(0) = ) Hw | pw) =v}.

veL

We now sum this equation over all A € Ffll, giving

SN ) =D NL0) =D Y Hw | uw) =v}l.

feu AeFd AEF veXt

Next we reverse the order of summation, exploiting the fact that v € A\ if and only

DNHO)=) " > He | uw) = v}l

feu veF¢ Aevt

if A € vt, giving

Now |vt] is equal to ¢? if v = 0, and ¢?~! otherwise. Hence

D TNH0) = ¢'{w | p(w) =0} + ¢4 Y [w | plw) =v}l.

feu 0#velrd

But we know that [{w | u(w) = 0}| = Ny(0), and

Y. Hwluw) = v} =19 = Nu(0).

0#velRd
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Therefore

> N;(0) = ¢'Nur(0) + ¢“~ (12| = Nu(0)).
feu

Rearranging and solving for Ny (0) gives
- (Zrew M) =112
U = )
¢4t(¢—1)

as claimed. O

3.2 Bounds for constant rank subspaces

3.2.1 Bilinear forms

We now apply Theorem 3.2 to subspaces of bilinear forms, and use the resulting

formula to obtain new proof for Theorem 1.6.

Lemma 3.3. Let B be a bilinear form defined on V' x V, where V',V is m,n-
dimensional over F, respectively, and m < m. Suppose B has rank r. Then the

number of zeros of B is given by
Np(0) =™ "¢ +q-1).

Proof. Define v+ = {u | B(u,v) = 0}. Then Ng(0) = 3", |[v*|. Now if v € rad,(B),
then |[vt| = ¢™. If v ¢ rad,(B), then |v'| = ¢™!. Hence

Np(0) = ¢"[rad, (B)| + ¢~ (¢" — rad,(B)])

— qm.qn—r +qm—l(qn _ qn—r)
— qm+n—r—1 (qr + q— 1) .

as claimed. O

Theorem 3.4. Let U be a d-dimensional subspace of men(IFq). Let A, denote the
number of elements of U of rank r. Then

m

NU(O) — Z Arqm-l—n—d—'r.
r=0

29



Chapter 3: Constant rank subspaces of symmetric and hermitian matrices

Proof. We will view U as a subspace of FY'*V_ We know from Lemma 3.3 that the

number of zeros of a bilinear form depends only on rank, and so

Z Nf(()) _ ZArqm-i-n—r—l (qr +q— 1)

feu r=0

_ qm+n—1(z A'I’) _i_ZATqm-i-n—r—l(q_ 1)
r=0 r=0

Now > A, = ¢¢, and Q| = |V x V| = ¢™*". Hence
D Np0) | =g RI= Y AT g - 1),
feu r=0

Applying Theorem 3.2 gives us

_ Yoo Apgm T g — 1)
¢ t(qg—-1)

n

_ +n—d—

— ZArqm n r’
r=0

as claimed. O

Ny (0)

We can now provide a new proof to Theorem 1.6:

Theorem 3.5. Let U be a constant rank r subspace of My,xn(Fq). Then

dim(U) <m+n—r.

Proof. As above, view U as a subspace of FV'*V. Let d = dim(U). Then Ay = 1,
A, =¢%—1, and A; = 0 otherwise. Hence Theorem 3.4 gives us
NU(O) — qurnfd + <qd . 1)qm+nfdfr
— qm+n7dfr(qr + qd . 1).
But Ny (0) is a positive integer, and q"+q%—1 is a positive integer relatively prime to

g, and hence ¢™ =9 must be a positive integer. This implies that d < m+n —r,

as claimed. O
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Note that elements of the form (u,0) and (0,v) are zeros of every bilinear form.
We will call these ‘trivial’, and see that we have ¢™ + ¢"* — 1 of these. Suppose
m =mn =d = r, i.e. suppose we have an n-dimensional subspace of n x n invertible
matrices. Then Ny (0) = 2¢™ — 1, implying that U has no non-trivial common

Z€eros.

Suppose m = n, r =n —1, and d = n + 1. Then Ny(0) = ¢"*! +¢» 1 -1 =
(2¢" — 1) + ¢" (¢ — 1)?, implying that U has ¢"~!(q — 1)? non-trivial common

Z€eros.

3.2.2 Hermitian forms

We now apply Theorem 3.2 to subspaces of hermitian forms, and use the resulting
formula to obtain an upper bound for the dimension of a constant rank subspace of

hermitian forms. This bound will be shown to be sharp.

Theorem 3.6. Let U be a d-dimensional subspace of quadratic hermitian forms on
W, where W be a vector space n-dimensional over Fp2. Let A, denote the number

of elements of U of rank r. Then

n
NU(O) _ Z(_l)rAqunfdfr.
r=0
Proof. Consider U as a subspace of IFZV. By Theorem 1.18 we know that if h € U
has rank r, then Nj,(0) = ¢®"~1 + (=1)"¢*"""1(¢ — 1). Hence

D ONA0) =D AT (-1 (g - 1)
r=0

helU

n
— q2n+d71 + ZAT(_l)rq%Lfrfl(q - 1)’
r=0

using the fact that Y A, = ¢?. We know that || = |W| = ¢**, and so

(Z Nh(O)) — "R =) (1) A" (g - 1)

heU r=0
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Inputting this formula into equation 3.1 gives us

Do (D) A (g = 1)
¢ g —1)

_ (_1)rArq2n—r—d’
r=0

Ny(0) =

as claimed. O

The number Ny (0) is a positive integer, as the zero vector is clearly isotropic with
respect to every form. The above Theorem 3.6 leads to the following result in the

spirit of the Chevalley-Warning Theorem (see for example [54], Theorem 6.5):

Corollary 3.7. Suppose we have d quadratic hermitian forms defined on W ~ ]FZQ.
Then if n > d, the forms have a non-trivial common zero. More precisely, the
number of common zeros is divisible by ¢"~¢.

Proof. We may suppose that the forms are linearly independent over ;. Let U be
the F,-subspace spanned by these forms. We have that

Ny (0) = ¢ (Z(nmrqn—?") .
r=0

Each A, is an integer, and as r < n, ¢"~" is also an integer for all . Hence the

expression inside the brackets above is an integer, proving the claim. O

In fact we can improve this divisibility property further. Let r.x denote the maxi-

mum rank of elements of U, i.e. the largest r such that A, # 0. Then

Ny (0) = g~ (Z(—nmrq%w) ,

r=0

and so the number of common zeros is divisible by ¢?~ @ Tmax

We are now ready to prove our main theorem on the maximum dimension of a con-
stant rank subspace of hermitian matrices, or equivalently, subspaces of (quadratic)

hermitian forms.
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Theorem 3.8. Let U be an Fy-subspace of H,(F,) of constant rank r and dimension
d. Then

d<

{ r if r is odd

2n —r if r is even

Proof. Following the notation above, we have that A, = ¢?—1, Ag =1 and 4; =0

otherwise. Inserting these values into the formula from Theorem 3.6 gives us that
Ny (0) = ¢+ (=1)"(¢" = Dg*" ™.
If r is odd, we have
NU(O) _ q2n—r—d(q7’ _ qd + 1).
But Ny (0) must be a positive integer, and hence ¢" — ¢? + 1 must be a positive

integer, implying d < r as claimed.

If r is even, we have
Np(0) = ¢ ~Uq" +¢" - 1).
Now ¢" + ¢% — 1 is a positive integer, and is relatively prime to q. Hence ¢?" "¢

must also be a positive integer, implying d < 2n — r as claimed. O

We now show that these bounds are sharp.

Lemma 3.9. Suppose there exists a constant rank k subspace U of M, (n—m) (K)
which is d-dimensional over K. Then there exists a constant rank 2k subspace U’ of
H,,(F) which is 2d-dimensional over F.

Proof. Let U’ be the set of elements of the form

0, A
a0, )’

for all A € U. Then it is straightforward to see that each element of U’ is hermitian

and has rank 2k. Furthermore, U’ is clearly a subspace of dimension 2d over F. [

Hence we have our main theorem of this section:

Theorem 3.10. The mazimum dimension of a constant rank r subspace of Hy(F,)

s precisely r if r is odd, and 2n — r if r is even.
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Proof. We know from Corollary 2.12 that there exists an r-dimensional constant
rank r subspace of S, (F,) < H,(F,) for all . Let r = 2m be even. We know from
Theorem 1.4 that there exists a constant rank n — m subspace of M, (n—m) (Fg2)
which has dimension n —m over F 2. Hence by Lemma 3.9 there exists a constant
rank 7 subspace of H,(F,) which has dimension 2(n—m) = 2n—r over F,. These two
constructions, together with the bound proved in Theorem 3.8 prove the assertion.

O

3.2.3 Quadratic forms

We now obtain similar formulae for subspaces of quadratic forms.

Theorem 3.11. Let U be a d-dimensional subspace of quadratic forms on V x V,
where V' is a vector space n-dimensional over F,. When 0 # r is even, let A denote
the number of elements of U of rank r and type €. When r is odd, let A, denote the
number of elements of U of rank r, and define Ag =1, Ay =0 for ease of notation.
Then

Ny(0)= > (AF = A7)g" " 2.
Proof. By Theorem 1.17, and using Y,  4q 4r +>_
that

D NGOy =D Agm 4 ) ( (AF + A0+ (A — A7) (g — 1))

QeU r odd r even
=g Y (A - A

T even

Now || = |V| = ¢", and so

Af + A7) = ¢, we have

s even(

(N1

g —-1).

ST Ng) | =Yl = Y (AF - A g - ).

QeU r even

Hence by Theorem 3.2 we have

Ny(0) =

as claimed. O
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Consider now constant rank subspaces of Q,(F,;). We know that Q,,(FF,) is an [F4-
subspace of H,,(F,). Hence we know from 3.8 that if U is a constant rank r subspace,
where r is odd, then U has dimension at most 7, and by Corollary 2.12 there exists a
subspace meeting this bound. The results for constant rank r subspaces of Q,,(F,)
are not as complete for r even, due to the fact that the distribution amongst positive
and negative type element is required. However, we can make some progress with
some assumptions on the distribution.

Theorem 3.12. Let U be a d-dimensional constant rank r subspace of Qn(Fy),
where r is even. Then

r
d<n— -
=N 9

if e(Q) =1 for all non-zero Q € U,

d<

N3

if (Q) = —1 for all non-zero Q € U, and
d<n

if U contains equal number of non-zero elements of each type.

Proof. Suppose €(Q) = ¢ for all Q € U. Then Ay =1, AS = ¢* — 1, and AZ-,AZ-i =0

otherwise. Hence by Theorem 3.11 we have
Ny(0) = ¢" " + (g’ = 1)g" .
If e =1, then
Ny(0) = ¢~ *5(q> +¢* = 1),

But Ny(0) is a positive integer, and the number inside the brackets above is a

positive integer relatively prime to ¢, implying that d < n — 5, as claimed.

