Three different aspects of Knuth’s big-chooser matchbox process: tableaux, a
Markov chooser process, and a selfish-chooser generalization

Mark Dukes and Andrew Mullins

ABSTRACT. In this paper we consider three variants of Knuth’s generalization of Banach’s
matchbox problem. That paper introduced the notion of big-choosers, who always take a match
from a matchbox with the most number of matches remaining, and little-choosers who do the
opposite. The choosers arrive according to a Bernoulli process. The first variant we consider is
the setting of k matchboxes, each of arbitrary size. We show how to map the outcome of the
chooser process to a standard Young tableau of corresponding shape. We completely classify
the types of tableaux that emerge in this setting and study some of their properties.

Next we return to Knuth’s original setting of two matchboxes, each initially equal in size,
but now let the chooser process be a 2-state Markov chain. We determine exact expressions
for the generating functions of the expected residue and first return, and study the asymptotic
behaviour of their coefficients. The third variant is another twist on Knuth’s original setting
wherein we introduce an additional (‘selfish’) chooser that takes a match from each of the boxes.
This shifts the problem from one of counting weighted Dyck paths in the plane to counting
weighted Schroder paths. For this variant we give a closed form generating function for the
expected first return to a diagonal state and study its asymptotic behaviour.
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1. INTRODUCTION

Banach’s matchbox problem [3] considers the problem of two matchboxes, each initially con-
taining the same number of matches. It asks about the probability distribution of the number
of matches in one box once the other first empties. In this setting, at each time step a matchbox
is chosen with equal probability and a match removed. Knuth [5] considered a variation of this
problem in which, at each time step, the box containing the most (respectively, least) number
of matches is selected with probability p (respectively, 1 — p) and a match is removed. This

variation introduced the notions of big-choosers and little-choosers that describe the preferences
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of the chooser at each time step. His paper studied the expected number of matches remaining
in one box once the other first empties.

Stirzaker’s [10] thorough treatment of Knuth’s problem used the tools of random walks to
provide a clearer understanding of the process. He derived the distribution of the residue and its
asymptotic behaviour in addition to proving similar results for the case of more general initial
conditions. Recently Dukes and Mullins [2] extended Knuth’s original setting to the case of k
matchboxes each of which initially contain the same number of matches. They determined the
expected value of the total number of matches remaining once a matchbox first empties. In
addition to that, they also considered the return to diagonal states where a diagonal state is
defined as a configuration in which all £ matchboxes contain the same number of matches.

The present paper continues this line of research and considers three new aspects. First,
it extends the setting for Knuth’s matchbox problem to the case of k matchboxes that can
each initially contain any number of matches. We study a combinatorial interpretation of
this setting that we term a big-chooser tableau (BCT), which is a particular type of standard
Young tableau (SYT), and consider statistics on these tableaux and how they relate to aspects
of Knuth’s matchbox problem. We present several results that include a characterization of
chooser sequences that result in a given big-chooser tableau, how to discern whether a given
SYT is in fact a BCT, and also see how the reflection of a BCT in its main diagonal leads to
symmetries between the statistics. The appearance of standard Young tableaux in problems
related to random processes is not new and examples can be found in Krattenthaler [6l [7] and
Banderier [1].

Secondly, we revisit Knuth’s process for the case of two matchboxes, each initially containing
the same number of matches. However, instead of a Bernoulli big-chooser process we consider
the setting in which the chooser process is a 2-state Markov chain. Such a Markov generalization
for the classical 1D random walk is known as the correlated random walk and was studied by
Renshaw and Henderson [9]. Under the assumption that the type of the next chooser to arrive
will depend on the type of the most recent chooser, we derive generating functions for the
expected number of steps until the first return to a diagonal state, and also the expected
residue once one box has first emptied. We also determine the asymptotic behaviour of these
expectations.

Finally, we consider another variant of Knuth’s big-chooser 2-matchbox process in which a
third type of chooser (a selfish chooser) now appears and the chooser process is once again
Bernoulli. From a lattice paths perspective, this is a very natural generalization to consider
as it moves the setting from one of Dyck paths (counted by the Catalan numbers) to the
setting of Schroder paths (counted by the Schréder numbers). For this variant, we give an
explicit expression for the generating function of the expected first return to a diagonal state
and determine the asymptotics for this case.

2. BIG-CHOOSER PROCESSES AND FERRERS DIAGRAMS

In this section we consider a class of Young tableaux that arise from Knuth’s big-chooser
matchbox process [2] applied to Ferrers diagrams. Let A = (A1, Aa, ..., Ax) be an integer parti-
tion of n. We picture A\ as a Ferrers diagram with parts Ay, Ag, ..., A\x from top to bottom. A
big-chooser process is a length-n sequence z = (x1,...,2,) whose entries take values in the set
{B, L}. Here the event x; = B signifies that the ith chooser is a big-chooser, whereas z; = L
signifies a little-chooser.

Definition 2.1. Given A = (A1,..., A\g) F n, let us suppose that there are precisely a parts of
A with largest size A1, i.e. A\ = ... = Ag > Agy1. Let ¢ € {B, L} and define ¢(\, ¢) to be the
partition having size one less than A with

60N c) = Ay e — 1) ?fciL
(M, s da—1,..., ) ife=B.
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Example 2.2. For example, consider the integer partition A\ = (4,4,4,3,2). We have

¢ B | = and o L | =

Definition 2.3. Let A - n and consider the length-n big-chooser process x = (x1,...,2p).
Define the sequence of Ferrers diagrams A, AX"=D A1) whereby A := X and

)\(n—l) _ (b(/\(n—i-i-l),xi)
for all i € [1,n —1]. Let ®()\,z) be the Young tableaux \ with entry 1 in A(!) and entry i in
cell \ON\AC—D) for all 4 € [2, 7).

Example 2.4. Let A\ = (3,3, 1) and consider the chooser process x = (B, L, L, B, L, L, B). This
results in the sequence of Ferrers diagrams:

A — A6 = [7/\(5): [7/\(4): [ [7/\(3): [,)\(2):[:|:],)\(1):D-

This sequence of Ferrers diagrams can summarised by the labelled tableaux:

112]4
(N, z) =[3[5]7].
6

We call the outcome ®(\, x) a big-chooser tableau. Given a Ferrers shape A we let
BCT(A) :={®(\,z) : z€{B,L}"},

the set of all big-chooser tableaux having shape A. Our first result is a characterization of the
set BCT(M).

Definition 2.5. Let T be a SYT. Let us say that 1" contains a bulge at Tj; if there exist cells
I;jr and Ty where Ty is strictly southwest of T, Ty jn is strictly northeast of Tj;, and

Ti/j’ < 1—‘” > E”j”'
We will also say that T" bulges at Tj; if T' contains a bulge at T;;.

2[4]

[=]

contains a bulge at Too = 6 due to the entries 737 = 5 and

1

For example, the SYT T =3

5

Tis = 4. o

Proposition 2.6. Let T be a SYT of shape \. Then T € BCT(A) if, and only if, it does not
contain a bulge.

Proof. Suppose T does not contain a bulge. Then we can create big-chooser sequence s such
that ®(\,s) = T. To see this, set T,, := T. We construct the sequence s = (sq,...,5s,) from
right to left and remove cells from T as we go along. As i goes from n to 1, let

B if ¢ is in the rightmost column of T;
Si 1= :
L otherwise,

and T;_1 := T;\¢; where ¢; is the cell in T; containing the value 7. Notice that ¢; must either
be at the bottom of the right-most column or at the end of the bottom row of T;_; (by the
properties of SYT and the fact that T does not have a bulge). This construction ensures that
(N s)=T.

On the other hand, suppose T contains a bulge at cell ¢. Suppose cell ¢ contains the value
i. Then we can see that there is no big-chooser sequence s with ®(\,s) = T for the following
reason. If there were, then when 7 was inserted into the tableau as a result of reading s,,+1—; (via
®), there would still be empty cells north-east and south-west of ¢ due to the bulge property.
In the case that s,41-; = B it would be the case that an empty cell north-east of ¢ would have
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been chosen instead of ¢ by a big-chooser, while in the case s,+1—; = L an empty cell south-west
of ¢ would have been chosen by a little-chooser instead of c. U

It is interesting to note that the property of a tableau containing a bulge can alternatively
be expressed in terms of a corner-property of a sub-tableau.

Definition 2.7. Let T be a SYT. A cell ¢ of T is called a corner cell if it has no adjacent cells
to the south or east. A corner cell ¢ is called an internal corner cell if there is a corner cell
north-east of ¢ and a corner cell south-west of c.

Proposition 2.8. Let T' be a SYT of size n and let ¢; denote the cell of T' containing the value
i. Let T be the tableau formed by restricting T to the entries {1,...,i}. Then T has a bulge
if, and only if, there is some TW in which ¢; is an internal corner.

Proof. Let us suppose that there is some i for which ¢; is an internal corner of 7). Then, by
Definition there are cells in T lying strictly to the south-west and north-east ¢; that both
contain values smaller than i, since i is the largest value in 7). Therefore, by Definition
T; has a bulge at cell ¢;. As T® < T, we conclude that T has a bulge.

Conversely, suppose T has a bulge. Let ¢ € T be a cell that T ‘bulges’ at and let a be
its value. Then ¢ € T is a corner cell of T(¥ as a is the largest value of any cell in T(®.
Furthermore, because T' bulges at ¢, so too must 7(®. Therefore there are cells lying strictly
south-west and north-east of ¢ in T(®). In particular, there must therefore be corner cells lying
strictly south-west and north-east of ¢, and so ¢ is an internal corner of T(®). O

2.1. Sequences mapping to the same BCT. A natural question to ask is, what collection
of chooser sequences produce the same big-chooser tableau? In order to characterise these
sequences, we now introduce the notion of a ‘rectangular entry’ in a BCT/SYT.

Definition 2.9. Let T'be a SYT. We say that an entry T;; = a is a rectangular entry it T;; = ij.
An equivalent way to define this is that the subtableau of T" achieved by restricting T to [1, a]
is a rectangular tableau. Let Rect(T') be the set of all rectangular entries in T', and let rect(7")
be their number.

