
MATH20150
2018 December exam solutions

1. (a) Apply the algorithm seen in class. The weight of a minimal spanning tree
is 15.

(b) It is not Eulerian: Vertices D and E have odd degree. To make it Eulerian
we can add an edge between D and E.

(c) Let 2k be the number of edges of T . Since T is a tree, it has 2k−1 vertices.
The degree sum formula gives

∑
v vertices d(v) = 2(2k). If every vertex had

odd degree the left-hand side would be odd, which is impossible.

2. (a) T1\{e} has at least two components because T is a tree (seen in class). We
show that it has only two components. Let u, v be two vertices such that
e = uv, let Cu be the component containing u and Cv be the component
containing v.

1) Cu and Cv are different: Otherwise we would have u ∈ Cv so there
would be a path from u to v in T1 \ {e}, which would give a cycle in T1

(since e = uv).

2) Cu and Cv are the only two components: Let C be a component of
T1 \ {e}. Let w ∈ C. Since T is a tree there is a path in T from w to u.
If there is such a path that does not contain e then w ∈ Cu so C = Cu.
If every path from w to u contains e, we take such a path. On this path,
the first time we use e we must “enter” e by v (otherwise there would be
a path to u that does not use e). So we have a path in T1 \ {e} from w
to v, i.e. C = Cv.

(b) Say that u ∈ C1 and v ∈ C2. Since u, v ∈ T2 there is a path in T2 from u
to v. Let u1u2 . . . uk be such a path (with u1 = u, uk = v). Let ui be the
last vertex in this path that is in C1. Then ui+1 is not in C1 i.e., is in C2.
We take b = uiui+1. Then (T1 \ {a}) ∪ {b} is connected.

(c) Let n be the number of vertices of G. Then T1 has n− 1 edges (spanning
tree), and (T1 \ {a}) ∪ {b} has also n− 1 edges. Since it is connected, it
is a tree (seen in class), and therefore a spanning tree since it contains all
the vertices from G.

3. (a) Yes: Colour the top left, top right and middle bottom in red, the rest in
blue. It gives a bipartition of H.

No: This graph if K3,3, which is not planar (seen in class).

(b) i. Let E be the set of edges and F the set of faces of a planar repre-
sentation of G. By hypothesis, every cycle in G has length at least
4. So every face in a planar representation of G hasa degree at least
4. We know that

∑
f face d(f) = 2|E|, so 2|E| ≥ 4|F | i.e. 1

2
|E| ≥ |F |.

By Euler’s theorem n− |E|+ |F | = 2, and thus n− |E|+ 1
2
|E| ≥ 2,

from which follows get |E| ≤ 2n− 4.
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ii. If G is bipartite, then it cannot have cycles of odd length. In par-
ticular every cycle is of length at least 4 and the previous question
applies, since G is also planar. Then |E| ≥ 2n − 4 (n = number of
vertices). But by the degree sum formula

∑
v ∈ V d(v) = 2|E|. The

left-hand side is at least 4n, the right-hand side is at most 2n − 4.
Impossible.

4. (a) G is Hamiltonian by Chvátal’s theorem, so there is a cycle containing
every vertex of G. Therefore removing a vertex does not disconnect G
(use the “other” side of the cycle to go from one vertex to any other one).

(b) They are not isomorphic: H has a cycle of length 3 and G does not. (Or:
G bipartite, H is not, etc.)

5. (a) A maximal flow (there may be others):

A minimal cut:

The cut is minimal because its capacity is equal to the value of a flow.

(b) Increase the capacity of sa by 5.
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