If e = —1 then

Ny(0) = ¢"*2(¢q> — ¢’ - 1),
implying that d < 3.
If U contains equal number of non-zero elements of each type, then Ag = 1, A =
AT = E, and A;, Azi = 0 otherwise. Hence

r 2

Ny (0) = ¢" %,
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implying d < n, as claimed. O

We can construct subspaces meeting the bound for cases (1) and (2) for ¢ odd. We
start with case (1):

Lemma 3.13. Suppose char(F) # 2, and suppose there exists a constant rank m
subspace U of M,y (n—m)(IF) which is d-dimensional over F. Then there exists a
constant rank 2m subspace U’ of S,,(F) which is d-dimensional over F, and in which

every non-zero element has positive type.

Proof. Let U’ be the set of elements of the form

0, A
AT 0, )

for all A € U. Then it is straightforward to see that each element of U’ is symmetric

and has rank 2k. Furthermore, U’ is clearly a subspace of dimension d over F.

Now an element X € S, (F) of rank 2m has positive type if and only if there exists
an (n —m)-dimensional subspace of V' which is totally isotropic with respect to Qx.
It is clear that the subspace of vectors of the form (0,0,...,0,vpt1,...,v,) forms

such a subspace, proving the claim. ]

Corollary 3.14. Suppose r = 2m is even and ¢ is odd. Then the maximum di-
mension of a constant rank r subspace of S,,(IF,) where every non-zero element has

positive type, is precisely n — m.

Proof. We know from Theorem 1.4 that there exists a constant rank m subspace of
My, % (n—m)(Fq) which has dimension n —m over F;. Hence by Lemma 3.13 there
exists a constant rank r subspace of S, (F,) which has dimension n—m over F,. This
construction, together with the bound proved in Theorem 3.12 prove the assertion.

O

We now show that the bound described in Theorem 3.12, case (2) is sharp. To do
this, we begin by recalling some facts about the embedding of a field into a matrix

ring.
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Suppose that we embed the field Fj2m into My, (F,) by its regular representation
over [F,. Then we obtain an 2m-dimensional subspace, U, say, of My, (IF,) in which

each non-zero element is invertible. Given S € U, we have

det S = N(9),
where we identify S with an element of F 2m and N denotes the norm mapping from
FZQm to <.

Theorem 3.15. Let m be a positive integer. Then there exists an m-dimensional

subspace of Som(IFq) in which each non-zero element has rank 2m and negative type.

Proof. We first recall that an invertible symmetric matrix S in Sa,,(F,) satisfies

X
q

g =3 mod 4, in which case the condition is that det S is a square.

w(S) = —1 if and only if det S is a non-square in [F*, except when m is odd and

We consider the field F,2m and its subfield Fym. Let
N : F;Zm — ]F;

be the norm mapping, which is well known to be a surjective homomorphism. We
claim that each element = € qum is a square in IF;M. To prove this, we must show

that
x(q2m71)/2 _ 1

. . . mo__
This is clear, however, since ¢ ~! = 1 and hence

2@ -1/2 _ (a"-D(@m+1)/2 _

9

as required. Thus, since N is a homomorphism, N (z) is a square in Fy.

Finally, consider an embedding of F,2m into S2,,(Fy) by symmetric matrices. Let
U be the image of Fym under this embedding. U is a subspace of dimension m in
which each non-zero element has rank 2m and square determinant, by what we have
proved above. Thus if m is odd and ¢ =3 mod 4, U is a subspace of Sy, (F,) with
the required property. In all other cases, let w be an element of F2m with N(w)
a non-square in Fy. Then Uw is a subspace with the required property (here, we

think of w as a symmetric matrix in the embedding of F 2m into Sz, (Fy)).
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Hence we have:

Corollary 3.16. Suppose r = 2m is even and ¢ is odd. Then the maximum di-
mension of a constant rank r subspace of S,,(IF;) where every non-zero element has

negative type, is precisely m.

It is not clear how many elements of each type occur in a constant rank subspace.
In general, they do not always fall into one of the above categories. For example,
consider the 5-dimensional subspace U of S5(F3) consisting of the linear span of the

matrices

2 2 21 2 00000 0 0011
2 21 2 2 0 00 01 00020
210111, 00010 ], 0002 2|,
1 21 20 00110 12 210
22100 01000 102 00

02020 22120

212 00 2 21 21

02000, 1101 2

2 0011 2 21 2 2

0 0010 012 20

A computer calculation shows that U is a 5-dimensional constant rank 4 subspace,

containing 220 elements of positive type and 22 elements of negative type.

Remark 3.17. As stated in Section 1.3.2, a constant even rank space of quadratic
forms (or equivalently for ¢ odd, symmetric matrices) gives rise to a two-weight code,
and, if the code is projective, a strongly regular graph. This example above leads
to a (243,220, 199, 200)-strongly regular graph. While a strongly regular graph with
these parameters was already known, it is not known if this graph is isomorphic to
a previously known graph. It is possible that large constant even rank subspaces of

symmetric matrices could lead to interesting strongly regular graphs.

Remark 3.18. While Theorem 3.12 holds for subspaces of quadratic forms over
fields of even characteristic, it does not give any information about subspaces of

symmetric matrices over these fields. This remains a topic for future investigation.
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3.3 Constant rank 3 spaces of symmetric matrices over

arbitrary fields

In this section we will consider constant odd rank subspaces of symmetric matrices

over different fields, with particular focus on constant rank 3 subspaces.

3.3.1 Constant odd rank subspaces over R

Recall the definition of the order of a polynomial f =", fiy":

ord(f) :=inf{i | f; # 0}

Lemma 3.19. Let A be an element of S, (R), and let char(4) = > ja;4". Then
rank(A) = n — ord(char(A)).

Proof. 1t is well known that every real symmetric matrix is similar to a diagonal
matrix. Hence A is similar to diag(by, be,...,b,) for some b; € R, and rank(A) =
#{i | b; # 0}. Therefore char(A) = [[;~,(y — b;), and hence the largest power of y
dividing char(A) is #{i | b; = 0} = n—rank(A). Hence ord(char(A)) = n—rank(A),

proving the claim. ]

Hence we have the following result, which is not assumed to be new:

Lemma 3.20. Suppose U is a constant rank r subspace of S, (R), where r is odd.
Then dim(U) < 1.

Proof. Suppose U has dimension d, and let {E1, Es, ..., E4} be a basis of U. Then

d d n
char(z x;iE;) = det(y — Z zBy) =yt + Z filwr, @2, ..., xq)y™ "
i=1 i=1 i=0
where f; is a homogeneous polynomial of degree i in Rz, x9,...,2z4]. By Lemma
3.19, f; =0 for i <r, and f, has no non-trivial zeros (for otherwise U would contain
elements of rank not equal to r). But it is well known that any homogeneous
polynomial of odd degree in R[xy,x9,...,24] has a non-trivial zero unless d = 1,

proving the result. O
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Note that the same result holds for any real closed field, as the proof only relies
on the fact that every symmetric matrix is diagonalizable, and the fact that every
homogeneous polynomial of odd degree has a non-trivial zero, both of which hold

true for real closed fields.

3.3.2 Constant rank 3 subspaces of symmetric matrices over arbi-

trary fields

It seems reasonable to ask if a constant rank r subspace of symmetric matrices over
an arbitrary field has dimension at most r when r is odd. We have proved this is true
for a finite field, and an application of the Kronecker pair theory, discussed below,
shows that over an algebraically closed field, the maximum dimension of an odd
constant rank subspace of symmetric matrices is 1. As an indication that a general
result for all fields might be true, we shall present a proof that, over an arbitrary
field, the maximum dimension of a constant rank 3 subspace of symmetric matrices

is 3.

Let V be a finite dimensional vector space over the field F and let f and g be
symmetric bilinear forms defined on V' x V. A basic result in the theory of bilinear

forms, due essentially to Kronecker, shows that there is a decomposition
V=V 1LV 1V

of V into subspaces Vi, Vo and V3. This decomposition is orthogonal with respect
to both f and g¢: that is, f(v;,v;) =0 for all v; € V; # V; 5 v;, and the same holds

true for g. See for example [71], Theorem 3.1.

We may choose the notation so that f is non-degenerate on Vi, g is non-degenerate
on Vo, and V3 is the orthogonal direct sum (with respect to f and g) of basic singular
subspaces. We allow the possibility that any of the V; is a zero subspace and also

that ¢ is non-degenerate on Vi, or f is non-degenerate on Va.

A basic singular subspace U, say, with respect to f and g, has odd dimension, 2k+1,
say, and the restriction of each of f and g to U x U has even rank 2k. In fact, the

subspace spanned by the restrictions of f and g forms a constant rank 2k subspace.
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Hence the restrictions of f and g to the subspace V3 above span a constant rank 2s

subspace for some s.

If f and g each have rank r, then the restrictions of f and g to V7 L V5 each have
rank r — 2s. If s = 0, then V3 is clearly contained in the radical of both f and

g.

We wish to show that if f and g span a constant rank 3 subspace, then we must

have s = 0 and dim(V3) = n — 3, and hence f and g have the same radical.

Lemma 3.21. Let f and g be symmetric bilinear forms of rank r defined on V' x V.
Suppose there exists a decomposition V = V; L V5 such that f is non-degenerate on
V1 and g is non-degenerate on V5, and the decomposition is orthogonal with respect
to both f and g. If |F| > r + 1, then there exist a,b € F such that af + bg is

non-degenerate on V.

Proof. We can assume that

Al 0 Bl 0
[ = , 9= :
0 A 0 By

where A; and Bj are ny X n; symmetric matrices, and A; is invertible, and A, and

By are ny X ng symmetric matrices, and By is invertible. Furthermore, we may take

AL 0 B0
Ay = 2 , Bi=| ! :
0 0 0 0

where A} is an (r —ny) X (r — ny) invertible symmetric matrix, and Bf is an (r —

ng) X (r — ng) invertible symmetric matrix. Consider then

F(z,y) :=det(xf + yg) (3.2)
= det(zA; + yB) det(x Az + yBa) (3.3)
=: Fi(z,y)Fa(x,y). (3.4)

We want to show that F' is not identically zero over F. Then we can see that F
is homogeneous of degree n1, and has degree r — ng in y. Hence Fj is divisible by

g™+ Similarly F is divisible by ™+~ and so
F(z,y) = (zy)" "7 F (2,y),

41



Chapter 3: Constant rank subspaces of symmetric and hermitian matrices

where F’ is homogeneous of degree r, which is not divisible by x or y. Define a

polynomial G in z by

G(x) := F(z,1)

="Mt (1),

Then G(a) = 0 if and only if a = 0 or a is a root of a polynomial of degree r.
If |[F| > r + 1, there exists some a such that G(a) # 0, and hence af + g is non-

degenerate on V', as claimed. 0

Corollary 3.22. Let f and g be symmetric bilinear forms defined on V' x V such
that rank(af + bg) = r for all a,b € F, a and b not both zero. Suppose there exists
a decomposition V' = Vi L V5 such that f is non-degenerate on V; and ¢ is non-
degenerate on Vs, and the decomposition is orthogonal with respect to both f and
g. If |[F| > r+ 1, then dim(V) =r.