Consider the standard Young tableau T"

4 [10[15
13|17]
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We have Rect(T") = {1,2,6,9} and rect(7") = 4. Notice that two rectangular entries cannot lie
strictly north-east/south-west of one another. To see this suppose that a and b are in Rect(7")
for some T', with a < b. Then since b is a rectangular entry all entries smaller than it (and this
includes a) must be in the rectangle whose bottom-right corner is at b. In this way rectangular
entries appear, when one starts from the cell containing 1, in a weakly south-east direction. An
equivalent way to say this is that a rectangular entry contains all smaller rectangular entries in
its rectangle.

Definition 2.10. Given a standard Young tableau 7', let us say that entry ¢ is a bubble of T if
all entries in rows beneath it are larger than it. Let Bubble(T') be the set of bubbles of T

For example, with 7" as in equation , we have
Bubble(T') ={1,2,5,6,7,8,9,11,12,14, 16}.

For a tableau 7', let T'T be the conjugate of T (i.e. the reflection in its main diagonal). In
what follows it transpires that the sets Bubble(T)\Rect(T) and Bubble(T")\Rect(T) are key
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features of our analysis. For this reason we give them the dedicated names
VBubble(T") := Bubble(T)\Rect(T)
HBubble(T") := Bubble(T " )\Rect(T).
Example 2.11. For the BCT T in equation (|1, we have Rect(T) = {1, 2,6, 9},
Bubble(T') ={1,2,5,6,7,8,9,11,12,14, 16}
Bubble(T'") ={1,2,3,4,6,9,10,13,15,17}.
We can see that the following three sets partition [1,17];
Rect(T) ={1,2,6,9}
VBubble(T) =Bubble(T")\Rect(T') = {5,7,8,11,12,14, 16}
HBubble(7") =Bubble(T " )\Rect(T') = {3,4,10,13,15,17}.

Lemma 2.12. Let T be a BCT of shape A = n. Then the three sets Rect(1"), VBubble(T), and
HBubble(T) partition {1,...,n}.

Proof. For n > 2, the set Rect(T') is non-empty as it contains both 1 and 2. Notice that if
i € Rect(T"), then all entries in the rows beneath ¢ in 7" are larger than it, while all entries
to the right of ¢ are also larger than it. For this reason, we have Rect(7) C Bubble(7T) and
Rect(T") C Bubble(TT).

Let i ¢ Bubble(T'). Then the entry i in 7" has some entry, a say, in a row beneath it which
is less than . This entry is necessarily below and to the left of ¢ since 7" is a SYT. Suppose
now that i & Bubble(T'"). Then the entry ¢ in T has some entry, b say, in a column to its right
which is less than ¢. This entry is necessarily in a row above ¢ since T is a SYT. Then a < i > b
forms a bulge at i, which is a contradiction of 7' being a BCT and so i must be in Bubble(7'").

The same argument shows that if i ¢ Bubble(7'") then i must be in Bubble(T). As Rect(T) C
Bubble(T'), Bubble(T"), we have that the three sets Rect(T"), VBubble(T) = Bubble(T')\Rect(T),
and HBubble(T) = Bubble(T " )\Rect(T) partition {1,...,n}. O

Proposition 2.13. Let T' € BCT(\) with A b n. A big-chooser sequence x = (x1,...,x,) is
such that T = ®(\, z) if and only if

B or L ifi€ Rect(T)
Tnt1—i =4 L if © € VBubble(T)
B if i € HBubble(T).

Proof. Suppose first that ®(\, z) = T. We must show that for each i € [1,n],

Bor L ifie Rect(T)
Tpt+l—i = L ifi e VBubee(T)
B if 4 € HBubble(T).

Consider any i € [1,n]. By Lemma i is uniquely in one of Rect(7"), VBubble(T), or
HBubble(T'). If i € Rect(T") then trivially we have z,,—;+1 = B or L. If i € VBubble(T) then by
definition of ®(\, x), the entry i is in cell AG\AC=D . Let A® = (X\1,..., \;) and suppose that
there are precisely a parts having length A;. As i & Rect(T') we have a < k. Notice that as i
is the largest value in T® and, as T does not have a bulge, ¢ must either lie at the end of
row a or row k, by Proposition Since for this case i € VBubble(T') we conclude that i is
at the end of row k in 7. By Definition A1 = oA 2, ;11). Since D\, z) = T we
must have ®(A?, z, ;1) = (A1,..., A\ — 1) and therefore, by Definition Tn—i+1 = L, as
required. Essentially the same argument applies for the case i € HBubble(T') to show that one
must have z,_;41 = B.
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Conversely, suppose that for each i € [1,n],

Bor L ifie Rect(T)
Tntl1—i = L ifi e VBubee(T)
B if i € HBubble(T').

We must show that (A, z) = T'. Let us suppose that (A, ) # T and look for a contradiction.
Let j be the largest value that is in a different cell in ®(\, ) and 7. The tableaux ® (), 2)0) and
T have the same shape since the values j+ 1 through to n are in the same cells in ®(\, z) and
T. If j € Rect(T) then TU) and ®(\, z)V) are rectangular and so both must necessarily have the
value j in the bottom right cell. This contradicts the assumption that j is in different cells in the
two tableaux. If j € VBubble(T") then T) is not rectangular. Let T) have shape (A1,...,\g)
with precisely a parts having size A\ for some a < k. Now since, for this case, j € VBubble(T')
we must have that j is in row k of TU. But j € VBubble(T) implies, by assumption, that
Zn—j+1 = L. From this it follows that CD()\(j),xn_jH) has shape (A1,...,Ar — 1) and so j must
be in row k of ®(\, ). However, this contradicts the assumption that j is in different cells in

the two tableaux. Again, essentially the same argument applies for the case j € HBubble(T") to
show that ®(\,z) =T. O

Example 2.14. Consider the BCT T from equation (I). The three sets Rect(T"), VBubble(T)
and HBubble(T') were given in Example Consequently we have the set of all 16 chooser
sequences x that map to 1"

B B B B
{<B7L7B7L7B7L7L7B7L7L7L7L7L7B7B7L7L>}7

where we use the vincular notation % to indicate an entry that could be either B or L.

Notice that we have a choice of either B or L for every entry of Rect(T"), so the number of
sequences that map to a given T is 2°t(T)  Similarly, since every chooser sequence maps to
a unique big-chooser tableau, the previous comment can be used in conjunction with this to
give a simple identity between the number of chooser sequences and the number of rectangular
entries in a given tableau.

Corollary 2.15.
(i) Let T € BCT()\) for some A F n. The number of x for which T = ®(\, x) is 2etT),

(i) ZTGBCT()\) greet(T) — om,

2.2. Expected values and statistics on BCT. Let us now consider the Bernoulli probability
distribution on the chooser process whereby P(z; = B) =p=1—-P(z; = L) € (0,1).

Proposition 2.16. If the chooser process x is Bernoulli, then
P(CD()\, $) _ T) _ p|HBubee(T)|(1 o p)|VBubee(T)\_ (2)

Proof. From Proposition [2.13] we see that the set of chooser sequences x that map to a given
BCT is dictated by whether an entry ¢ is in one of the sets

Rect(T"), Bubble(T")\Rect(T), or Bubble(T)\Rect(T).

More precisely, the entry 2,+1_; = B if i € Bubble(T'")\Rect(T) while the entry x,41_; = L if
i € Bubble(T")\Rect(7"). The other entries, which are in Rect(T"), may be B or L. We have

P(®(\,2) =T) =[] f(z:)
i=1

where
D if n+1— 14 € HBubble(T)
flzi))=<1—p ifn+1—i€c VBubble(T) O
1 if n+1—1i € Rect(T).
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As discussed in the introduction, the expected residue for the two matchbox case A = (n,n)
was the focus of Knuth’s original paper [5] that had a Bernoulli chooser process. Among
the results proven by Stirzaker [10] in relation to Knuth’s problem, he derived the generating
function (equations 24 and 25) for the expected residue for the more general setting of A = (n,m)
under that same Bernoulli measure. Dukes and Mullins considered the expected residue of the
aggregate number of matches remaining once a box first empties for the case of k matchboxes
each initially containing n matches.

In terms of BCT, each of the expected residues discussed above is the expected value of the
statistic sw(T")—1 over all big-chooser sequences with respect to a Bernoulli measure Bernoulli(p),
where T has shape A and sw(7T') is the entry in the south-west most cell of 7. Let ne(T") be the
entry in the north-east most cell of 7. In this subsection we show how the expected value of
sw(T') for an arbitrary shape A is related to the expected value of an associated (dual) problem:
Consider a collection of matchbozes and a Bernoulli big-chooser process on them. What is the
number of matches remaining once all initially largest matchbozes have decreased in size?

More formally, let A\ = (A1, Ag,...,Ax) b n be a fixed integer partition. Let Residue()) be
the aggregate residue once the smallest matchbox has just emptied. Let Residue*(\) be the
aggregate residue once all the initially largest matchboxes have decreased in size.

For example, in the case considered in Example we have sw(T) = 6, ne(T) = 4,
Residue(\) = 5, and Residue®(\) = 3.

Theorem 2.17. Let A+ n with conjugate shape N, and let i € Z.. Then
Egern(p) (Residue())) = Egern(1—p) (Residue™(X)).
Proof. Define
Fa(21, 9, 41, y2) = Z 1‘|1VBubble(T)|x\2HBubee(T)\yiw(T)y;e(T).
TeBCT())

Notice that if T is a BCT with (|VBubble(T)|, [HBubble(T")|,sw(T"),ne(T)) = (a, b, ¢,d) then the
conjugate BCT 7" has (|VBubble(7")|, |HBubble(T")|,sw(T"),ne(T")) = (b,a,d,c). This shows
that

Fx(z1,22,y1,92) = Fv (2, 21,92, 41).- (3)
The expected value of sw(\) is

IEBern(p) (sw(A)) = Z sw(T)P(®(\,z) =T)

TEBCT())
- Z sw(T)(1 — p)lVBubble(T)| ,|HBubble(T)]
TeBCT(N)
a W
= B Z (1 _p)|VBubee(T)|p\HBubee(T)\yi (T)
L TEBCT())

_ OF\(z1,22,91,¥2)

ayl (l_p7p7171)
oOFy (x , L1,Y2,
= 2 ( Qayl b2 yl) = EBern(l—p)(ne()‘/))v
! (p»l_pvl)l)
where we applied equation (3)) to obtain the penultimate expression. Since Residue(\) = sw(\) —
1 and Residue*(\') = ne(\') — 1, the result follows. O

So the expected residue of the (classic) problem applied to matchboxes A with a Bernoulli
big-chooser process with parameter p is the same as the expected residue of the (dual) problem
applied to matchboxes X with a Bernoulli big-chooser process with parameter 1 — p.

