
SEMESTER 1 EXAMINATION 2018/2019

MATH 20150

Graphs and Networks

Prof. B. Murphy

Dr V. Astier∗

Time Allowed: 2 hours

Instructions for Candidates

Full marks will be awarded for complete answers to all five questions.

Instructions for Invigilators

Candidates are allowed to use non-programmable calculators during this
examination.
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Every answer must be justified.

1. (a) Let G be the following weighted graph

Using the weights that are indicated on the picture, find a minimal weight
spanning tree of G and indicate its weight.

(b) Is the following multigraph Eulerian?

If not, indicate what is the minimum number of edges that need to be
added to it in order to make it Eulerian, and between which vertices they
should be.

(This example was considered in 1736 by Euler in the paper where he
presented the solution to the Königsberg bridges problem.)

(c) Let T be a tree. Show that if T has an even number of edges, then T has
at least one vertex of even degree.

2. Let G be a connected graph and let T1 and T2 be spanning trees of G. Let e
be an edge of T1.

(a) Show that T1 \ {e} has exactly two components.

(b) Show that there is an edge f of T2 such that (T1 \{e})∪{f} is connected.
Hint: Use question 2(a).

(c) Show that (T1 \ {e}) ∪ {f} is a spanning tree of G.
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3. (a) Let H be the following graph:

Is H bipartite? Is H planar? (Justify both answers.)

(b) In this question you can use without proof that, if G is a planar graph, a
face of degree k in a planar representation of G corresponds to a cycle of
length k in G.

(i) Let G be a connected planar graph with n vertices where n ≥ 3. We
assume that G does not contain any cycle of order 3. Show that the
number of edges in G is at most 2n− 4.

(ii) Let G be a planar graph such that each vertex has degree at least 4.
Prove that G cannot be bipartite.

4. (a) Let G be a graph of order n such that d(v) ≥ n/2 for every vertex v of
G. Show that, for every vertex w of G, G \ {w} is connected.

(b) We consider the following two graphs G and H.

Are G and H isomorphic? Either produce an isomorphism between G
and H, or show that they cannot be isomorphic.

5. We consider the following network, indicating the transport capacities of some
goods from the source s to the sink t.

(a) Find a maximum flow and a minimum cut in this network (justify why
your chosen cut is minimum).

(b) The total amount of goods arriving at vertex c has to be limited to 50.
In order to maintain the same value for the maximum flow, it is decided
to increase the capacity of a single arc. Which arc should it be, and what
is the minimal amount by which its capacity should be increased?
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