Proof. From Lemma 3.21 we know that there exists a,b € F such that af + bg is
non-degenerate on V. But as rank(af + bg) = r for all (a,b) # (0,0), we have that
dim(V') = r, as claimed. O

This implies that f and g span a two-dimensional constant rank r subspace of

symmetric bilinear forms on an r-dimensional space.

Corollary 3.23. Let f and g be symmetric bilinear forms defined on V' x V such
that rank(af + bg) = 3 for all a,b € F, a and b not both zero. Then if |F| > 4, f

and g have the same radical.

Proof. Let V.=V, L Vo 1 V3 be the decomposition as above. Suppose f and g
have rank 2s on V3, and hence rank r — 2s on Vi L V5. Clearly we must have
s € {0,1}. Denote the restriction of f and g to V3 L V5 by f’ and ¢’ respectively.
Then f’ and ¢’ satisfy the conditions of the previous corollary, and so we must have
dim(Vy L Vo) =7 —2s. If s =1, then dim(V; L V5) = 1. But then f’ and ¢’ span a
two-dimensional constant rank 1 subspace of 1 x 1 symmetric matrices, which is not
possible. Hence s = 0, and so V3 is contained in the radical of both f and g, and V3

has co-dimension 3 in V, implying that rad(f) = rad(g) (= V3), as claimed. O
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The following example shows that the hypothesis on the size of the field is necessary.

Suppose that |F| < 3 and f and g are respectively represented by the matrices

1000 1 000
0100 0 -1 00
0010’ 0 0 0
0000 0 00 1

All non-trivial linear combinations of f and g have rank 3, yet f and g have different

radicals.

Corollary 3.24. Let U be a subspace of symmetric bilinear forms defined on V x V|
where V is a finite dimensional vector space over the field F. Suppose that each non-

zero element of U has rank 3. Then if |F| > 4, we have
dimU <3

and each non-zero element of U has the same radical.

Proof. Tt follows from Lemma 3.23 that each non-zero element of U has the same
radical, R, say, when |F| > 4. Let N be a complement of R in V. Then dim N =3
and it is clear that the restriction of U to N x N defines a subspace U’, say, of

symmetric bilinear forms on N x N with
dimU = dim U’.

Each element of U’ is non-degenerate so U’ is a constant rank 3 subspace of 3 x 3
matrices, and it follows that
dim U’ < 3.

This is what we wanted to prove. ]

Theorem 3.8 and Corollary 3.24 imply the following result.

Corollary 3.25. Let U be a subspace of S, (F). Suppose that each element of U*
has rank 3. Then dimU < 3.
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Remark 3.26. In this chapter we have seen that the dimension of a constant rank
3 subspace of S, (F) is at most 3 for any field F, and also that the dimension of a
constant rank r subspace of S, (F,) at most r for any odd r and any finite field Fy.
This suggests that result may hold true for any odd r and any field F. However, this

question remains open at this time.
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Primitive elements in finite

semifields

In this chapter, we prove the existence of left and right primitive elements in semi-
fields of prime degree over their centre Iy, for ¢ large enough. For this chapter, by

semifield we will always mean finite semifield.

4.1 Primitive elements

Let S be a (pre)semifield n-dimensional over F,, and a an element of S. For this
chapter we will denote multiplication in S by juxtaposition. We recursively define

the left powers of a by

for all i > 1. We define the right powers a”) of a similarly. The left and right powers

do not coincide in general.

Definition 4.1. A (pre)semifield S is said to be left primitive if there exists some
a € S such that
S*={al:i=1,...,¢" '}
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If such an a exists, we say that a is a left primitive element of S.
We define right primitive similarly.

It is well known that every finite field is left and right primitive ([54], Theorem
2.8). Wene [73] considered the existence of primitive elements of finite semifields,
and showed that they exist in many small semifields. Ria [64] showed that Knuth’s
binary semifield [47] of order 32 does not contain a left or right primitive element.
Knuth’s binary semifields consist of elements of the field Fy» for ¢ even, n odd, with

multiplication defined by

zxy =ay + (Tr(z)y + Tr(y)x)*.

(Note: for ¢ = 2, n up to 23, all others have primitive elements by computer

calculation.)

Rua and Hentzel [33] showed that for order 32 and 64 there exist semifields which
are left primitive but not right primitive (and vice-versa), and also semifields which
are neither left nor right primitive. No other examples of non-primitive semifields

are known.

In this chapter we will prove the following theorem:

Theorem 4.2. Let S be a semifield, n-dimensional over its centre F,. Then
(a) if n =3, for any q, S is both left and right primitive;

(b) if n is prime and q is large enough, S is both left and right primitive.

4.1.1 Primitive elements as invertible matrices

Let S be a (pre)semifield n-dimensional over its centre F,. We saw in section 2.2
that the set of endomorphisms of left (resp. right) multiplication Lg (resp. Rs) can

be represented as an n-dimensional constant rank n subspace of M, (F,).

Given a matrix A € M, (F,), the characteristic polynomial of A is defined as

char(A) := det(yl — A) € Fq[y].

46



Chapter 4: Primitive elements in finite semifields

Let Fy(A) denote the [Fy-subspace of M, (F,) spanned by the powers of A. Then it
is well known ([54] Section 2.5) that

o F,(A) is a field isomorphic to Fyn if and only if char(A) is irreducible.
e A is a primitive element of F,(A) if and only if char(A) is primitive.
Hence char(A) is primitive if and only if A* # A7 for 0 <i < j < ¢" — 1.

We can exploit this using the following important lemma. An alternative proof of

the result can be found in [33].

Lemma 4.3. Let S be a (pre)semifield. Then z is left primitive if and only if L,
has primitive characteristic polynomial. Similarly, x is right primitive if and only if

R, has primitive characteristic polynomial over F,.

Proof. By definition,

(i _ ri-1
V' =L, x.

Then for any 0 < i < j < ¢" —1, we have z(* = zU if and only if (L' — Li_l)x =0.
Suppose x is left primitive in S. Then Li 1 # LIt for0<i< j < q"—1. Hence

L, has primitive characteristic polynomial.

Conversely, suppose L, has primitive characteristic polynomial. Then (L1 — Lé_l)
is an invertible matrix for 0 < i < j < ¢" — 1. Hence (Li~! — L3 Ma # 0, and so
20 £ 20U for 0 < i < j < ¢" — 1, implying « is left primitive and thus proving the

claim.

The proof for right primitive elements is similar. O

For the binary semifield of order 32 described above, one can check that the set of
characteristic polynomials is given by {char(L;)} = {¢° +y+ 1,95 +3* +y+1,9° +

y* 4+ 1}, none of which is primitive, as expected.

Note that if a (pre)semifield S has a left identity element, i.e. an element e such
that ex = « for all z, if and only if I € Lg, where I denotes the identity matrix.

Similarly, S has a right identity element if and only if I € Rs.
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Hence to prove that every semifield of prime dimension n over its centre IF; contains a
left and right primitive element, it suffices to show that every n-dimensional constant
rank n subspace of M, (F,) containing the identity matrix has an element with

primitive characteristic polynomal.

4.1.2 Homogeneous polynomials over finite fields

In this section, we investigate certain homogeneous polynomials defined in terms
of n-dimensional constant rank n subspaces of M,(F,;). We begin with a general

definition.

Let F be a field, K be an extension field of F, and let ¢ € Klzy,...,z,] be a
polynomial with coefficients in K. Let ¢ be an automorphism of K fixing . Then

we let g° denote the polynomial obtained by applying ¢ to each coefficient of g.

Definition 4.4. Let K be a cyclic extension of degree n of the field F and let o

generate the Galois group of K over F. Let f be a non-zero homogeneous polynomial

of degree n in Flxy,...,x,]). We say that f is a norm form (with respect to K) if
there exists a basis a1, ..., a, for K over F with
F=gg" g7,
where
g=a1x1+ -+ apry € Klxy, ..., x,)].

Suppose that f is a norm form, as above, and the coefficient of 2} in f is 1. Then
it follows that

g
1=aiai---aj

We set
b; = al_lai, 1< <n.
It is clear that by =1, ba, ..., b, is a basis for K over F and we may write
f=hh" h,
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where

h = x1 4+ baxg + - + bpay.

Thus, under the given hypothesis that the coefficient of 27 in f is 1, we may represent
the norm form f as a product of Galois conjugate linear polynomials in which the

coefficient of 1 in each is 1.

Note that when we state that f € Fy[zi,...,2y] is a norm form of degree n, it
can only be such with respect to Fg» and then we may take o to be the Frobenius

automorphism A — A7 of Fyn.

4.1.3 Associated polynomial of semifields

Let U be an n-dimensional constant rank n subspace of M, (FF;), containing the
identity. Let B = {Ei,...,E,} be an ordered F,-basis for U. We know from
Section 2.2 that every such U is the semifield spread set Lg of some (pre)semifield
S.

Definition 4.5. Let U and B be as above. Then the associated polynomial of U
with respect to B s the polynomial given by

fuB(x1,x2,...,xp) :=det(x1 E1 + - - + 2, Ey).

If we use a different basis B, say, of U, the corresponding polynomial fy g, is
obtained from fyp by making an invertible linear transformation on the variables

and is thus an equivalent polynomial.

It follows that such properties of the associated polynomials as being irreducible
or a norm form are independent of the choice of basis and depend only on the

subspace.

By abuse of language, we shall henceforth talk of the associated polynomial of U to
be that obtained for an arbitrary choice of ordered basis B in which the first basis

element E; is the identity matrix and we shall write fy in place of fy p.

We note the following properties of fi.
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(1) fu is a homogeneous polynomial of degree n.
(2) fu has no non-trivial zeros over Fy, as all non-zero elements of U are invertible.
(3) The coefficient of =7 is 1 (since £} = I).

(4) I X = ME1 + XEy+ ...+ M\E,, A\ € Fy, and char(X) is the characteristic
polynomial of X, then

char(X) =det(yl — X) = fu(y — A, = A2, ..., —An) € Fgly.