We find it interesting to relate this to the original setting of Knuth’s 2-roll toilet paper
problem. The expected residue in Knuth’s setting when the two rolls initially have n sheets
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A [ IBCTM) [ A [ BCTW)I [ A [ [BCT()]
) 1 (5,1,1) 15 (2,1,1,1,1,1,1) 7
2 1 (4,3) 14 (1,1,1,1,1,1,1,1) 1
(1,1) 1 (4,2,1) 19 9) 1
(3) 1 (4,1,1,1) 20 (8,1) 8
(2,1) 2 (3,3,1) 15 (7,2) 27
(1,1,1) 1 (3,2,2) 15 (7,1,1) 28
(4) 1 (3,2,1,1) 19 (6,3) 48
(3,1) 3 (3,1,1,1,1) 15 (6,2,1) 53
(2,2) 2 (2,2,2,1) 14 (6,1,1,1) 56
(2,1,1) 3 (2,2,1,1,1) 14 (5,4) 42
(1,1,1,1) 1 (2,1,1,1,1,1) 6 (5,3,1) 57
) 1 (1,1,1,1,1,1,1) | 1 (5,2,2) 67
(4,1) 4 (8) 1 (5,2,1,1) 71
(3,2) 5 (7,1) 7 (5,1,1,1,1) 70
(3,1,1) 6 (6,2) 20 (4,4,1) 43
(2,2,1) 5 (6,1,1) 21 (4,3,2) 59
(2,1,1,1) 4 (5,3) 28 (4,3,1,1) 63
(1,1,1,1,1) 1 (5,2,1) 33 (4,2,2,1) 63
(6) 1 (5,1,1,1) 35 (4,2,1,1,1) 71
(5,1) 5 (4,4) 14 (4,1,1,1,1,1) 56
(4,2) 9 (4,3,1) 29 (3,3,3) 30
(4,1,1) 10 (4,2,2) 34 (3,3,2,1) 59
(3,3) 5 (4,2,1,1) 38 (3,3,1,1,1) 67
(3,2,1) 10 (4,1,1,1,1) 35 (3,2,2,2) 43
(3,1,1,1) 10 (3,3,2) 30 (3,2,2,1,1) 57
(2,2,2) 5 (3,3,1,1) 34 (3,2,1,1,1,1) 53
(2,2,1,1) 9 (3,2,2,1) 29 (3,1,1,1,1,1,1) 28
(2,1,1,1,1) 5 (3,2,1,1,1) 33 (2,2,2,2,1) 42
(1,1,1,1,1,1) | 1 (3,1,1,1,1,1) 21 (2,2,2,1,1,1) 48
G 1 (2,2,2,2) 14 (2,2,1,1,1,1,1) 27
(6,1) 6 (2,2,2,1,1) 28 (2,1,1,1,1,1,1,1) 8
(5,2) 14 (2,2,1,1,1,1) 20 (1,1,1,1,1,1,1,1,1) | 1

TABLE 1. The number of big-chooser tableaux for a given shape A for all parti-
tions of numbers no greater than 9.

equals the expected value of an associated process that we now describe. Consider n matchboxes
each containing two matches. A big chooser takes a match from a box containing the largest
number with probability 1 — p and a match from a non-empty box containing the smallest
number with probability p. Then the expected number of matches remaining once there are no
longer any matchboxes containing two matches is the same as the expected residue of Knuth’s
problem.

2.3. The number of BCT. The number of BCT for a given shape A is given in Table [I] for all
A Fn with n € [1,9]. Since a standard Young tableaux must have at least three rows in order
for there to be a possibility of a bulge, the set of standard Young tableaux having at most two
rows equals the set of BCT having at most two rows. Consequently the number of BCT having
shape A = (n,m) is easily given using the hook-length formula. Certain special cases can be
enumerated without too much difficulty, e.g.

-1
]BCT(n—3,2,1)|:<n3 ) —n+6, for all n > 6 (4)

1 —5
yBCT(n—4,2,2)|_<”4 >—<”2 >+n—6, for all n > 7. (5)
However, the sequence |BCT(n,n,n)|,>1 begins 1, 5, 30, 191, 1261, 8542, 58976 and this does

not appear to be a known sequence in the OEIS [§].
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3. A MARKOV CHOOSER PROCESS

In this section we consider Knuth’s A = (n,n) big-chooser matchbox problem for the case of
a Markov big-chooser process. We derive the expected number of steps until a first return to a
diagonal state and also the expected residue.

Let (X;)i>0 be a Markov chain with state space {B, L}. Suppose that initially

PXo=B)=p=1-P(Xg=1)
and the transition probabilities are
P(Xi41 = B|X; = B)=p1 =1-P(X;41 = L|X; = B)
P(Xip1 =L|IX;=L)=p,=1-P(X;11 = B|X; = L),

for all ¢ > 0. For notational convenience we will set ¢ := 1 — p; and ¢ := 1 — pa. We

consider the two matchbox process with a Markov big-chooser process (X;). The state of the

two matchboxes at time ¢ is the weakly decreasing pair Box; = (boxgl), box§2)) with initial

condition Boxg = (box(()l), box82)> = (n,n). The process (Box;)o<i<2n—1 evolves according to the

following rules:
box(l), box? — 1) if boxl(l) = box§2) >0
P-1) i box(" > box® > 0 and X; = L

Box;11 = ’ '
boxM) — 1, boxl(?)) if box > box? > 0 and X, =18

7

)

(box(-l) — 1,0) if box'Y > 0 and boxl(?) =0.

For such a process we will be interested in two random variables, the residue and the first-return,
defined as follows:

Z‘*

Residue,, := box(l), where 7* = inf {z : box£2) = 0}, and
FirstReturn,, := inf {2 >0 : boxl(.l) = boxl(?)} .

Example 3.1. Table [2| shows the probabilities P(Residue; = j) and P(FirstReturn; = j) for all
1 <j <1¢<3. From this we have that

E(Residue;) = 1 = E(FirstReturn;)
E(Residues) = p1(2 — p1) + (1 — p1)(1 + p2) = E(FirstReturns)
E(Residues) = (pi + (1 = p1)(1 = p2)) - (1 + (1 = p1)(p1 + p2))
+ (p1(1 = p1) + (L = p1)p2) - (2 = p1 + p2 + p1p2)
E(FirstReturng) = p7 + (1 — p1)(1 — p2)
+ (P1(1 = p1) + (1 = p1)p2) - (2p1(1 — p2) + 3(1 — p1)(1 — p2) + 3p2) .
The difference
E(Residues) — E(FirstReturng) = (1 —p1 —p2) - (1 (P} + pip2 —p1 — 1) +p1(L —p2)) . (6)

When p; +p2 = 1 the right-hand side of equation @ is 0 and the expectations are equal. This is
so since the 2-state Markov chain with po = 1—p; corresponds to the (X;);>¢ being independent
Bernoulli random variables and is therefore the original problem considered by Knuth.

3.1. The expected first return to a diagonal state. Consider the event {FirstReturn,, =i},
the first return to a diagonal state happens after 2 matches have been chosen, for some i € [1,n].
This event occurs when

FR1: Xo=Bor L,



i | P(Residue; = 1) P(FirstReturn; = 1)
1|1 1

i | P(Residues = i) P(FirstReturny = )

L pi+ (1 =p1)(1 —p2) pT+ (1= p1)(1 —p2)
2 | p(A=p1)+ (L =pi)ps pr(l—pi)+ (1 —pi)p2
i | P(Residues = 1) P(FirstReturns = 1)

L (i + (A =p)A=p2)- (01 + A —p1)A —p2)) | pi+ (1 —p1)(1—p2)

+(p1(1 —p1) + (1 —p1)p2) - (1 — p2)p1
2 (pi+ 0 —p)A—p2) (T —p1)+ A —p1)p2) | (1(L—p1) + (1 —p1)p2) - (1 — p2)p1
+(P1(1=p1) + (A =p1)p2) - (1 =p2)(1 — p1)
3| (p1(1=p1)+ (1 —p1)p2)p2 p1(1—p1)(1 —p2)(1 —p1) +p1(1 — p1)p2
+(1 = p)p2((1 = p2)(1 — p1) +p2)

TABLE 2.

FR2: X1X5--- X9 o is a Dyck word. In other words, the number of Ls in X1 Xs--- Xo; o is
equal to the number of Bs, and the number of Ls in every prefix of the word is at least

as many as the number of Bs. And,
FR3: X27;_1 = B.

Observe that for the event {FirstReturn,, = 1}, the middle requirement is one about an empty
word and so is trivially satisfied. Let us write
sMerkov — p(FirstReturny, (py, p2) = 4)
for all 1 <7 <n and define
Ez/larko"(pl,pg) :=E(FirstReturn,,(p1, p2))

EMarkOV(z) — Z EL\L/IarkOV(pljpz)Zn‘
n>1

In this section we derive an expression for EMarko"(z). Before doing so we require a generating
function of a 4-tuple overall all Dyck paths of semi-length n. A Dyck path of semi-length n
is a path from (0,0) to (2n,0) that takes steps in the set {u = (1,1),d(1,—1)} that never
dips below the z-axis. For each vertex of such a Dyck path D except the first (0,0) and last
(2n,0), let peaks(D), valleys(D), ups(D), and downs(D) be the number of vertices that form
the centre vertices of peaks, valleys, double-ups, and double-downs, respectively. Let slen(D)
be the semi-length of the Dyck path D. Define the generating function

F(Z; u, v, T, y) — Z Zslen(D)upeaks(D)Uvalleys(D)xups(D)ydowns(D). (7)
D

where the sum is over all Dyck paths including the empty one. It begins
F(zyu,v,2,9) = 1 + 2u + 22 (zuy + u®v) + 23 (ur®y? + 2u*vzy + vozy + u3v?) + O(21).

Proposition 3.2.

1 — z(uv + 2y — 2zyv) — /(2(uwv + 2y) — 1) — 422uvzy

F(Z;UﬂJ,ﬂj‘,y) = QZIEyU

Proof. The set of Dyck paths D admits the factorization
D =1+ uDdD.