Following the notation introduced in Section 2.2, let
Ly, ={L. | z €Fygn}

be the semifield spread set of F,», an n-dimensional subspace of M, (F,). Given

z € Fyn, the eigenvalues of L, are

and consequently the characteristic polynomial of L, is

n—1

[T -=").

i=0
Theorem 4.6. Let U be an n-dimensional constant rank n subspace of My (F,),
containing the identity matriz. Let {Ey = 1I,...,E,} be an ordered Fgy-basis for U
and let fir be the associated polynomial of U with respect to this basis. Suppose that

fu is a norm form, with

o.n—l

f=g99" -9

where g = x1 + asxa + -+ + apxy and 1, ag, ..., ap is an Fg-basis for Fgn. Given

elements A1, ..., A\, of Fy, let
A=ME1+XFEs+ -+ ME,, z=X+ Xoas+ -+ Man

be corresponding elements in U and Fyn, respectively. Then A and L, have the same

characteristic polynomial.
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Chapter 4: Primitive elements in finite semifields

Proof. By property 4, after Definition 4.5 above,

char(A) =det(yl — A) = fuly — A1, = A2, ..., —An)
n—1 ]
= H(y — )\1 - )\2&2 e T )\nan)ol
=0
n—1 ] n—1 )
=[[w-2"=[]w-=")
=0 =0

As we observed earlier, this is the characteristic polynomial of L.

O

Corollary 4.7. Let U be an n-dimensional constant rank n subspace of M, (F,),
containing the identity matrix. Suppose that the associated polynomial fi; is a norm
form. Then each monic irreducible polynomial of degree n in F,[y] occurs as the

characteristic polynomial of exactly n elements of U.

Hence we have the following immediate consequence of Corollary 4.7 and Lemma
4.3:

Corollary 4.8. Let S be a semifield n-dimensional over F,. Suppose that the
associated polynomial f7, is a norm form. Then S contains a left primitive element.

Similarly, if fgr, is a norm form, then S contains a right primitive element.

4.2 Primitive element theorems

We now apply some known results on norm forms to obtain the main results of this

chapter on primitive elements.

Recall the definition of a generalized twisted field GT (Fyn, k, m,v) from Definition
2.3. Menichetti ([56], Corollaries 29,32) proved the following theorem:

Theorem 4.9. Let S be a semifield n-dimensional over Fy. Then fr. (resp. frg) is
a norm form if and only if S is isotopic to a generalized twisted field GT(Fyn, k,m,~)
for ged(n, k) = ged(n, m).

Hence Theorem 4.9 and Corollary 4.8 give us the following theorem:
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Chapter 4: Primitive elements in finite semifields

Theorem 4.10. Let S be a generalized twisted field GT(Fyn, k, m, ), where ged(n, k) =

ged(n,m). Then S contains both a left and right primitive element.

Remark 4.11. Note that our theorem does not apply to all twisted fields. However,
this does not preclude the possibility that all twisted fields contain left and right
primitive elements.

Remark 4.12. Rua proved the above theorem for n = 3 in [64], by explicitly con-
sidering the multiplication in a twisted field. Our above proof does not require any
knowledge of the multiplication, as it depends only on the fact that the associated

polynomial is a norm form.

For some values of ¢ and n, all semifields of size ¢" with centre F, have associated
polynomials which are norm forms, as shown by Menichetti, and hence are both left
and right primitive. We will discuss these cases now, beginning with the well known
Lang-Weil bound:

Theorem 4.13 (Lang-Weil). Let f be an absolutely irreducible homogeneous poly-
nomial in Fglzq,...,x,) of degree d. Let N be the number of zeros of f over F,.
Then N satisfies

N ="' < (d=1)(d—2)q" 2 + Cq" 2
for some C' which does not depend on q.

When originally proved, the Lang-Weil theorem, [50], was ineffective, as explicit
bounds for C' were not available. More recently, explicit bounds for C' have been
proven. See, for example, [30]. As far as we know, the best bound currently available
was proved by Cafure and Matera, [9], Theorem 5.2.

Theorem 4.14 (Cafure and Matera). Let f be as above. Then

IN =" | < (d—1)(d—2)g" "2 +5d5 ¢" >

Hence if ¢ is large enough, a homogeneous polynomial f of degree n in Fy[z1, ..., zy]
which has no non-trivial zeroes cannot be absolutely irreducible. If n is prime, this
implies that f must be a norm form. Here “q is large enough” means that ¢ satisfies
the equation

1

" t=1>(m—-1)(n- 2)qn_% + 5n73q"_2.
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Chapter 4: Primitive elements in finite semifields

The above sketches the proof of the following theorem:

Theorem 4.15. Let f be a homogeneous polynomial of degree n in Fylxy, ..., xy).

Suppose f has no non-trivial zero in F,. Then
(a) if n =3, for any q, [ is a norm form;
(b) if n is prime and q is large enough, f is a norm form.

Case (a) was essentially known to Dickson, [24], whose proof was later corrected by
Carlitz, [11]. Case (b) is due to [56], Proposition 17 (where the theorem is stated
in terms of hypersurfaces in projective spaces). Hence Theorem 4.15 and Corollary
4.8 give us:

Theorem 4.16. Let S be a semifield, n-dimensional over its centre F,. Then
(a) if n =3, for any q, S is both left and right primitive;

(b) if n is prime and q is large enough, S is both left and right primitive.

Remark 4.17. As an example, if we take n = 5, the condition “q large enough”
becomes ¢ > 6296, i.e. any semifield 5-dimensional over its centre F, for ¢ > 6296
has both a left and right primitive element. For ¢ < 6296, we only know that the
theorem does not hold for ¢ = 2, and does hold for ¢ = 3.

Remark 4.18. Note that Corollary 4.7 implies that if the associated polynomial
of a semifield S which is n-dimensional over its centre F; is a norm form, then
every monic irreducible polynomial of degree dividing n occurs as the characteristic

polynomial of an element of Ls.

However, this is not a necessary condition for a semifield to be left primitive. For
example, Knuth’s binary semifield S of order 27 contains left (and right) primitive
elements, but not every irreducible polynomial of degree 7 over Fy occurs as the
characteristic polynomial of an element of Ls. Furthermore, the Ls contains (non-

identity) elements whose characteristic polynomial is not irreducible.

Remark 4.19. It is well known that every finite field contains a primitive element.
Little is known about the existence of primitive elements in other families of semi-
fields. See for example [13], [73].
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Chapter 5

Semifields from

skew-polynomial rings

In this chapter we will introduce a particular construction for semifields using skew-
polynomial rings. We will show that these are isotopic to cyclic semifields as defined
by Jha and Johnson in [40], and use this representation to obtain new results. We
will also discuss this construction over arbitrary fields, and show how it is connected

to some classical constructions of algebras.

In this chapter F will denote a field, K an extension field of F of degree n, o an
F-automorphism of K fixing precisely F, and V a vector space of dimension d over

K (and hence dimension nd over F).

5.1 Skew-polynomial rings

Let IF be a field, K an extension field, 0 an F-automorphism of K. We define a

o-derivation to be an F-linear map ¢ : K — K such that
(ab)5 = a%b® + a’b

for all a,b € K. The following definition is due to Ore [61]:
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Chapter 5: Semifields from skew-polynomial rings

Definition 5.1. The skew polynomial ring R = K][t;0,0] is defined to be the set
of polynomials in t with coefficients in K, where addition is defined termwise, and

multiplication is defined by ta = a®t + a’ for all a € K.

Note that the definition in [61] actually allows the coefficient ring K to be a division
ring rather than a field. However, for the purposes of this work we will restrict to

the case where K is a field.

Furthermore, we will restrict to the case where § = 0, because of the following
theorem of Jacobson [38] Prop 1.2.20:

Theorem 5.2. Let R = Klt;0,0] be a skew-polynomial ring over a field K, and

suppose o # id. Then R is isomorphic to K[t; o', 0] for some o’.

We will denote K[t; o, 0] by K[t; o]. We will denote the fixed field of o by F, and the
order of ¢ by n. We define degree in the usual way, and say that an element f is
irreducible in R if there do not exist any a,b € R with deg(a),deg(b) < deg(f) such
that f = ab. The following important properties of skew-polynomial rings will be

needed in this chapter:

Theorem 5.3 (Ore [61]). Let R = K]t; o] be a skew-polynomial ring. Then
1. multiplication in R is associative and R satisfies both distributive laws;
2. multiplication in R is not commutative unless o is the identity automorphism;
3. R is left- and right-Euclidean;
4. R s a left- and right-principal ideal domain;

5. the centre of R is F[t";0] ~ F[y], where F is the fized field of o and the

isomorphism maps t" to y;
6. if f1,fo,..., fr,91,92,...,9s are irreducible elements of R, and
fifoo o fr=0g192..9s

then r = s and there is a permutation ™ € S, such that deg(f;) = deg(gr(;))
for all i.
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Chapter 5: Semifields from skew-polynomial rings

Note that properties (1),(3),(4) and (6) also hold for R = K[t; o, d].
Hence we can define a semifield as follows:

Theorem 5.4. Let V be the vector space consisting of elements of R of degree
strictly less than d. Let f € R be an irreducible of degree d. Define a multiplication
of on'V by

aopb:=ab mod,f

where juztaposition denotes multiplication in R, and ‘ mod ,.’ denotes remainder

on right division by f. Then Sy = (V,05) is semifield of dimension nd over F.

Proof. This multiplication is well defined, as R is right-Euclidean. We check that Sy
has no zero divisors. Suppose a,b € Sy, and a oy b = 0. This implies 3h € Sy such
that ab = hf. Comparing degrees, part (6) of Theorem 5.3 gives a contradiction
unless a or b is the zero polynomial. The other properties of a semifield are easily

verified. Obviously Sy has dimension d over K, and hence dimension nd over F. [

This construction was considered by Ore [60] and Jacobson [35] in order to de-
fine a class of associative algebras, known as cyclic algebras. Though they did not
consider non-associative structures, the fact that the above construction leads to a
multiplication with no zero divisors was essentially known to them. Petit [63] then
explicitly constructed non-associative algebras in this manner. This point will be

further discussed in Section 5.2 below.

Remark 5.5. Note that for any 0 # a € K, the polynomials f and «f define the

same semifield.

Remark 5.6. Note that defining the multiplication using remainder on left division
by f also defines a semifield. However, in Section 5.1.2 we will show that the

semifields obtained are Knuth derivatives of each other.

For the rest of this chapter we will write mod for mod, unless otherwise stated, and

write divides for right divides.
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Chapter 5: Semifields from skew-polynomial rings

5.1.1 Eigenring and nuclei

Definition 5.7. Let f be an irreducible element of R of degree d. Define the eigen-

ring of f by
E(f)={ue R| deg(u) <d, f divides fu}

Theorem 5.8. [63] Let f be a monic irreducible element of R of degree d, and let
Sy be the semifield as defined above. Then

N:(Sf) = E(f)

and
E(f)=S;« fe€Z(R)

where Z(R) denotes the centre of R.

Proof. First we will prove the second assertion. Suppose E(f) = Sy. Let

d
f= Z fit!
=0

where f; € K, and fy =1 as f is monic. As ¢t € E(f) by assumption, we must have
ft=0 mod f. But then

ft mod f= ft—tf
d

(fi — O

i=0
0,

implying that f; = f7 for all i, and so f; € F for all i. Now as a € E(f) for all

a € K, we have

fa mod f= fa—a’"f
d
(a" — ) fit!

o

0,

.

implying that for each ¢ we have f; = 0 or a® = a° for all a € K. As fis

irreducible, we must have fy # 0 (for otherwise ¢ would divide f). Hence if f; # 0,
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Chapter 5: Semifields from skew-polynomial rings

we have o = a for all a € K, and so ¢¢ = id. Hence if f; # 0 then n divides i.
Therefore f € F[t"; 0] = Z(R), as claimed.

Conversely, if f € Z(R) then clearly fu = uf is divisible by f for all u, and so
E(f) =Sy.

We now show that N,.(Sy) = E(f). For any a, b, c € F of degree less than d = deg( f)

we can find unique u, v, w, z € R of degree less than d such that
ab=uf+ v, and

be=wf+ z,

ie. aopb=wv,bosc=z Then

(aofb)orc=vorc=vc mod f,
while

aof(bofc)=aorz=az mod f.
But as R is associative, we have that

ufc+ve = (ab)e = a(be) = awf + az,
and hence
az =ufc+vc mod f.

Therefore
(aofb)osfc=aos(bosc) < ufc=0 mod f.

Let ¢ be in the right nucleus. One can choose a,b such that u = 1. Then fc =0
mod f, implying that ¢ € E(f). Conversely, if ¢ € E(f) then ufc =0 mod f for

all u, and hence c is in the right nucleus, as claimed. ]

Hence we get the following corollary:

Corollary 5.9. [63] Sy is associative if and only if f € Z(R).

We will see in Lemma 6.7 that if K is a finite field, then every element of Z(R) is
reducible. This is also implied by the Wedderburn-Dickson theorem, for otherwise

we would obtain a non-commutative finite division algebra. We will see in Section

5.2 however that such elements can exist over infinite fields.
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Chapter 5: Semifields from skew-polynomial rings

Theorem 5.10. [63] Suppose f is a monic irreducible element of R = K|t; o] such
that f ¢ Z(R). The left and middle nuclei of Sy are given by

N;(Sy) = N (Sy) = (K).1
i.e. they are the set of constant polynomials, and the centre is
Z(Sy) = (F).1.

Proof. Let a,b,c € R, and u,v,w, z be as defined in the proof of Theorem 5.8. We
saw that (aofb)orc=aoyf (boyc) < ufc=0 mod f.

We show that an element is in the left nucleus if and only if it has degree zero. First
suppose a has degree zero. Then for any b, ab has degree strictly less than d, and

hence u = 0 for all b. Therefore ufc =0 mod f for all b, ¢, and so a € N;.

Suppose now deg(a) = r > 0, and let a, be the leading coefficient of a. Let b =
1

[
T

not in E(f),i.e. fc#0 mod f. We know that such an element exists as f ¢ Z(R).
Then ufc = fc#0 mod f, and so a ¢ N;.

t4=". Then ab is monic, and has degree d, and so u = 1. Let ¢ be some element

The proof for N,,, is similar.

The centre is a subfield of N;, and so consists of all constant polynomials which
commute with ¢. Since ta = a%t for all @ € K, the centre is therefore equal to the
fixed field of o, which is F.

O]

The nuclei of Sy were calculated in a different way by Dempwolff in [20], when he
calculated the nuclei of cyclic semifields, which we will show in Section 5.2.4 to be

equivalent to this construction.

5.1.2 Semifields from different skew-polynomial rings

In this section, we consider the isotopism problem for semifields constructed from

different skew polynomial rings.
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Chapter 5: Semifields from skew-polynomial rings

Consider the more general skew polynomial ring of the form K[¢;0,6]. As noted
above, Jacobson showed that if K is a field, then this ring is isomorphic to K[t; o’]

for some o/. We will now illustrate this for finite fields.

For any « € K the map

0y a— x(a—a?)

is a o-derivation. It is easily verified that for a finite field, every o-derivation is of
this form. The following theorem shows, K[t; o, d,] is isomorphic to K]t; o] for all z,

and hence the semifields obtained are isotopic.

Theorem 5.11. Let R = K[t;0] and R = K|[t;0,0,] be skew-polynomial rings.
Denote the multiplication in R and R’ by o and o' respectively. Then R and R are
isomorphic via the map ¢ : R — R’ defined by

a(t) — a(t — ),

where the evaluation of a(t — x) occurs in R (i.e. p(t?) = (t —z) o' (t —x)). The
map ¢ is linear and

¢(aobd) = p(a) o' p(b)
foralla,be R

Proof. Clearly by the definition of ¢, ¢(t' o t/) = ¢(t') o’ ¢(¢/) for all i,j, and
P(a o Bt) = ¢(a) o' ¢(Bt) for all a, B € K and all i. Hence it suffices to show that
¢(toa) = ¢(t) o ¢(a)

for all « € K. Now
Bt 0 ) = B(a%) = 9(a”) & §(t) = a® o (t — ¥) = a”t — za”
while
d(t) o' dpla) = (t—z)d a=at+z(a—a’) —ra=a’t —za’
and the result holds. d
Note that defining the multiplication using remainder on left division by f also
defines a semifield. Denote this semifield by (S, and the multiplication by ‘yo’. The

following theorems show that the semifields obtained are Knuth derivatives of each

other.
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Theorem 5.12. Let R = K[t;0] and R = K[t;0™!] be skew-polynomial rings.

1

Denote the multiplication in R and R” by o and o
anti-isomorphic via the map ¢ : R — R’ defined by

P (Z aiti) = Z afiiti,
i.€.

(aob) =1(b) 0" ¥(a)

Proof. For any a,b,

Y(aob) Z b7 it

_Z A (4 L L]

—Zb‘” al )7 it
S oyt
=¢(b)° Y(a),

as claimed.

Corollary 5.13. Let R, R” and 1) be as above. Let f be irreducible in R. Then

1. ¢(f) is irreducible in R';

respectively. Then R and R' are

O

2. If Sy = R mod Rf, and ypS" = R" mod ¢(f)R', then Sy and ,,S" are

anti-isomorphic (and hence Knuth derivatives of each other).

Proof. (1) Clear, for if ¢(f) = 1(a) 0" 1(b), then by the previous theorem, f = boa.

But then a or b must be a unit, and as 1) preserves degrees, ¥ (a) or 1(b) must be a

unit.

(2) We claim that ¢ is an anti-isomorphism from Sy to ,)S". Clearly ¢ is a bijective

linear map. We need to show that
Plaoyb) =1h(b)y(s) " 1(a),
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where

aofb=aob mod, f, and

P (0)y(p) o W(a) = ¥(b) 0" b(a) mod ; P(f).
Let aob =wuo f + v, where deg(v) < d = deg(f). Then using the above theorem we

obtain

Plaopb) =P(v)

(
:w(aob—uof) P(aob) —(uo f)
= (D) o' ( ) = (f) 0" Y(u) = p(b) 0" (a) mod ; P(f)
= Y(b)y(s) ©" Y(a),

as claimed. O

Hence we have
{K(Sy) : f irreducible in K[t; o]} = {K(;S) : f irreducible in K[t; o~ ']}.

Remark 5.14. It is not clear when different skew polynomial rings R = K[t; o] and
R’ = K[t; 0] define isotopic semifields. It is a necessary condition that o and o’ have

the same order.

We will see in Section 5.2.4 that a result of Kantor and Liebler implies that every
semifield Sy for f € K[t; 0] is isotopic to Sf for some f € K[t;o~!]. Hence we have
that

{[Sy] : f irreducible in K[t;0]}} = {[Sy] : f irreducible in K[t; o~ *]}}.
Therefore combining this with the above result, we have

{K(S¢) : f irreducible in K[t; o]} = {IC(;S) : f irreducible in K[t; o]}.

5.2 Connections with known constructions

5.2.1 Knuth semifields

We will now explicitly calculate the multiplication in Sy when f has degree 2

for illustrative purposes and for later comparison with previously known construc-
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tions.

Suppose f € K[t; o] has degree d. Then it has been shown by Ore ([62] Theorem
3) that f =Y, f;t" has a linear right divisor if and only if there exists an element
a € K such that

fo+ fia+ faat T + f3041+"+"2 +...+ fda1+"+~-'+"d*1 —0.

Hence if f = t? — xt — g, then f is irreducible if and only if

o+1

« —za—y=20

has no solutions a € K.

Suppose now f = t?> — xt — y is irreducible. Write elements a + bt € S ¢ as a tuple
(a,b) € K2 Then
(a+bt)(c+ dt) = ac+ (bc” + ad)t + bd”t*
= ac+ (b’ +ad)t +bd°(f +xt +y)
= (ac+ xbd?) + (bc” + ad + ybd®)t mod , f

Hence
(a,b) of (¢,d) = (ac + xbd’, ad + bc® + ybd?). (5.1)

Similarly, if we let ;S denote the semifield obtained by taking remainder on left
division by f, then

(a,b)f o (c,d) = (ac+ ab’ d° " a%d + be + ybdg_l). (5.2)

In [46], section 7.4, Knuth defined four classes of semifields two-dimensional over K.
We will denote them by (K1) — (K4). The multiplications are defined by

(K1) (ac+ xb"d”" be+ a’d + yb°d )
(K2) (ac+ xb%d, be + a’d + yb?d)
(K3) (ac+ zb” d”_Q, be+ a®d + ybd® )
(K4) (ac+ zb” 'd, be + a’d + ybd)

where we assume that a®*! 4+ 2za — y = 0 has no solutions a € K.

Then comparing these with equations 5.1 and 5.2 gives us:
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Theorem 5.15. Let f be an irreducible polynomial of degree 2 in K|t;o]. Then

° S;p is a semifield of type (K2).

o /S is a semifield of type (K3).

Note that the condition that a®*! +za —y = 0 has no solutions o € K is equivalent
to the condition that f’ = ¢ + xt — y is irreducible. But as we will see in the next
section, the map t + —t is an isomorphism of K[t;o], and so f = t2 — a2t — y is

irreducible if and only if f’ is irreducible.

Hence we can see that these two families can be thought of as a special case of
the construction using skew-polynomial rings. Knuth implicitly showed that these
families are Knuth derivatives of each other, as noted in [4]. We see from Section
5.1.2 that that this is a special case of the more general fact that the families {Sy :
f irreducible} and {;S : f irreducible} are Knuth derivatives of each other.