By conditioning on whether each of the D’s on the right hand side represents the empty path,
or not, we can rewrite this in a more useful way:

D=14ud+ud(D—-1)+u(D—-1)d+u(D—-1)d(D—1).
10



Using this, we have

F(z; u, v, T, y) — Z Zslen(D)upeaks(D)vvalleys(D)xups(D)ydowns(D)
DeD
:ZOUOUOQSOyO + Zslen(ud)upeaks(ud)vvalleys(ud)Jjups(ud)y

+ Z zslen(D)upeaks(D)Uvalleys(D)xups(D)ydowns(D)
De{ud(D-1)}

+ Z zslen(D)upeaks(D)Uvalleys(D)xups(D)ydowns(D)
De{u(D-1)d}

+ Z Zslen(D)upeaks(D),Uvalleys(D)xups(D)

De{u(D-1)d(D-1)}

downs(ud)

ydowns(D) )

The first term on the right-hand side is simply 1 while the second term (for D = ud) is zu. The
third term becomes zuv(F(z;u,v,z,y) — 1) and the remaining two terms are zzy(F — 1) and
zzyv(F — 1)2. This gives the functional equation

F =F(zuv,z,9) =14 zu+ zuv(F — 1) + zay(F — 1) 4 zzyv(F — 1)% (8)

This quadratic in F' has roots

1 — z(uv + 2y — 2zyv) £ /(2(uv + zy) — 1)% — 422uvry

F(Z;’U,,’U,Ilj,y>: 2Z.ny’U

Since the special case u = v = & = y = 1 must result in the Catalan generating function
(1 —+/1 —4z)/2z, the choice of root is clear and the result follows. U

Theorem 3.3. The generating function for the expected first return is

Markov, \ _ 2+ (c2 —c1)2? — 222 F(2;1 — p2, 1 — p1,p2,p1)
E (Z) - (1 . 2)2 9

where ¢ 1= p% +q1g2, c2 == p1q1 (p1 + p2), and

1 — 2(g2q1 + p2p1 — 2p2p1q1) — /1 — 22(qaq1 + pap1) + 22(q2q1 — p2p1)?

F(Z;QQ7QIap27p1) = 221?2171611

Proof. For n > 2 the expected value E(FirstReturn,,(p1, p2)) = .1, i - sM . The first of these
probabilities is

sy = p2 4 (1 — p1)(1 — pa).

For i € [2,n—1], the event {FirstReturn, (p1,p2) = i} happens precisely when the three conditions
(FR1-FR3) at the start of this section hold true. By conditioning on X, we have

sMartkov _p( X = B)-P(X; = L|Xo = B) - P(X; - - - X9;_3 is a Dyck word|X; = B)
-P(X9i—1 = B|X2i—2 = B)
+P(Xo=L) P(X; = L|Xo = L) - P(X; - - Xa;_s is a Dyck word|X; = B)
-P(Xgi—1 = B|X3i—2 = B)
=p1(1 —p1) ([z"""F(2;1 — p2,1 — p1,p2,p1)) P1
+ (1= p)p2 ([¢" |F(2;1 — p2, 1 — p1,p2, p1)) p1
=p1 (p1(1 = p1) + (1 — p1)p2) [ 1F (21 = p2, 1 — p1,p2. p1),
where F' is given in Proposition [3.2] For ¢ = n we have

Markov __ Markov Markov Markov
Sy, =1-(5 + 55 + .ot sy,
11



Markov

In what follows we will abbreviate s; as s;. The above expressions for s; allow us to write

EMarkOV(Z) -z 4 ZErl\zAarkov(pLPQ)zn

n>2
n
=z+2° (51+232)+Zz"2i8i
n>3 =1
n—1
=z+22(s1+2(1—51)) + Y _ 2" <31 + | isi| +nll— (81+...+sn_1)]>
n>3 =2

n—1
= z—i—Zz”sl +Zz”n[1—(81+...+sn_1)]+Zz"Zisi 9)

n>2 n>2 n>3 =2

The first term in @ in the square brackets is

2

n>2
The second term in @ is
Zz”n [1—(s14+...+5p-1)]
n>2
n—1

= an"(l —81) — Zz”nZsj

n>2 n>3 j=2
— (=0 (1) - X nzsj

n>3

The final summation in this expression has the same form as the third term in @ Setting
c1:=p? + (1 — p1)(1 — pa) and bringing together these observations regarding @ we have

2
EMarkov(z>:z+fljz+<1_cl>z<(1 ) S Y S s
n>3 j=2 n>3 =2
6122
:z—l—l_z—i—(l—cl)z (17 Z Zn—z (10)
n>3 =2

From before, we have that for 2 < i < n and n > 3,

S; = CQ[Zi_l]F(Z; 1 — P2, 1 _p17p27p1>1

where ¢y := p1 (p1(1 — p1) + (1 — p1)p2). This means that the sum in (10)) is

>z Z"‘”Z E Z”‘“? ZNF(21 = pa, 1 — p1,pa, p1)

n>3 1=2 n>3 =2

—CQZZ Z |F(2;1 = p2,1 = p1,p2,p1)
m>2 7=1

z
A=z (F(2;1 = pa,1 = p1,p2, 1) — 1).

12
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Replacing this in equation and simplifying gives
2

c12 1 922 (F(z;1 —p2, 1 —p1,p2,p1) — 1)
1 1) -

! Cl)z(uz)? ) (1—2)

z+ (2 — c1)2? — 2% F(2;1 — po, 1 — p1,p2,p1)

N (1—2)? ' -

EMarkOV( )_ 2+

From this proof, since sMarkOV =p1 (@1 + paqr) [ F (2542, g1, p2, p1), We can give a gener-

ating function for the probability of first returning to a diagonal state after 2n steps.

Markov n

Corollary 3.4. Let SMarkov(y) = Y n>1 5 be the generating function for the sequence of

Markov Markov

probabilities s, , where s, is the probability of first returning to a diagonal state after 2n

steps. Then

SMarkOV(z) — (q1q2 _;'_p%)z _|_p1(p1q1 +p2q1)z(F(z;Q2,Q1,P2,p1) - 1)

3.2. The expected residue. Let MM*V(p, p,) = E(Residue,) be the expected residue for
this case and set

MMarkOV(z;ph q) = Z M7|:/|arkov<p17p2)zn
n>1

Theorem 3.5.
Pz (1= (pr+p2)z+ (Prtp—1)2%)  2((pr—ar) + (a2 — p1)?)

CI1(1 _ 2)2(1 _ SMarkov(Z)> (]1(1 _ Z)2 ’
Proof. As discussed in Example MMarkov(p) py) = 1. For all n > 2, we condition on the

first return to the diagonal, if any, to write

Myarkovp p2 Z MarkovMMarkOV(p P2 )+LMarkOV(p p2)
0<i<n

MM (2 py,po) =

The probability sz-\/'arko" is defined in the previous section. We define now the probability p,, ; to
denote the probability of a path that starts at (n,n) and never returns to the boundary line
but instead first touches the x-axis at (j,0). Then the IMarkov: alues are L'}"arko"(pl,pg) =1
and for n > 2, L,'\L/'arkov(pl,pg) = 2322.7 - ppj is the contribution to the expected residue
from those cases where the path never returns to the boundary line. By setting LMark"V(z) =
anl Lhﬂarkov(pqul)zn we have the equation MMarkov(Z) _ SMarkov(z)MMarkov(Z) + LMarkov(Z)
which gives
LMarkov ( Z)
1— SMarkov(z)‘

The denominator 1 — SMaV (%) becomes the term mentioned in Corollary To determine
the numerator LMarkov(y) requires some work.

Let Po(z) = > ;51 Pn %" and P(z,y) = 3,51 Pp(2)y". Notice that we can easily calculate
p1,1 =1, p22 = p1q1 + qip2 and for n > 2, p,, 0 = pp,;1 = 0. From this it is clear that

MMarkOV(Z) —

Py(z) = x and Py(z) = (p1q1 + q1p2)x°
For n > 3 we condition on which node a path enters row 1 at to write:
n—j—1

Pn,j = Pn—1,j—1D2 + Z pnfl,j+iQ2(P1)iQI~
=0

Multiply both sides by 7, sum over all j > 2, and simplify to find:

2
q192% xq1q2
— - (Po1(p1) — Pn-1,1P1) —
p1(p1 — ) pL—
13
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A simple argument shows that P,_1(p1) = pls,'\{'iq@"/qg for all n > 3. For n = 1 we have
Pi(p1) = p1. Using this and rearranging gives

Po(z) = @1’ Mariov | 221 ) 1) p
p1—x p1—z
for all n > 3. By multiplying this simple recurrence by 4" and summing over all n > 3, we now
have
(p1 — 2)(2y + (M1 — P1p2)a®y®) + (10} — apip2)z®y? + quaySMerev(y)
(p1 — 2)(1 — pay) + g2y '
Differentiating P with respect to x and substituting (z,y) < (1, z) gives

OP(x,y z
pMetkev(z) = 9P(w.y) PAESE (a1 + (P11 — g2 — P1p2)= + (p1p2 — P1ga) 2

P(I,y) =

8.%' 1
Yz

+ (pl - ql)SMaI’kOV(z) + (QQ - pl)ZSMarkov(Z)].
Thus MMakoV (2. p1 po) equals

z (ql + (p1g1 — @2 — P1p2)z + (Pip2 — p1q1) 22 + (p1 — q1)SM*V(2) + (go — pl)zSMarkW(z))
Q1(1 _ 2)2 (1 _ SMarkov(Z)) )

Dividing 1 — SM2%V () into the numerator and simplifying results in the stated expression. [

4. ASYMPTOTICS FOR THE MARKOV-CHOOSER PROCESS

4.1. Asymptotics of the expected first return to a diagonal state. In this section we

consider the asymptotic behaviour of [z"]EM(2)  First let us notice that we can rearrange

the radicand in the statement of Theorem [3.3] to give

1—(q1q2 + pip2)z — /(1 — az)(1 — B2)
2p1p2q1 2

F(Z;l_p271_p17p2apl)_1: ) (11)

where o := (\/p1p2 — /@142)? and B := (pip2 + /2142)*
Lemma 4.1. We have 0 < a < 8 < 1. Moreover, a« =0 iff pr1 + po =1 and 8 =1 iff p1 = po.

Proof. That 0 < o < 3 for all 0 < py,py < 1 is clear. We have that o = (\/p1p2 — /q1q2)> = 0
if and only if \/p1p2 = \/@1qz = /(1 — p1)(1 — p2), which occurs iff p1ps = (1 —p1)(1 — p2) and
this is equivalent to p; + po = 1.