5.2.2 Cyclic algebras

Given a field K, an automorphism o of K with fixed field F, and a non-zero element
v of F, we define the cyclic algebra (K,o,~) as follows: Let {ep,e1,...,eq—1} be a

K-basis for the vector space K. Define a multiplication on K¢ by

i

e;oo=af e;

for all € K, and
€itj iti+j5<d
€i€j = e
Yeivj—a ifi+j>d
As can be seen in ([38], Section 1.4), if we identify e; > ¢!, then
K[t; o]
{t" =)

Hence this construction is a special case of the above construction using skew-

(K, o,v) ~ >~ Sin_sy.

polynomial rings. As shown in Theorem 5.8, given a skew-polynomial ring R and
an element f, the algebra Sy is associative if and only if f is in the centre of R, and
S is a division algebra if and only if f is irreducible in R. Hence the cyclic algebra

(K, o,7v) is always associative, and is a division algebra if and only if f € Z(R). We
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will see in Lemma 6.7 that for skew-polynomial rings over finite fields, every central
element is reducible. However, over many fields this is not true, and much study has
been done on the problem of deciding when a cyclic algebra is a division algebra.

Cyclic division algebras have been used in space-time coding, e.g. in [59].

It is not clear whether irreducible elements must exist for all degrees in an arbitrary

skew-polynomial ring. This remains a problem for future research.

5.2.3 Nonassociative analogues of cyclic algebras

Ore and Jacobson, when studying cyclic algebras, each considered structures ob-
tained from the vector space of residue classes of R = K[t; o] modulo a left ideal
Rf. As they were interested only in associative algebras, they restricted to a sub-
structure, the eigenring E(f). They each proved (in different ways) the following
theorem ([60], p. 242 and [35], p. 201-202):

Theorem 5.16. If [ is irreducible in R, then E(f) is a/n associative] division

algebra.

As we have seen in the previous sections, if we choose a specific representative of
each residue class (the unique element of degree less than deg(f)), then the structure

Sy obtained is a non-associative algebra. The theorem then extends to:

Theorem 5.17. If f is irreducible in R, then Sy is a division algebra.

The proof relies only on the theorem of Ore (Theorem 5.3 above). Hence it is perhaps
fair to say that the construction of the semifields Sy was, in essence, known to Ore

and Jacobson.

Petit [63] explicitly constructed the semifields Sy in 1966, and calculated the nuclei.
This work was brought to the author’s attention by W.M. Kantor subsequent to the

original submission of this thesis.

Sandler [68] considered non-associative generalizations of cyclic algebras over finite
fields. These can be seen to be precisely algebras of the form Sy, where f =t" —~ €
K[t; o] and v ¢ F. He showed that this defines a semifield if and only if v does not
lie in any proper subfield of K.
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Jha and Johnson further generalized this by defining cyclic semifields, using the
theory of semilinear transformations. We will now show that these semifields are

precisely the semifields (isotopic to) semifields of the form Sy, f € R.

5.2.4 Equivalence with cyclic semifields
Definition 5.18. A semilinear transformation on a wector space V.= K% is an
additive map T :' V — V such that

T(aw) = a’T(v)

for all « € K, v € V, for some 0 € Aut(K). The set of invertible semilinear

transformations on V' form a group called the general semilinear group, denoted by
I'L(d,K).

Note that choosing a basis for V' gives us

where A is some invertible K-linear transformation from V to itself, o is an auto-
morphism of K, and v? is the vector obtained from v by applying the automorphism
o to each coordinate of v with respect to this basis.

Definition 5.19. An element T of TL(d,K) is said to be irreducible if the only
T-invariant subspaces of V are V and {0}.

In [40] Jha and Johnson defined a semifield as follows.
Theorem 5.20. Let T be an irreducible element of TL(d,K). Fix a K-basis {eg,e1,...,eq-1}
of V.. Define a multiplication on V by

d—1
aob=a(T)h=>_ aT(b)
=0

where a = Zf:_ol aie;. Then Sp = (V,0) defines a semifield.

We call a semifield St a cyclic semifield. 1t is clear that the spread set of endomor-

phisms of left multiplication of St is given by
d .
LST = {z a; T :a; € K}
i=0
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We will show that these semifields are isotopic to the semifields constructed in the

previous section.
Theorem 5.21. Let Sy be a semifield defined by an irreducible f = td — Zl 0 it
in R, and let Ly denote left multiplication by t in Sy. Then the following properties

hold.

1. Ly is an element of T'L(d, K) with accompanying automorphism o.

2. If we write elements v = Z?:_(} vit" of S¢ as column vectors (vg,v1,. .., v4-1)",

then
Li(v) = Af(v?)

where
0 0 0 fo
0 0 h
Af— 01 0 f2
0 0 1 faq
3. Ifa= 0 altz then

Lo, =a(Ly) = Zath

4. The semilinear transformation Ly is irreducible.

Proof. (1) Clearly L, is linear, as multiplication is distributive. Let v be any vector.
If tv = uf + w for some unique u,w, deg(w) < d, then L¢(v) = w. Let a be any

non-zero element of K. Then

Li(av) = t(av) mod f = (a’tv) mod f
=ao’(uf +w) mod f = (a’uf +a’w) mod f

= a’w = a? L(v).

(2) The action of L; is as follows:

Li:lst—st2 s o td s (1 modf):Zfiti
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and so Li(v) = Af(v7?) as claimed.

(3) By definition,

d—1 d—1 d—1
Lo(b) =aopb= (Z aiti> b mod =) a;i(t'h mod f) = a;L;(b)
=0 =0 =0

while

d—1
a(Ly)(b) = > a;Li(b).
=0

Hence it suffices to show that L(b) = Ly (b) for all i. Suppose Li(b) = (t'b) mod f
for some i. Let Li(b) = b'. Then t'b = cf + ¥’ for some ¢, and
Ly (b) = Le(Ly(b) = Le(t)
= Li(t'b — cf) = t(t'b — c¢f) mod f
= (£ —tcf) mod f = (t'b) mod f
= Lyt (b).

Hence the result follows by induction.

(4) Let W be a L-invariant subspace of V' such that 0 < r := dim(W) < d. Choose

some non-zero w € W. Then the set

{w, Lyw, L}w, ..., Liw} C W

is linearly dependent. Hence there exist elements ag,ai,...,aq in K, not all zero,
such that
d—1
a;(Lyw) = 0.
=0

Let a = Ef:_ol a;t'. Then

d—1
(Z aiLi> w = a(Ly)w = 0.

1=0

By part (3) of this theorem, a(L;) = L, and so
aofw =0.

But aoyw = 0 implies @ = 0 or w = 0, a contradiction. Hence L; is irreducible. []
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Corollary 5.22. The spread set of endomorphisms of left multiplication of elements
in Sy is {a(L¢) | a € Sy}

The following theorem is an immediate consequence of the definition of Sy and
Theorem 5.21.

Theorem 5.23. If f is irreducible in R, and Ly denotes the semilinear transfor-

mation v — tv mod f, then Sy =S, ,.

Kantor and Liebler [44] noted that conjugate semilinear transformations define iso-

topic semifields.

Lemma 5.24. Suppose T = ¢~ U¢ for some ¢ € I'L(d,K), and let p € Aut(K) be
the accompanying automorphism of ¢. Let Sp = (V,0), Sy = (V,*). Then

d(aob) =a’ *¢(b).
Hence to show that
{[Sr} = {541},
where T runs through all irreducible elements of I'L(d,K) and f runs through all

irreducible elements of K]t; o] of degree d, it suffices to show that T is T'L(d, K)-

conjugate to L, s for some f irreducible of degree d in K[t; o].

Theorem 5.25. Let T' be any irreducible element of TL(d,K) with automorphism
o. Then T is GL(d, K)-conjugate to Ly for some f € R =K[t;o0], and hence St is
isotopic to Sy.

Proof. Identify V' with the set of polynomials of degree < d — 1 in R and choose

some non-zero element v € V. Consider the basis
{v,Tv, T?0,. .. ,Td_lv},
and define a transformation ¢ € GL(d,K) by
o(t") == T'v,

for i =0,1,...,d — 1. Then there exist f; € K such that
d—1 ‘
T = Z fiT v.
i=0
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We claim that
To = oLy,
with
d—1
f=t"=) fit' e R
i=0
It suffices to show that these transformations coincide on t* for all . Suppose first

that i < d— 1. Then
To(t") = T(Tw) = T" v,

while
SLy ;(t) = St mod f) = G(t™) = T 1o,

as claimed. Suppose now i =d — 1. Then

d—1
Tt ") =TT o) =T% =) fiT',
1=0

while
-1 d—1 .
OLyp(t771) = ¢(t? mod f) = ¢ (Z fz‘tz> = fT',
i=0 i=0
and so
To=¢Lyy
as claimed. 0

Note that the polynomial f depends on the choice of v, and hence T' may be I'Li(d, K)-
conjugate to L; 4 for some other g € K[t; o]. We will see in the Chapter 6 when two

semilinear transformations L; 4 and L s are I'L(d, K)-conjugate.

Remark 5.26. The following observation of Kantor and Liebler (in [44]), together

with the above theorems, allow us to prove the assertion in Remark 5.14.

If T is an irreducible semilinear transformation with automorphism o, then T—!

L and St and

18 an irreducible semilinear transformation with automorphism o~
Sp-1 are isotopic. (See [44], Remark 4.1, where the statement is made in terms of

projective planes.)
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This implies that every semifield Sy for f € K[t; o] is isotopic to S 7 for some f €

K[t;c~!]. In fact it can be shown that f is the reciprocal of f. Hence we have that

{[Sy] : f irreducible in K[t;o]} = {[S;] : f irreducible in K[t;o']}.

5.2.5 Quaternion algebras and Cayley-Dickson algebras

In this section we will recall the well-known construction of quaternion algebras
and Cayley-Dickson algebras, and show that they can be constructed using skew-

polynomial rings.
Definition 5.27. Let F be a field with char(F) # 2, and let a,b be non-zero elements
of F. Define the quaternion algebra Q(a,b)r to be the set of elements of the form

a+ Bi+ i+ 0k

for all o, B,7v,8 € F, with multiplication defined by the relations

i“=ua, j°=0b, ij =—ji =k.

Note that these algebras are sometimes denoted in the literature by (aﬁlb) These

algebras are generalizations of Hamilton’s quaternions, H = Q(—1, —1)g.

If a is a non-square in F, we see that F(i) = F(y/a) is a field extension of F of degree

2. It is easily seen that there exists an automorphism o on (i) defined by
(a+ Bi)? = a — Bi.
Then we can write elements of Q(a,b)r in the form
A+ g,
for A\, p € F(i). Then the multiplication is determined by
JA = jlo+ Bi)
= aj + Bji
= aj - Bij
= (= Bi)j

=A%
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for all A € F, and j2 = b.

Consider now the skew-polynomial ring R = F(i)[t; 0], and the polynomial f = t>—b.
Constructing the division algebra Sy as in Section 5.1, we can see that by identifying

j with t, these two constructions coincide precisely, and so if ¢ is the automorphism

of F(y/a) sending v/a to —/a then

F(va)[t; o]
(t? - b)

Definition 5.28. Let F be a field, and K a separable quadratic field extension of F

Q(a,b)r ~ = Sy.

with non-trivial Galois automorphism o. Let b be a non-zero element of K. Define

a multiplication on K x K by

(o, B)(7,0) := (ay + 0337, a0 +~vf3)

for a,B,v,0 € K. The algebra obtained is called the Cayley-Dickson double of K
with scalar b, and is denoted by Cay(K,b).

The algebra Cay(K, b) is associative if and only if b € F, as implied by Corollary 5.9.
These were originally defined for b € F, and extended to b € K by Dickson [25]. If
we take K = F(y/a), then we have

Cay(K,b) ~ Q(a,b)r.

Comparing this definition with equation 5.1, we see that the Cayley-Dickson double
of a field, and hence the quaternion algebras, are special cases of the construction

from skew-polynomial rings.

For the case of Hamilton’s quaternions, we have

_ Cft;0]

@) orn

where o denotes complex conjugation.

It can be shown that if R = K[t; o] is a skew-polynomial ring, then there exists an

anti-automorphism of R if and only if 02 = 1, and all anti-automorphisms are of the

Z apth — Z a%iﬂm (M),
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where 0 # A € K and m € {0,1}. The proof of this is similar to the proofs of
Theorem 5.12 and Lemma 6.1 in the next chapter, and so is omitted here. If f is
irreducible in R and lies in the centre of R, then the restriction of this map to Sy is
an anti-automorphism of Sy. Choosing m = 1, A = —1, we see that we obtain the

usual quaternion conjugation: if a = a+ i € C, b =~ + i € C, then

(a+bj)=a’ —bj
= (a+ Bi)7 — (v +6i)j
=a— fi—yj — dij.

Note that the Cayley-Dickson doubling process can also be applied to a division
algebra D. This does not, in general, coincide with residue algebras obtained from
DJt; o], as the Cayley-Dickson process uses this anti-automorphism above rather
than an automorphism, and the order of multiplication of elements of D do not

match.
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Chapter 6

Isotopy classes of semifields

from skew-polynomial rings

In this chapter we will consider the problem of deciding when two semifields Sy and
Sy are isotopic. We will then apply these results to obtain an improved upper bound

on the number of isotopy classes over a finite field.

6.1 Isotopy relations

We begin by considering automorphisms of skew-polynomial rings. The following
lemma is not assumed to be new, but a proof is included for lack of convenient

reference.

Lemma 6.1. Let ¢ be an automorphism of R = K]t; o], where o is not the identity

automorphism. Then
o(f) = fP(at)
where p € Aut(K) and a € K*.

Proof. As ¢ is bijective, it preserves the degree of elements of R. Let p be the field
automorphism obtained by the restriction of ¢ to K, and assume ¢(t) = at + 3,
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a,B €K, a # 0. Choose v € K such that 47 # . Computing ¢(t)p(vy) = ¢(ty) =
d(v7t) = d(v7)p(t), we see that B = 0, and the assertion follows.

Automorphisms of R can be used to define isomorphisms between semifields.

Theorem 6.2. Let f be a monic irreducible of degree d in R. Let ¢ be an automor-
phism of R. Define g = ¢(f). Then Sy and S, are isomorphic, and

p(aoypb) = d(a) og (b).

Proof. For any a,b € R of degree less than d, there exist unique u,v € R such that
deg(u),deg(v) < d and
ab=uf +wv.

Then aoyb=v=ab—uf. As ¢ is an automorphism of R, we have that

¢(a oy b) = dlab—uf) = ¢(a)p(b) — p(u)(f) = ¢(a) oy G(b)

as claimed. O

We now consider another type of isotopism between these semifields.

Definition 6.3. Let f and g be monic irreducibles of degree d in R. We say that
f and g are similar if there exists a non-zero element u of R of degree less than d
such that

gu=0 mod f.

Theorem 6.4. Suppose f and g are similar. Then Sy and Sy are isotopic, and
(aog ) = acf o'

where b = boru, gu=0 mod f.

Proof. Let aoyb = ab—vg. Then

(aogb)" = (ab—vg)H
= (ab —vg)u mod f
= (abu —vgu) mod f

=abu mod f,

75



Chapter 6: Isotopy classes of semifields from skew-polynomial rings

as gu =0 mod f.
Let boyu=bu—wf. Then

aofbH:aof (bofu)
=aoy (bu—wf)
=a(bu —wf) mod f

=abu mod f,

and the result holds. O

In [36] Jacobson investigated when two skew polynomials are similar. In the next
section we will include a proof for skew polynomial rings over finite fields for the
sake of completeness, and because some of the concepts introduced will be of use

later in this chapter for counting isotopy classes.

6.2 Counting isotopy classes for finite semifields

For this section we will assume K = Fgn, F = F, are finite fields, although some of

the concepts introduced remain valid for arbitrary fields.

Let A(q,n,d) denote the number of isotopy classes of semifields of order ¢"? defined
by the skew polynomial ring Fy»[t; o], with

(#2Z,# N, # N, #N;) = (4,4, ¢", 4%,

i.e.

A(g,n,d) = |{[Syf] : f irreducible in Fyn[t; 0], deg(f) = d}|.

In this section we will apply the isotopy relations outlined in the previous section to

obtain a new upper bound for A(q,n,d).

Definition 6.5. Let f € R be irreducible of degree d. Define the minimal central
left multiple of f, denoted by mzlm(f), as the monic polynomial of minimal degree
in the centre Z ~ Fy[t"; 0] ~ F4[y| that is right-divisible by f.
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In [31] Giesbrecht showed that mzlm(f) exists, is unique, has degree d and is irre-
ducible when viewed as an element of Fy[y] (the proof of which is included in the
next lemma). Note that this is related to the bound of f: if ¢ does not divide f,
then R.mzlm(f) is the largest two-sided ideal of R contained in the left ideal R.f.
See for example [37].

Lemma 6.6. Let f € R be irreducible of degree d. Let mzlm(f) = f(t") for some
fe Fqly]. Then f is irreducible.

Proof. Suppose f = gh for some §,h € Fq[y], with deg(g) < deg(f). As f does not
divide g(t"), and f is irreducible, we must have that gerd(f, g(t")) = 1. By Theorem
3 (3) R is right-Euclidean, and hence there exist a,b € R such that

af +bg(t") = 1.

Right multiplying by h(t"), we get afh(t") +
commutes with f, and as f divides f (t") =g(t
that

+ bg(t")h(t") = h(t"). But as h(t")
)i

(t™), there exists some ¢ € R such

ah(t™) f 4+ bef = (ah(t™) + be) f = h(t").

But then f divides B( t"), and by definition of minimal central left multiple, we must
have deg(h) = deg(f), and so f is irreducible in Fqly]. O

Lemma 6.7. Let i be an element of R such that i = h(t"), where h € F,[y] is
monic, irreducible and has degree d in y and h # y. Then

(1)
>~ My (Fa);

(2) any irreducible divisor f of h = h(t") has degree d;

(3) if A denotes the isomorphism of part (1), and f is an irreducible (right) divisor
of h, then the matrix A(f + Rh) has rank n — 1.

By abuse of notation we will write A(a) = A(a + Rh) for a € R.

Proof. (1) First we show that Rh is a maximal two-sided ideal in R. For suppose

there exists some g € R such that Rg is a two-sided ideal, deg(g) < deg(h) and
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Rh C Rg. Then
g =g(")t*
for some g € F,[y] (see for example [38] Theorem 1.2.22). As ¢ does not divide h,

we must have that s = 0, and

h=ag

for some a € R. As h and ¢ are in the centre of R, a must also be in the centre of
R, and so a = a(t") for some a € Fy[y]. But then

h(y) = a(y)d(y)
As h is irreducible in F,[y], we must have § € Fy, and so g € F,. Therefore Rg = R,

proving that Rh is maximal.

It follows that % is a finite simple algebra and hence isomorphic to a full matrix
algebra over its centre ([49] Chapter 17). It is easily shown (see for example [31],
proof of Theorem 4.3) that the centre Z (%) is the image of the centre of R, and

is given by

R _ZR)+Rh | Fl)
2(7) =

as h is a degree d irreducible in F,[y].

As the dimension of % as a vector space over F, is n?d, we see that

R
m ~ Mn(qu)

as claimed.

(2) Let f be an irreducible divisor of h, and let r = deg(f). Then f generates a
maximal left ideal in R, and also in %. This maximal left ideal (%) f is then
(n%d — nr)-dimensional over F,.

By part (1), we know that % is isomorphic to M := M,,(Fa). It is well known that
maximal left ideals in M are all of the form Anny,(U) for some 1-dimensional space

2

U < (Fga)", and are (n® —n)-dimensional over F 4, and hence (n? —n)d-dimensional

over [F,. Therefore r = d, as claimed.

(3) The left ideal M.A(f) is equal to Annps(Ker(A(f))), and so A(f) has rank n—1

as claimed. O
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Remark 6.8. The number of monic irreducible elements of degree d in R can be

seen to be

This was calculated by Odoni [58], and is an upper bound for A(q,n,d). However,

we will see that this is far from optimal.

We can now calculate the size of the eigenring, and hence the right nucleus of Sy.

Lemma 6.9. If f € R is irreducible of degree d, then |E(f)| = ¢%.

Proof. Let u have degree less than nd, and let v = af + ' for deg(u’) < f. Then
fu=0 mod f if and only if u' € E(f), as

fu= flaf +u') = fu' mod f.
Let h = mzlm(f).

Let E’ be the set of all u+ Rh € R/Rh such that (f+Rh)(u+Rh) = (v+Rh)(f+ Rh)
for some v + Rh € R/Rh. Then u + Rh € E’ if and only if there exists some v € R
such that fu+ Rh = vf+ Rh, which occurs if and only if there exists v € R such that
fu =vf mod h. But then as f divides h, we have fu = vf mod f =0 mod f.

Hence we have that

E' ={(af +u')+ Rh:a € R,deg(a) < d(n—1),u" € E(f)}
_ (E(f)+Rf)+Rh

= . :

Hence we have that |E'| = ¢~V |E(f)].

By part (1) of Lemma 6.7, % ~ My(F,a) = M. If A denotes this isomorphism, then
by part (3) of Lemma 6.7, A(f) := A(f+Rh) hasrank n—1. Let Ker(A(f)) =<v >
for 0 # v € (Fya)". Then

u+ Rh e E' & A(f)A(u) € MLA(f) & A(u)v = \v
for some A € F . Then A(u) — Al € Annps(v), and so
1] = gl dnnag (v)] = g0,

79



Chapter 6: Isotopy classes of semifields from skew-polynomial rings

Hence from the two expressions for |E’| we get |E(f)| = ¢%, as claimed.

Remark 6.10. We see that
E(f)={z mod f : z€ Z(R)}
i.e. E(f) consists of the remainders of all central elements on right division by f.