Secondly, the equality 8 = (/pip2 + /21g2)> = 1 holds iff \/pipz = 1 — /qig2. Squaring
both sides and simplifying results in 2,/q1q2 = 1 + q1g2 — p1p2. Squaring both sides again and
simplifying results in (¢; — ¢2)? = 0, which is equivalent to p; = pa.

A similar argument can be used to show that we never have g > 1. (]

1
Proposition 4.2. The radius of convergence of SMarko"(z) s p= . Moreover

(V/P1P2 + /0142)?

p>1forall0<pi,po<1andp=11iff pr = ps
Proof. By writing

SMH(2) = 12 4 ez (1 ~ (@102 +pip2)= = = a2)(1 - /3z>)

2p1p2qr 2
C9 (
1 —(q1q2 + pip2)z — V(1 —az 1—52)7
(1= )z - A - a2~ 52)
and recalling from Proposition that 0 < a < 8 < 1, it follows that the radius of convergence
of SMarkov(2) is p = 1/B. That p > 1 follows directly from Lemma since § < 1. That p =1

iff p1 = po is the last statement of Lemma [4.1 O
14
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Proposition 4.3. The probability of an eventual return to a diagonal state is

1 if p1 > p2

SMaI’kOV(l) _ pQ B p2

1-=2—1 ifp <pa.
b2

Proof. Recall that ¢; = p? + q1ga, c2 = p1¢1(p1 + p2). Setting z = 1 in Corollary gives

1= (q1q2 + p1p2) — /(p1p2 + q1q2 — 1) — 4p1p2qige

SMarkOV(l) —c1 4o

2p1paqa
_ p1+ D2 — 2p1p2 — \/P} + PE — 2pip2
=+ c2
2p1p2q1

p1+ p2 — 2p1p2 — [p1 — P2

= qiq2 + P} + p1(p1q1 + q1p2) 5
P1P291
p1+p2 — |p1— D2
= q1q2 + i — p1(p1 +p2) + (p1 + p2) QPL |
p1+ P2 — |p1 — P2
=1—p1 —p2+ (p1 +p2) 5 | |.
P2
The result follows. O

We will require d%S Marko"(z) at z =1 for p; # p2 so we determine that now.

Proposition 4.4.

q1 + g2 .
L — if p1 > p2,
d aMark
(2) ES () 2=1 - p2f11 +p2(J2
L2 ifpy < pa.
p2(p2 — p1)

_2q (p1 + p2)(2p1 — p? — p3)
z=1 (p1 — p2)?

(b) For py > py, L, gMarkv(y)

Proof. (a) Differentiating S(z) := SMa*V(3) in Corollary gives S'(z) =1 + ca(F(z) — 1) +
cozF'(z). To differentiate F(z) we use the functional equation in Equation
(F(2) = 1) = 2[g2 + (@192 + p1p2) (F(2) — 1) + pip2qa (F(2) — 1)°)].
Differentiate both sides to find
F'(z) = [g2 + (qug2 + p1p2) (F(2) — 1) + pipoqi (F(z) — 1)?]
+ 2 [(q1g2 + p1p2) F'(2) + 2p1p2qi (F(2) — 1)F'(2)],
and so
F'(1) = [g2 + (q1q2 + p1p2) (F(1) — 1) 4 pipaqu (F(1) — 1)?]
+ [(q1q2 + p1p2) F' (1) + 2p1poqi (F (1) — 1) F'(1)] .
Note that for F'(1) we have

1 — (q1q2 + p1p2) — V/((P1p2 + q1a2) — 1)% — 4p1p2qigo
2p1p2qa

_m + p2 — 2p1p2 — [p1 — P2 :{pll if p1 > po

F(1)—1=

2p1p2q1 pgfn if p1 < po.

We consider the two cases separately.
15



Case p; > po: For this case we have

1 1
F'(1) = {4& + (9192 + p1p2) — +p1p2qlg}
P DT

1
+ [(Q1Q2 + p1p2) F'(1) + 21712?2611]9117/(1)} .

1
Solving for F’(1) gives F'(1) = —————. Therefore
p1(p1 — p2)
1 1 +
S'(1) =c1 + co— + ¢2 —pLTE
b1 pi(p1 — p2) b1 — P2

Case p; < po: In this case we have

q2 q2
F'(1) = [cm + (q1g2 + p1p2)(——) + p1p2q1()2]
P2q1 p2q1

q
+ [(Q1Q2 + p1p2) F'(1) + 2;01292(]172 F/(l)} .
D241
q2
p2q1(p2 — p1)

2 2
+
S’(l) —c1 + ¢ q2 ¥ q2 _ p1iq1 sz2'
DP2q1 p2qi(p2 —p1)  p2(p2 — p1)

Solving for F’(1) gives F'(1) = . Therefore

(b) Differentiate S’(z) = ¢1 + ca(F(2) — 1) + cazF'(z) from part (a) to get S”(z) = 2coF'(2) +
c2zF"(z). From the proof of part (a) with p; > ps we have F/(1) = —————— and we now

p1(p1 — p2)

require F”(1). For notational convenience within this part of the proof let X := q192 + p1p2 and
it := p1p2qi. Then differentiating F’ (z ) in equation gives

F"(2) = [AF'(2) + 2u(F(2) — 1)F'(2)] + [)\F’(z) +2u(F(2) — 1)F'(2)]
+ 2 [AF"(2) + 2u(F'(2))* + 2u(F(2) — 1)F"(2)] .
This gives
A 24 } [ A 2u

+ + +

pi(p1 —p2)  pi(p1 — p2) pi(pr —p2)  pi(p1 —p2)
2u 2u
F AR+ }
[ M pilpr —p2)?  m @)

where we used F(1) —1 = 1/p;. Solving the above equation for F”(1) and simplifying gives

non 2(prgr 4 p2(p1 — p2))
)= p1(p1 — p2)? '

F'(1) = [

Therefore

1" 1 (prq1 + p2(p1 — p2))
511 =2ex <p1(p1 —2) " p1(p1 — p2)3 >
_2q1(p1 + p2)
~ (p1—p2)?
_2p11g2(p1 + p2) .
(p1 —p2)®

Since SMarkoV(2) is a linear function of F(z) (from Corollary, we can rewrite the expression
for EMakoV( ) given in Theorem as

EMarkOV(Z> _ (1_%)2 (1 _ SMarkOV(z)> ) (13)
16
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A more direct way to see this is to note that the coefficient of 2™ of the right-hand side is

n—>(n—1i)s

We are now ready to state our main result of this section.

1
Theorem 4.5. Let r be any value greater than —. Then

P
+ .
p1M+0(rn) if p1 > po
b1 — P2
16p1q1 1—-6p1gn 1 1 .
EMarkov — I O(—— =
n (pl)pQ) T \/ﬁ + 16p1q17T\/ﬁ + (m) prl D2
2 9 2 2
- + ‘
(PPl f AILTPR  o(pn) if p1 < po.
S ) p2(p2 — p1)

Proof. Case p; = p2. For notational convenience we will let p := p; and ¢ := ¢; for this part
of the proof. From Lemma since p; = ps we have 3 =1 and a = (p — ¢)?>. By combining
with the expression for SM2rkoV(2) used in Proposition we can write

ﬁ (1 —c1z — ]712—;2172 [1 —(q1q2 + p1p2)z — V(1 —az)(1 — ﬂz)D

e [ 0P e =1+ 0 e VT anVT
—(1—2)"2(2v/1 - az).

Thus EM2V(2) has a (dominant) singularity at z = 1. We proceed by using the methods of
singularity analysis of generating functions, as explained in Flajolet and Sedgewick [4, Chpt.

VIJ. Set g(2) = zv/1 — az and write g(z) = Zgn(l — 2)". The first two coefficients g, are
n>0

go=g1)=vVI—a=+/1-(p—q)?=2ypg and

n === = [(1- )} + 3o(1 - a2) H(-a)]

EMarkOV(Z) _

z=1

o  p*—10pg+q¢*
4./pq 4./pq

= —2/pq +
From this we have:

EMarkOV(z) =(1— z)‘%(gM)

1t PP —10pg+¢* | 2
= (=22 Rvpe+ = o (1= 2) + O((1 = 2)7)
_ R S e LV AR !
=2pq(1 —2)"2 + /b (1-2)"24+0((1-=2)2).

We quote the following identities from [4], p.388];

(1 - )2 = \/Z (2 F o4O (;)) , (14)

(1 — )72 = % <1 - 8% e (;)) , and (15)
1= = 0 <\/%3> | (16)



This allows us to write

VMWMW@wﬁ¢mvz<2+£f+o<;>>
P e (o () o ()

16pq p? —dpg+q* 1 1
=/ 2 LA & S o)
s v+ V16pgmr  \/n + Vn3 )’

which completes the proof for the case p; = po.

z

=22

on a disc centered at the origin of radius p > 1 (since p; # pa), the function EMarkov(z) —

z Z an(l — 2)" for some constants (an)p>—2. Since EMarkov(2) has a double pole at z = 1,
n>—2

we will use the asymptotic analysis of functions with poles outlined in Wilf [I1 Section 5.2].

By [1I, Theorem 5.5], we have that as n — oo,

(2" E(2) = a_on + a1 + O (C} + €)n> ,

for any € > 0. Let 1 — S(z) = an(l — 2)", so that a_y = by and a_; = b;. Then

Case p; # pp. Consider EMov(z) = 1 — sMarkov( 1)) As 1 — SMarkov( ) is holomorphic

n>0
0 if p1 > P2
bo=1-S(z) =1-5(1)=4q 2 o
z=1 Py — P71 .
if p1 < po.
D2
Similarly,
+ .
d FET
h=—tp-se_ =sm=1 0 Y
dz z=1 Piq +p3g2 .
————=—if p; < pg,
p2(p2 — p1)
by Proposition [£.4] O

4.2. Asymptotics of the expected residue M,'X'arkm’ (p1,p2). In this section we consider the
asymptotic behaviour of [z MMarkov(z) = pgMarkov(py) 4)0) for n large. From Theorem ﬁ we
have

Pz (1= (p1+p2)z+ (p1+p2—12°)  2((pr —a1) + (@2 —p1)2)

MMarkov P, — )
(Z p1 pZ) Q1(1 — 2)2(1 _ SMarkov(Z)> q1(1 — Z)2

and

q1(p1 + p2)
2poq1

by Corollary combined with section In order to analyse M Marko"(z) it is necessary to
determine when SMarkov(2) = 1.

sMarkov oy —(qrqo + p?)z + (1 — (g2 + p1p2)z — /(1 — az)(1 — 52)) ;

Lemma 4.6. For |z| <1, if SMV(3) =1 then 2 = 1.

Proof. Recall that SMaV(2) is convergent on a disc (centered at the origin) of radius p > 1,
and note that we have 0 < s,, € R for all n. Suppose that we have zp € C\{1} with |z9| < 1 and
18



satisfying SMakoV(20) = 1. Then |zo| < 1 implies Re(s,z}) < s, for all n. In particular zy # 1
implies Re(s1z0) < s1. From this we have

1= SMarkov(z(]) = Z snzi = Re Z snzg | = Z snRe(spzg) < Z sp <1,

n>1 n>1 n>1 n>1

where the last inequality comes from Proposition [£.3] But this is a contradiction. O

In the analysis of [27] MMV (%)  there are therefore three cases to consider:

Case 1: p; < py — in this case SM*V(1) < 1 and 8 < 1
Case 2: p; = py — in this case SMarko"(l) =land =1
Case 3: p; > py — in this case SMarko"(l) =1land 8 < 1.

These are distinct cases since if SM™ V(1) = 1 then it gives MMa*V(%) a zero in the denom-
inator at z = 1, while if 8 = 1 then SM%(2) has an (isolated) singularity at z = 1 due to a
v/1 — z term. We consider the three cases in turn.

Proposition 4.7. Let p; < p2, and let r be any number greater than (\/p1pz + /q1q2)*. Then

| Markov () Z P2TPL L (cm —p pipp(a C]2)> + o).
q1 il a1 (p3 — pi)

Proof. Let MMarkov() — ) where

£(2) = 1z (a1 + (P11 — g2 — p1p2)z + p1(p2 — @1)22 + (1 — @1)S(2) + (g2 — p1)2S(2)]
T 1-5(2)

and S(z) := SMakov(2). Since S(z) has radius of convergence p > 1 (see Proposition ,
and since S(z) # 1 for any z € D(0;1) (see Lemma and Proposition , we can let

flz) = Z an(1l — 2)" for some constants (an)n>0. The first of these coefficients is
n>0

lag-—@+t(@-—q)SA) _p—m

a0 =f{1)= T 1-S5(1) @

The next coefficient, with a purposeful sign change due to our choice to expand f about 1 — z,
is derived as follows. (Note we will use c3 := p1g1 — g2 — p1p2 to make the equations more
19



manageable.)

—a1 = f(2)

dz z=1
1 [q1+e3z+p1(p2 — ¢1)2° + (01 — ¢1)S(2) + (g2 — p1)2S(2)]

@ 1-5(2) z=1
L Lz [c3 +2p1(p2 — q1)z + (p1 — @1)5'(2) + (g2 — p1)S(2) + (g2 — p1)25(2)]
q1 1-5(2)
N S'(z) 2 [q1 + csz +pi(p2 — q1)22 + (01 — 1) S(2) + (g2 — p1)2S(2)]
il (1-S(2))? =1
la-—@+(e-a)sSO) O +p1(p2 —q1) + (2 — 1)S'(1) + (g2 — p1)S(1)
il 1—-5(1) Q1 1-5(1)
n S'(1) (g1 — g2 + (g2 — q1)S(1)]
Q (1-5(1))?
:ql(l—lS(l)) (@1 — 22 + p1(p2 — q1) + (2q2 — 1)S(1)]
(1-2¢)1-S5(1) @ +pip2—q1) -1
a1(1—5(1)) a1(1—5(1))
p2—q@ pip2Ag2+aq)
q1 q1 pg —p%

z=1

9

which follows since 1 — S(1) = (p3 — p?)/p2 by Proposition Applying Wilf [I1, Theorem
5.5] we have that as n — oo,

ag aj

(1—2)2 1—2
:pz—pl(n+1)+]ﬂp2(Q2+Q1) PR
a1 @ P3Pt a1

[Zn]MMarkOV(Z) :[Zn] + [Zn] + O(T‘n)

+O(r"). O
Proposition 4.8. Let p1 = po = p. Then

dpn. 2q—1 3 [p  12p2—-8p—1\ 1 1
Z"MMakaVz:\FJr +< —t—— ) =+0(—=].
12"] =) qm q 4\ g 8q¢\/PqT Vvn Vn3

Proof. First notice that o = (\/p1p2 — /@1q2)* = (p — ¢)* and § = (/p1p2 + /@1 q2)* = 1. By
using equation , and letting S(z) := SMa V(%) we have

1—-5(2) =1 = (q1g2 + p1)z — (M (p1 + p2))2 (1 ~ (@ +p1p22);1;2;{,<21 —az)(1— 52)>

=1— (@ + )= (1= (@ + P02 = VI = - P2/ (T —2))
=V = (p—q)?2)/(1-2).

20



(1—2)? 1—S(2)
pq — p* 1-2q
S (1-2)? 1-5(z)
_ 2z 1 q+plg—p)z+(1—-2¢)5(2)
1-2z ¢ 1—5(z)
_ 2 1 og4pla—p)e+(1-29)1 -1 -(p-q?2)/(1-2)
=24 V(A= (p—9)?%)/(1-2)

z _2q—1+ f(2)
11—z ¢ (1—2)3/%

z  ptplg—p)>

1
where f(z) := —— The coefficient of 2™ coming from the first term is 2 — —.
¢ (1 =(p—q)?2) q
To find the coefficient of 2™ in the second term, set f(z) = Z an(1l — 2)" for some constants
n>0
(an)nzo. Then
1 p+plg— 2
a0 = f(1) = 1P plg—p) _p 29 _ [p

a0 -(p-9? a2y NV

The second coefficient is

*alzf,(l)
p+2p(g—p) 1 pt+ple—p) ,
VOG-0 i-p-gri 0V
_p+2pa-20"  p 2q(p—q)®
2q+/pq 2q 8pq\/pq
_Alp+2pg—2p°)+ (p—q)®  —12p° +8p+1

8¢+/Pq 8¢+/Pq
Again, making use of equations and from the proof of Theorem we have

i o) S oo 2 i e -2 )

from which the result follows. O

Proposition 4.9. Let p; > po, and let r be any number greater than (\/p1pz + /q1q2)*. Then

2p1¢° — —
(7] A Markov ) pigi + (101 = p2a2) + pav2(pr —p2) | o).

q1(q1 + ¢2)(p1 — p2)
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1)
1—22 1-5(2)

f(2) =2 [1 + <p1 - 1p1p2> z+ <1p1p2 —p1> 22+ <1 — 2> S(z)
a q q q1
+ <1 1y q2> S(z)] .
qaq q

The functions 1—S(z) and f(z) are holomorphic on a disc centered at the origin of radius p > 1,
so the asymptotics of [z"]MMekV(2) are dictated by the behaviour of MMkV(2) at » = 1. It
will be essential to understand the zeros of both f(z) and 1 — S(z) at that point. In what
follows, we will require f(1), f/(1) and f”(1).

Proof. Let S(z) := SMoV(2) and let MMarkov(z) = where

e For f(1):
1 1 1 1
) = 14p - it —pipr—pi+ (— - 2SS+ (1 - — + B)5(1)
q1 q1 q1 q1 q1 q1
1 1
S N T N ¢ .
q1 q1 q1 q1
-0 (17)

e To find f'(1) we have
1 1 1
fl(z) = [1 + <p1 - plpz) z+ <p1p2 —p1> 22+ < - 2) S(z)
q1 q1 q1 q1
1 @ @ 1 1
+(1——+=)280) | +2||pr————pwp2 ) +2| —pip2—p1 | 2
q1 q1 q1 q1 q1
1
+ < - 2) S'(2) + (1 -1 ‘”) S(z) + (1 ~ Ly ‘”) zS’(z)]
q1 q1 q1 q1 q1

1
= w (a1 +2(p1q1 — @2 — p1p2)z + 3(p1p2 — P1@1) 2 + (p1 — @1)S(2)
+2(g2 — p1)2S(2) + (p1 — @1)25"(2) + (g2 — p1)2°S'(2)] - (18)
. . , q1 + q2 ..
From this, and by using S’(1) = p; ) from Proposition 4.4, we have
pP1— P2
1
i) = o [ @1 +2(p1q1 — @2 — pip2) + 3(P1p2 — 1) + (p1 — @1) + 2(q2 — p1)
q1+ ¢ Q1+ q2
+(p1 — q1)p1 - + (g2 — p1)p1 - }
pP1 — P2 b1 — p2
1 Q1+ q2
= — [pmz —piga—p1+ (@2 —q1)p1 - ]
q1 b1 — P2
1 a1+ q2
= — [—(Ch +q2) + (g2 — q1) ]
q1 b1 — P2
p1
= o [—(q1 + @2) + (q1 + q2)]
= 0.

e To determine f”(1) simply differentiate equation (L8):

f(z) = qll [2(p1g1 — g2 — p1p2) + 6(p1p2 — P1@1)z + (P11 — 1) S (2)
+2(g2 — p1)S(2) 4 2(q2 — p1)25'(2) + (p1 — 1) S'(2)

+(p1 — q1)28"(2) + 2(g2 — p1)25'(2) + (g2 — p1)2°S"(2)] -
22



This now gives

Q) = q11 [2(p1g1 — @2 — p1p2) + 6(p1p2 — pran) + (p1 — q1)S'(1)

+2(q2 — p1) +2(g2 — p1)S'(1) + (p1 — ¢1)S'(1)
+(p1 — q1)S" (1) +2(g2 — p1)S"(1) + (g2 — p1)S"(1)]

[4p1p2 — 4p1g1 — 2p1 + 2(q2 — p2)S' (1) + (g2 — q1)S"(1)]

q1 + g2
2p1(2p2 — 21 — 1) + 2(q2 —p2)p1p1

1
q1
1
qQ — D2 (p1 — p2)?

2
by using S”(1) = P1162(P1 + p2) from Prop. and S'(1) =p nte from Prop.