The parameters of the semifield Sy now easily follow from Theorem 5.10, Theorem
5.8 and Lemma 6.9.

Theorem 6.11. If f € R is irreducible of degree d, then the semifield Sy has

parameters
(#Z, #N, #Np, #N,) = (4,4, 4", ¢%).
The following theorem tells us exactly when two irreducibles are similar.

Theorem 6.12. Let f and g are irreducible in R. Then mzim(g) = mzlm(f) if

and only if f and g are similar.

Proof. Suppose first that mzlm(g) = mzlm(f). Let h denote mzlm(f), and write
h =af. Then % ~ Mp(F ). As above, let A denote this isomorphism. By Lemma
6.7,

rank(A(f)) = rank(A(g))(=n — 1),

and the equality of ranks shows there exist invertible matrices A(u), A(v) such that
A(u)A(f) = A(g)A(v). Then uf = gv mod h, so there exists some b such that

guv =uf +bh =uf +baf = (u+ba)f.

We can write v = v’ + ¢f, where deg(v') < d and v" # 0 (for otherwise, v = ¢f, and

so v has non-trivial common divisor with h, so A(v) is not invertible). Then

g’ +cf) = (u+ba)f
=g = (u+ba—ge)f =g =uf

and g and f are similar, as claimed.
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Suppose now that f and g are similar. By definition, gu = v f for some wu, v of degree

less than d. It can be shown that
mzlm(ab) = mzlm(a)mzim(b)
if gerd(a,b) = 1. See for example [31]. Hence
matm(v)mstm(f) = matm(g)mzim(v),

and as mzlm(f) and mzlm(g) are irreducible in F[y], by uniqueness of factorization

in Fy[y] the result follows. O

Hence the number of isotopy classes is upper bounded by the number of irreducible
polynomials of degree d in FF,[y]. This was proved in a different way by Dempwolff

[19]. The next theorem allows us to further improve this bound.

Definition 6.13. Consider the group
G =TL(1,q) = {(\p) | A€ F;,p € Aut(F,)}.
Define an action of G on I(q,d) by
FOP ) = A ().

Theorem 6.14. Let f,g € R be irreducibles of degree d, with mzlm(f) = f(t"),
mzlm(g) = g(t") for f,g¢€ F,ly]. If

§= f(%ﬂ)

for some X € B, p € Aut(Fy), then Sy and S, are isotopic.

Proof. Choose some « € Fyn such that

Np 7, (@) = A.

Then

n—1

(at)" =aa?...a% " = "

Define
h(t) = fP(at).
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By Theorem 6.2, Sy and Sy, are isomorphic. Let mzlm(h) = h(t").

Let ¢ be the automorphism of R defined by ¢(a) = a”(at). Then as ¢(f) = h and

f(t"™) = uf for some u € R,

o(f(t") = d(w)o(f) = p(u)h.
But
S(f(t") = f7((at)") = fP(M").
As this is in the centre of R, and is divisible by h, we must have that iL(y) divides

A~

fP(At™), and so, as their degrees are equal and both are monic,
h(y) = A" f7 () = 4(y).

By Theorem 6.4, as h and g have the same minimal central left multiple, S, and Sy,

are isotopic, and hence Sy and S, are isotopic, as claimed. O

Hence the number of isotopy classes is upper bounded as follows.

Theorem 6.15. The number of isotopism classes of semifields Sy of order g
obtained from Fyn[t; o] is less than or equal to the number of G-orbits on the set of

monic irreducible polynomials of degree d in Fqly].

Proof. Suppose f and g are two monic irreducible polynomials in Fyn[t; o] of degree
d, with mzlm(f) = f(t"), mzlm(g) = §(t") for f,§ € Fyly]. Then by [31], f and §j
are monic irreducible of degree d in F,[y]. Moreover, if fG = 4°, then by Theorem

6.14, Sy and Sy are isotopic. O

6.2.1 Comparison with existing bounds

We saw in Section 5.2.4 that these semifields are isotopic to so-called cyclic semifields
as defined by Johnson and Jha [40]. Here we note the existing bounds on the number

of isotopy classes, and compare our new bound to these.

Let N(q,d) = #1(q,d), where I(q,d) is the set of monic irreducibles of degree d in
Fq[y]. This number is well known ([54], Theorem 3.25) and equal to

> uls)g™”,

s|d
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where p denotes the Moebius function.

Recall that A(q,n, d) denotes the number of isotopy classes of semifields of order ¢"?
defined by the skew polynomial ring Fy»[t; o].

In [41], the authors consider cyclic semifields two-dimensional over their left nucleus,
with right and middle nuclei isomorphic to Fgp. The above defines the opposite
semifield to those in this paper. Hence they are considering semifields Sy, where
f € Fpelt; o] is an irreducible of degree d (denoted by n in their paper). They prove

the lower bound

where ¢ = ph.

In [44], the authors obtain an upper bound
Alg,n,d) < q* 1.

They also obtained an upper bound for the total number of isotopy classes of semi-

fields of order ¢"¢ obtained from semilinear transformations of order ¢™%:

nd/2

ndq logy(q)-

As we will see in the next section, a result of Dempwolff [19] leads to the upper
bound:
A(g,n,d) < N(q,d).

Following from (Theorem 6.15) we have the new upper bound:
A(q? n? d) g M(Q’ d)’

where M(q, d) denotes the number of orbits in I(g, d) under the action of G defined
in Definition 6.13.

Note that if ¢ = p” for p prime, then |G| = h(q — 1), and so

N(q,d)
hlg—1) < M(q,d) < N(q,d) < ¢* — 1.

Example: For ¢ = {2,3,4,5}, n = d = 2, the upper bounds M(q,d) = {1,2,1,3}

are tight by computer calculation. This was checked using the computer package
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MAGMA. For each irreducible polynomial F; of degree 2 in Fy[y], the element F;(t?)
of F2[t; o] was formed, and a divisor f; of degree 2 in F2[t; o] was calculated. From
this, the subspace of endomorphisms of left multiplication Lg 5, was calculated and
represented as a subspace of My(IF,). These were then tested pairwise for equivalence

(in the sense of Section 1.1.3), and the above results were returned.

Example: If ¢ is prime, and (¢ — 1,d) = 1, then M(q,d) = i

N(g,d)

1
Remark 6.16. It is likely that a closed formula for M (q,d), similar to that for
N(q,d), exists. However, we have not been able to obtain such a formula at the

time of this writing.

Remark 6.17. To produce a specific example of every isotopy class of cyclic semi-
fields, it suffices to find representatives f"z of each G-orbit of I(q,d). We form the
skew-polynomials fi(t"), and calculate a particular irreducible divisor f; of each,
using for example the algorithm of Giesbrecht [31]. Then the semifields Sy, are

representatives of each isotopy class.

Remark 6.18. As noted in Remark 5.14, the semifields obtained from irreducibles
in Fyn[t; 0] and Fyn[t; 0] are isotopic. Hence the total number of isotopy classes
defined by degree d irreducibles in Fgn[t; o] for all o fixing precisely F, is upper
bounded by @M (¢,d), when n # 2, where ¢ is Euler’s totient function.

6.2.2 Application to conjugacy classes of irreducible semilinear trans-

formations

In this section we will apply the above work to obtain a new proof of a theorem of

Dempwollff.

Theorem 6.19. Let f and g be two monic irreducibles of degree d in R = K[t; o].
Then

1. Ly and Ly 4 are GL(d, K)-conjugate if and only if f and g are similar;

2. Ly s and Ly g4 are I'L(d,K)-conjugate if and only if f and g° are similar for
some p € Aut(K).
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Proof. Suppose L; y¢ = ¢L; 4 for some ¢ € I'L(d,K), where ¢ has automorphism p.
Let ¢(1) = u. Then

o(t)) = ¢(Li ,(1)) = Li ;6(1) = Li ;(u) = t'u  mod f
foralli=0,1,...,d — 1. Now, with g = t¢ — Z?:_ol git', we have

¢Lyg(t") = p(t* mod g)

But as Ly ¢ = ¢Ly 4, this is equal to
Lt7f¢(td_1) = Lt,f(td_lu mod f).
Let t4~'u = af + b where deg(b) < d. Then
Lyt 'u mod f) = Ly f(t*tu — af)

= (tdu—taf) mod f = t%  mod I

Hence
(t? — g°)u =t mod f
and so

g°u=0 mod f

i.e. f and g” are similar. If ¢ € GL(n,K), then p is the identity automorphism, and

so f and ¢ are similar. O

This provides an alternate proof of the following result proved by Dempwolff ([19],
Theorem 2.10).

Corollary 6.20. Let 7" and U be two irreducible elements of I'L(d,F4»), where
the accompanying automorphism ¢ of both 7" and U is a generator of Gal(Fgn,Fy).
Then
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1) T and U are GL(d,Fsn)-conjugate if and only if 7™ and U™ have the same
q

minimal polynomial over F;

(2) T and U are I'L(d, Fn)-conjugate if and only if the minimal polynomials of
T"™ and U™ over [F, are Aut(F,) conjugate.

Proof. (1) By Theorem 5.25, we may assume 7" is GL(d,F,)-conjugate to Ly, U
is GL(d,F4n)-conjugate to L4, for some f,g € R irreducibles of degree d. Let
mzlm(f) = f(t") for f € [Fy[y], and suppose f(t") = af. As o has order n, T™ and
U" are Fyn-linear. We claim that f is the minimal polynomial of LZ 7 over Fy, and

hence the minimal polynomial of 7" over F,. For any v,

f(Li o= f(t")v mod f
=of(t") mod f=wvaf mod f=0.
Hence f(L?f) = 0. Suppose now E(L?f) = 0 for some h € F,[y]. Then
h(L};)(1) = h(t") mod f =0.

But then f divides h(t"), and h(t") is in the centre of R, so f divides h. Therefore

f is the minimal polynomial of Ly (and hence T™) over F, as claimed.

Similarly, if mzim(g) = g(¢"), then § is the minimal polynomial of L}/, and U™,

over F,.

By Theorem 6.19, L, s and L; 4 are GL(d, F4n)-conjugate if and only if mzim(f) =
mzlm(g). Hence T and U are GL(d,F4n)-conjugate if and only if 7" and U™ have

the same minimal polynomial over IF,.

(2) Similarly, T" and U are I'L(d,F,») conjugate if and only if f = g° for some
p € Aut(F,), i.e. if and only if the minimal polynomials 7" and U™ over F, are
Aut(F,) conjugate. O

As we know that these minimal polynomials are irreducible and have degree d in

F,[y], this result of Dempwolff implies:

The number of conjugacy classes of irreducible elements of TL(d,Fqn) with automor-

phism o is precisely #1(q,d).
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Hence we have
A(g,n,d) < N(q,d) = #1(q,d).

As we have seen in the previous section, we have improved this bound to

A(g,n,d) < M(q,d) = #I(q,d)°.
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