(p1 — p2)? p1— P2
Thus

2p1q1q2(p1 + p2
+ (2 —q1) ( ) ,

1! 2
() = ql(Tp_lpZ)Q[(QpQ —2q1 — 1)(p1 — pa2)?
+(q2 — p2)(q1 + @2)(p1 — p2) + Q1q2(p1 + p2)]

2p1
= m[%uﬁ + (pra1 — p2a2) + pap2(p1 — p2))-

1
Returning now to the equation MMarkov() — /() , we have seen that f(z) has a

(1—2)21-5(z)
f(z)

zero of order 2 at z = 1, while 1 — S(z) has a zero of order 1. We can therefore let 150 =
—S(z

Z an(1 — 2)" for some constants (ap)n>1. The first coefficient is
n>1

al =

d [ f(z)
dz [1 - S(z)}
By I’'Hopital’s rule this is

o = [lim, 1 f"(2)  lim,—1 f'(2)S'(2) + (z)S”(z))]

| lim,_,; —57(2) lim,,; 2(1 — S(2))(—=5"(2))

_ [ M) limen fU(2)S(2) + £(2)5"(2) + £(2)5"(2) + f(Z)S’”(Z))]
| —S5(1) lim,_,1 2(57(2))? —2(1 — S(2))5"(z)
£, s )
=5 " as ()

TP e
zl“L—SQY‘u—ﬂ@V“S“W

z=1

I AeY
C257(1)
2py
— - 2p1¢? + (m1@1 — p2g2) + p1p2(p1 — 2

_ al _p2)2[ i+ ( ) ( )]
9 q1 + g2
D1

pP1 — D2

2014} + (p1ga — p2q2) + p1p2(p1 — p2)
a(q1 + ¢2)(p1 — p2)

The result now follows by Wilf [IT, Theorem 5.5] which in this case states [z"]MMarkov(z)
ai + O(r"™).

ol

5. KNUTH’S 2-MATCHBOX PROBLEM WITH A THIRD SELFISH CHOOSER

In this section we consider a generalization of Knuth’s matchbox process in which a new type
of user is introduced. This generalization has the effect of moving the path-counting consider-
ations from Catalan paths to Schroder paths and consequently requires a delicate analysis of
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probabilities associated with such paths. We consider the expected number of choosers until
a first return to a diagonal state and also the expected residue. In Proposition [5.1] we give
an explicit recurrence for the expected residue in which all quantities have explicit sums. The
binomial form that appears in one of the sums does not allow us to give a closed form expression
for the associated generating function. In Proposition we prove a closed form generating
function for the probability generating function for the first return to a diagonal state. This
allows us to give an expression for the expected first return, see Proposition along with an
asymptotic analysis of the expected first return (Propositions and .

5.1. Generating functions for the expected first return and expected residue. Con-
sider Knuth’s 2-matchbox problem for the case that there are big-choosers, little-choosers, and
selfish choosers. The selfish chooser chooses a match from both of the two matchboxes. We
assume a Bernoulli probability measure on the chooser process whereby the ith chooser is a
big-, little-, or selfish-chooser with probability p, ¢, and r := 1 — p — q, respectively. In terms of
the lattice path representation of this problem, this corresponds to a lattice walk from (n,n) to
(0,0) in the region {(z,y) : 0 <y < x} that takes steps in the set {s = (0, —1),w = (—1,0),d =
(—=1,—1)}. The precise weighting for each step depends on the top/right entry of the step.

The selfish-chooser steps d have a probability r of occurring except when they are on the z-
axis (i.e. come from a position (a,0)), in which case they have a probability 0 of occurring. The
big-chooser steps w have a probability p of occurring, except when they come from a position
(a,a) (then probability 0) or when they are on the z-axis (then probability 1). The little-chooser
steps s have a probability ¢ of occurring, except when they come from a position (a,a) (then
probability p 4+ ¢) or when they are on the z-axis (then probability 0).

We can now write down expressions for the expected residue EResidue, (p, ¢) conditioning on
the types of lattices paths which contribute to the process. Let Mgd"éde' = Mgfgrader(p, q) =
EResidue, (p, ¢) be the expected residue. Note that the first few values for this quantity are

Mgchrb'der -0

MISchrb'der =p+gq

M3 — () 4 q)(2 + p? — 2p + pg).

Proposition 5.1. For alln > 2 we have

n—1
M (p, q) =y~ 577 (p, q) - MR (p,q) + Ly*(p, ),
i=1
where
- i—1 :
SSchréder(p q) — (pQ)Z(p + Q) lz: 1 2i—k—1 1-p—gq F
! T q k702i72k71 kyi—ki—Fk—1 Pq ’
L;zchroder(p, q) — Z Zjdn,j,k(p + q)qn—k—lpn—k—j(l —p— q)k,
j=1 k=0
with
Ln(d,1) if k=0
dp i1 i= n—7j—k—1 n—j—k—1
nk Fn(j+k,1+k)<n jk >+Fn(j+k:,k)<n 15—1 ) if1<k<n-—j

and I'y(n,n) :=1, I'y(a,a) := 0 for a <n, and for b < a <n,
a—b2n—1—a—b
To(a,b) = — .

(a,5) n—b( n—b—1 >

Proof. Every path that results from this random walk falls into one of two cases
24



(a) The path leaves (n,n) and passes through at least one non-diagonal point (n—a,n—a—1)
before returning to the diagonal for the first time at (n —4,n — i), where 0 < a < 7.

(b) The path initially takes m > 0 steps d and then leaves the diagonal (if m < n) and does
not return before reaching the z axis for the first time at (j,0).

By separating the paths into these two cases we have a recursion for the expected residue

n—1 n
My (p,g) =y 53" (p,q) - Mpi™ (p.q) + D jDni(p,a),
i=1 j=1

for all n > 2, where s?Chréde’ (p, q) is the probability that the initial part of a path is covered by

case (a) and Dy, j(p,q) is the probability of a path described in case (b). To give an expression
for slSChréde'(p, q) we will condition on the number, &, of d steps in the initial part of the path
represented by (a) before the first return to the diagonal. Note that the end point of each
such initial part before it returns to the diagonal must be a w step. We must therefore have
k € [0,i — 1] since k = ¢ would correspond to k diagonal steps, and this would imply the initial
part of the path would not have left the diagonal, contradicting (a). The number of ways of
arranging the i —k s steps and the i — k w steps relative to each other (i.e. ignoring the k d steps

for the moment) is given by ¢;_ = ﬁ (2(7;i:kk:11)), the (i —k)th Catalan number. A path counted
by ¢;—x has 1+ 2(i — k) vertices, and we can place the k d steps at any of the vertices except

the last one. Thus the problem is to count the number of solutions to y; + ... + ygik) =k

where y; > 0. A stars and bars consideration shows this to be (Q(i_kl)jk_l) = (22’7571) Hence

) Ut % —k—1 : ,
s (pog) =Y cic < N ) (p+aq)g ",
k=0

Notice that s (p ) = ¢1(p + ¢)p = p(p + ¢q). The product of the Catalan number and
binomial coefficient can be replaced with

C2i-k-1) 1 % —k—1
Cik k T %%k —1\ki—ki-k—1)

Consider now the quantity D,, j(p,q), the probability of a path that does not return to the
diagonal, once it leaves it, before reaching the x axis (for the first time) at (7,0). We will need
to be able to count paths between pairs of points that do not touch the main diagonal after
leaving it. Let I';,(a,b) be the number of non-diagonal (other than at the initial point) touching
paths from (n,n) to (a,b) that take steps in {s,w}, and do not go above the line y = z. Two
special cases are I';,(n,n) = 1 (achieved by the empty path) and I',(a,a) = 0 for a < n since the
endpoint is a diagonal one. The other cases correspond to the number of paths from (n,n — 1)
to (a,b) where n > a > b that take steps in {s,w} and which do not touch the main diagonal.
By a simple counting argument, this number is

a—b(2n—1—a—0»
Fn(a’b)'_n—b< n—b—1 )

The paths associated with D;, j(p, q) are those paths P that leave (n,n), take diagonal, vertical,
and horizontal steps, do not return to the diagonal after leaving it, and then meet the x axis at
the endpoint (j,0). Suppose that such a path P consists of k diagonal steps d where k € [0, n—j].
The probability weighting associated with these steps is 7*. Notice that P, on touching the
x-axis, ends with a s step or a d step. Let P’ be the path P with the d steps removed. Then P’
can be considered as a path from (n,n) — (n,n—1) = --- — (j + k, k) that takes steps in the
set {s,w} and does not touch the diagonal after leaving it.

(i) If P ends in a s step, then every P’ that ends in a south step can form such a P. Notice
that
P':(nn)—= (nn—1)— - = (G+kk+1)— (G+kk),

LSometimes denoted by the multiset binomial ((wgk) ))
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is a path that consists of 1+ (n—(j +k))+ (n—k) = 2n+1— j — 2k vertices. The only
condition on reintroducing the d steps is that d steps cannot replace the final vertex
of P’, but can replace all 2n — j others. Notice that P’ is the set of all paths from
(n,n—1) to (j + k,1+ k) with a s both prepended and appended to each such path.
The number of such paths P"is T',,(j+k, 1+ k). Again, by a stars and bars consideration
the number of original paths P that contain k d steps is (2”7].7?“”1) = (2"7].,;]‘271).
The probability weight associated with P is (p 4 ¢)¢" *~1p"~k=Jrk Therefore we have
the contribution to D, ; from this case as

n—

.

(1)

, Mm—j—k—1 ek
Dn,j(p7Q):ZFn(]+k,1+k?)< Jk )(p+q)q R pn=h=ipk
k=0
H W
n—k—1 n—k—j .k
k=0

If P ends in a d step, then every P’ can form such a P, regardless of whether P’ ends in
a s step or w step. Note however that P’ must start with a s step. The number of such
paths is the number of paths from (n,n—1) to (j + k, k) that do not touch the diagonal
and is I'y,(j + k, k). Note that k£ must be in [1,n — j] since it has at least one d step (the
final one). The number of original paths P that contain k d steps and for which the last
one is always a d step is the number of solutions to x1 +x2+...+T2,—2x—j+1 = k where
xp > 0 for all £ < 2n — 2k — j + 1 while 29, _oj_j41 > 1. This is the number of solutions
to the equation z} + af + ... + x’2n72k7j+1 = k — 1 where each z;, > 0. By a stars
and bars consideration, this equals (2"_%_3:215“]“_1_1) = (2"_kk__1j _1). The probability

weight associated with such a path P is (p + q)q”*kflp"*k*j r* and so the contribution

to D, ; from this case is

i —Jj—k-=2 k k—j k
an +kk:< o )(er(J)q"lp"”T

[y

n—j

2 _ N
= di; (p+q)nk1pnk]rk
=1

o

Bringing these together we have

where

3

—Jj

1 _ Ll
Dy j(p,q) = D\ (p,q) + D dn gk (p+ @) p Ik
k=0

{dfﬁo —T,(j,1) ifk=0
7jk =

d&jk +d?), if1<k<n-—j

Finally, for £ > 1 we have

A+ g = Dali + R L+ R) P97 T4+ ko k) (). O
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Define

MSchréder(z;p’ q) — Z MTSLchréder(n q)Zn

n>1

SSchréder Z D, q ZSSchroder p’
n>1

LSchréder 2 D,q ZLSchroder n.
n>1

By multiplying the recursion in Proposition by 2" and summing over all n > 2 we find

(MSchréder(Z;p’ q)_MISchréder(p’ q)) _ SSchréder(Z)MSchréder(z;p’ q)—i—(LSChréder(z;p, q)_L§chr6der(p’ q)_

Since MISChrbder(p, qQ)=p+q= L?Chrader(p, q), after rearranging this equation becomes
hrod .
MSchroder( :p,q) = LSc i e.r(27p’ q) . (19)
Z P _ SSchroder(z;p’ q)
Proposition 5.2.
gSehnider () ) P L (1-p-q)z—1-20-p—q) +4pg)z + (1 —p — q)*2?
’ 2q 1 —(1-p—q)z

Proof. Let Si(lk) be the number of Schréder paths from (7,4) to (0,0) that consist of exactly k
d steps, have a (possibly empty) initial run of d steps before leaving the diagonal and then
return to the diagonal for the first time at (0,0). Set S’ ( ) =D S(l 2% and SW(z,2) =
Zizl Si(l)(w)zi'

Let Schr; be the set of all Schroder paths from (i,4) to (0,0) that take steps in {s,w,d} and
which never go above the main diagonal. Let Schr = U;>¢Schr; where Schry = {€} is the empty

path. Define
Z 24(P) 4(P)
PeSchr

where d(P) is the number of diagonal d steps in P and ¢(P) is the semi-length of PEI By
conditioning on whether the first step of a non-empty Schréder path is s or d, we find

e If P =dP’ where P’ € Schr then d(P) =1+ d(P’) and £(P) =1+ £(P).

o If P =sP'wP” then d(P) = d(P') +d(P") and ((P) = 1+ £(P') + ¢(P").
Using this, we have S®)(z,2) — 1 = 2253 (z, 2) + 2(S? (x, 2))?, a quadratic in @) which has

solution

1—2z—/1—- (22 +4)z + 2222
2z '

S (z,2) =

The paths that are counted by Si(l)(l) are Schroder paths that begin at (7,7), can remain on the
diagonal until leaving and then must not return until (0,0). Note that they cannot remain on the
diagonal so they must leave and return at some point. Let MSchr; be the set of such paths from
(i,7) to (0,0) and let MSchr = U;>1MSchr;. Every P € MSchr; is such that P = d/sP'w where
d* is a length-j (possibly empty) run of d steps and P’ € Schr. Moreover d(P) = j + d(P’)
and ((P) = j + 1+ £(P). We have SW(z,z) = D i1 Sgl)(:c)zi = D > S IOSZ?xkzZ =

d(P) (P
> pemschr 29024, s0 now

1
1—2zz

1—22—/1—- (22 +4)z + 2222

SV(w,2) = 2(1 —z2)

28 (x,2) =

ZNote that for a Schrider path, we have £(d) = 2((s) = 2¢(w) = 1.



In light of this we now have:

SSchréder(Z;n q) — Z Sgchréder(p’ q)Zi

1>1
; i—1 k
7 1—p— .
-y (rg)'(p+4q) S5 ( p q) i
i>1 q k=0 Pq
- ; 1—p-—
PO s (121
¢ = pq
_PHag <W7W> . 0
q pq

Proposition 5.3. Let ESChrade’(z;p, q) be the generating function for the sequence of expected

first returns to a diagonal state. Then
ESchroder(z;p’ q) _ (1 = Z)2 [1 _ SSchroder(z;p, q)} )

Proof. Let Ezcméder(p, q) denote the expected value of the first return, where, if a path starts
at (n,n), leaves the diagonal and subsequently returns to the diagonal for the first time at
(n —i,n — 1), then the value of the first return is i. The special case of the path that starts at
(n,n) and takes n d steps (so never leaves the diagonal before arriving at (0,0)) is deemed to
have a first return of n.

Then we have E%Chrader(p, q) = 1 and, for all n > 2,

n—1
ETSLchroder(p7 q) _ Z i S@Schroder(pv q) +n (1 N S?chroder(p’ q) o Sgchroder(p’ q) o S%cjaoder(p’ q)> '
=1
So
ESchréder(Z;p7 q) _ Z Ezchréder(n q)zn
n>1
n—1 ) n-1 .
—7 + Z P ZZ . S?chroder(p’ q) +nl1- Z S?chroder(n q)
n>2 i=1 j=1
n—1 )
_ Z ns" — Z Sn (Z(n o Z~)SZ$<:hroder(p7 Q))
n>1 n>2 i=1

I
—
|
X
[\
|
-
ML

(n— Z-)Zn—i . SZSchréder(p’ q)zl)

n>2 \i1=1
z . .
:4(1 — z)2 _ Z mz™ Z slSchroder(p’ q)7
m>1 >1
z
== (1 = S(zip,9)- O

1-2)

5.2. Asymptotics of [zn]ESChrader(z;p, q). In this section we let S(z) := SSChréder(z;p, q). From
Proposition [5.2] we have

_Pptq V(1= (a+p)2)(1 - (a—B)2)
5(z) = 2q (1_ 1—rz )

(20)

where a = (1 —p)(1 — q) + pg and 8 = 24/p(1 — p)\/q(1 — q).
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1
Proposition 5.4. S(z) has radius of convergence p := Tﬁ Furthermore, p > 1 with equality
e}
if and only if p = q.
Proof. Tt is clear that «, 3 > 0. Notice also that a? = (r + 2pq)? = r? + 4pqr + 4p*¢* =
r2 4+ 4pq(r + pq) > 4pg(r +pg) = B2 = a > B. Soa+ B > a— B > 0. Moreover,
a=1—p—q+2pq = r+2pq shows that a > r, and hence a+ 8 > r. Therefore S(z) has radius

of convergence . Finally, notice that o and § both (uniquely) take maximum values at
p = ¢ and that in this case we have a4+ 5 = 1. O

From Proposition we let
. Z .
E(Z) - ESchroder(Z;p, q) _ (1 - Z)2 <1 _ SSchroder(Z;p7 q)) )

In order to derive the asymptotics of [z"]E(z) it will be necessary to know S(1) and S’(1).
Proposition 5.5. We have

L ifp>gq
S(1) =
p )
- ifp<aq.
q
Proof. Consider S(z) as given in Proposition [5.2] The radicand in S(z) with z =11is 1 — (2r +
1
4pq) + 1% = (p—q)?. So S(1) = %0 (p+q—1|p—4q|), as p # q, and the result follows. O
q

Proposition 5.6. We have

2, 2
- *i%+ﬂ2 ifp>q
pP—q qgp”—4q
p PP +¢
a-p qq*—p?
Proof. Differentiate S(z) as given in Proposition with respect to z to find

S'(2) _ptaq 1[1-(2r+4pg)z+ r222]72 (—(2r + 4pq) + 2r22)
2q 2 1—-rz

S'(1) =

if p<gq.

+p+q (\/1— (2r+4pq)z+r222(_T)> .

2q (1 —rz)?

From this, and using the fact that \/1 — (2r + 4pq) + 12 = [p—q| (as we saw in Proposition,

we have
S/(l):erq(-—1 02—W+2mh>p+q<@—qv>
2¢ \Ip—d 1—r 2¢ \(1-r)?
__1<%wrw+qw_mqh>
2 p — 4 p+a
_p r(pta  Ip—d
_@—qT_&zQp—ﬂ+_p+q>’
from which the result follows by considering the cases p 2 g. U
Proposition 5.7. Let 7 be any number greater than p = oTlr,B and let p # q. Then
2, 2
ﬁ —f%iﬂ2+0ﬁﬂ ifp>q
"] B(z) = p—q 4qp q , )
=P 4 P _fp2+q2 +0(™) ifp<aq.
q a—p 4qq°—Pp
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Proof. Recall that

z

E(z)= ———(1-
()= = (1 5()
1
and S(z) has radius of convergence p > 1 (since p # ¢). Let E(z) = A= (z), where
f(z) == z(1 — S(2)), and we know that f(z) = Zan(l — z)" for some constants (an)n>0-

n>0
The first coefficient ag is ag = f(1) = 1 — S(1). The (negation of the) second coefficient is
—a1 = f'(1), where
f(1)=1-51)-8(1) =ay—S(1).

By Wilf [11, Theorem 5.5] we have

[Z ]E(Z) _[Z ](1 - Z) 1— 2
=(n+1)ag + a1 +O(™")
=(1=S1))n+5'(1) +O(r").

The result now follows by using Propositions [5.5] and O

5 + [2"] +O(m")

Proposition 5.8. For the case p = q we have

" B(2) = 2@\/2+ 0 (%) .

Proof. Recall from equation we have
5() = Pt (1 VO (ot A~ (o - 5)2)> |

2q 1—rz

where @ = (1 —p)(1 — q) + pq and 3 = 2+/p(1 — p)y/q(1 — q). When p = ¢, we have a + 8 =1
and a — 3 = (1 —2p)? =72, and so

S(z) = (1—\/1—21_70%> .

1—1rz

Using this we have

z vV1—1r2z

E(z)=
(2) (1_2)% 1—rz
1—1r2z , n
Now let f(z) = e and write f(z) = Zan(l — z)" for some constants (an)n>0. The
n>0
first coefficient is y
1—r2 1+7r
= 1 = = .
a0 = f(1) 1—r \/1 —-r
The result now follows by using the identity from equation . U

The outstanding matter is an expression for LM0der() .= donso 2" 201 Dy j(p, q). How-
ever the form for D,, ; involves a product of binomial coefficients and which does not seem to
have a closed form generating function.
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