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. . . est omnis divisa in partes tres

• Tensor products
• Polynomials on Banach spaces
• Infinite-dimensional holomorphy
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. . . standing on the shoulders of giants (1)

Alexander Grothendieck
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Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.

For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y).

This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.

Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor products

X,Y vector spaces, B: X × Y → R bilinear.
For x ∈ X, y ∈ Y define (x⊗ y)(B) = B(x,y). This is a linear form.
Let X ⊗ Y be the linear span of all x⊗ y (tensor product of X and Y).

Example: X = L1[0,1] = Y, X ⊗ Y ⊂ L1([0,1]× [0,1]).

Universal property: A bilinear mapping on X × Y generates a linear
mapping on X ⊗ Y:

• The tensor product linearises all bilinear maps.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 4/16



Tensor norms

X,Y Banach spaces, u ∈ X ⊗ Y. “Projective” norm on X ⊗ Y:

‖u‖π = inf
n

n
∑

j=1

‖xj‖ ‖yj‖: u =

n
∑

j=1

xj⊗yj
o

= sup{|u(B)|: B bilinear form of norm 1}

Completion of X ⊗ Y for this norm: X⊗̂πY.
Example: X = L1[0,1] = Y, X⊗̂πY = L1([0,1]× [0,1]).

Universal property as before for continuous maps:

X × Y - Z

X ⊗ Y

-

-

• The projective tensor product linearises all continuous bilinear maps.

,
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Enter RR:
Grothendieck’s 14 natural tensor norms

Théorème fondamental: ‖ . ‖w2 ≤ ‖ . ‖/π\ ≤ KG‖ . ‖w2

First proof “understandable for average mathematicians” (A. Pietsch) by
Joram Lindenstrauss and Olek Pełczyński (1968, matrix inequality).
Nola Alon: “The most important discovery in science in the last 50 years.”

,
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. . . standing on the shoulders of giants (2)

Stefan Banach
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Homogeneous polynomials
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Homogeneous polynomials (2)

B: X × X→ Y continuous bilinear
  P: X→ Y, x 7→ B(x,x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X × · · · × X→ Y m-linear, continuous, symmetric
  P: X→ Y, x 7→ B(x, . . . ,x) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(mX;Y), under the norm ‖P‖ = sup{‖P(x)‖: ‖x‖ ≤ 1}.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 9/16



Homogeneous polynomials (2)

B: X × X→ Y continuous bilinear
  P: X→ Y, x 7→ B(x,x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X × · · · × X→ Y m-linear, continuous, symmetric
  P: X→ Y, x 7→ B(x, . . . ,x) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(mX;Y), under the norm ‖P‖ = sup{‖P(x)‖: ‖x‖ ≤ 1}.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 9/16



Homogeneous polynomials (2)

B: X × X→ Y continuous bilinear
  P: X→ Y, x 7→ B(x,x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X × · · · × X→ Y m-linear, continuous, symmetric
  P: X→ Y, x 7→ B(x, . . . ,x) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(mX;Y), under the norm ‖P‖ = sup{‖P(x)‖: ‖x‖ ≤ 1}.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 9/16



Homogeneous polynomials (2)

B: X × X→ Y continuous bilinear
  P: X→ Y, x 7→ B(x,x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X × · · · × X→ Y m-linear, continuous, symmetric
  P: X→ Y, x 7→ B(x, . . . ,x) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(mX;Y), under the norm ‖P‖ = sup{‖P(x)‖: ‖x‖ ≤ 1}.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 9/16



Homogeneous polynomials (2)

B: X × X→ Y continuous bilinear
  P: X→ Y, x 7→ B(x,x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X × · · · × X→ Y m-linear, continuous, symmetric
  P: X→ Y, x 7→ B(x, . . . ,x) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(mX;Y), under the norm ‖P‖ = sup{‖P(x)‖: ‖x‖ ≤ 1}.

,

Dirk Werner, The hitchhiker’s guide, 3 May 2018 9/16



Enter RR:
Symmetric tensor products

Let c
⊗

m,πX = X⊗̂π · · · ⊗̂πX.
Let c
⊗

s,m,πX be the closed linear span of the x⊗ · · · ⊗ x (“symmetric tensor
product”).

Theorem (RR 1980)

c

⊗

s,m,πX linearises all continuous m-homogeneous polynomials:

X
P - Y

d

⊗

s,m,π
X

lin
ea

r,
ct

s.-

-

,
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Enter RR:
Extension and spaces of polynomials

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X∗∗.

• Approach by ultraproducts (RR + Mikael Lindström)
• Study of extendible polynomials (RR + Pádraigh Kirwan)
• Positive polynomials (RR + Jim Cruickshank, John Loane)

Aim: Geometric properties of P(mX)
(RR + Chris Boyd, Bogdan Grecu, Barry Turett)

• Rotundity of P(mX)?
• Smoothness?
• Extreme points
• Schauder bases
• Polynomial Dunford-Pettis property (Ray’s first ever paper!)

,
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Aim: Geometric properties of P(mX)
(RR + Chris Boyd, Bogdan Grecu, Barry Turett)

• Rotundity of P(mX)?
• Smoothness?
• Extreme points
• Schauder bases
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. . . standing on the shoulders of giants (3)

Harald Bohr

Leopoldo Nachbin
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Holomorphic mappings

A mapping f : X→ Y between C-Banach spaces is holomorphic if it is
Fréchet differentiable, equivalently, if it is continuous and the restriction
to every complex line is scalarly holomorphic, i.e.,

z 7→ ℓ(f (a+ zv))

is holomorphic on C for all a,v ∈ X, ℓ ∈ Y∗.

Bohr: Holomorphic functions of infinitely many variables; in modern
terms f : c0 → C.

Nachbin: Spaces of holomorphic mappings and functions.
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Taking it to the limit

Taylor expansion for holomorphic f :

f (x) =
∞
∑

m=0

Pm(x); Pm: X→ Y m-homogeneous polynomial.

Radius of uniform convergence: R =
1

limsup m
p

‖Pm‖
;

if r < R, the series converges uniformly on {x: ‖x‖ ≤ r}.

Example (c0 = Banach space of all null sequences with the sup-norm):

f : c0 → C, z = (zm) 7→
∞
∑

m=1

zm
m
.

Series converges for each z ∈ c0, but R = 1. f is unbounded on the closed
unit ball (take z = (1,1, . . . ,1,0,0,0, . . . )).

Therefore, this function is not of bounded type (= taking bounded sets to
bounded sets).
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Enter RR:
Holomorphic maps on Banach spaces

• In-depth study of holomorphic functions on ℓ1.
• In-depth study of weakly compact holomorphic mappings.
• Extensions of holomorphic functions (of bounded type) to the bidual.
• Factorisations of holomorphic mappings.
• Holomorphy vs. real analyticity (RR + Chris Boyd, Nina Snigireva)
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. . . standing on the shoulders of Gulliver

I was at the mathematical school, where the master taught his pupils
after a method scarcely imaginable to us in Europe. The proposition and
demonstration were fairly written on a thin wafer, with ink composed of a
cephalic tincture. This the student was to swallow upon a fasting
stomach, and for three days following eat nothing but bread and water.
As the wafer digested, the tincture mounted to his brain, bearing the
proposition along with it. But the success hath not hitherto been
answerable, partly by some error in the quantum or composition, and
partly by the perverseness of lads, to whom this bolus is so nauseous,
that they generally steal aside, and discharge it upwards before it can
operate; neither have they been yet persuaded to use so long an
abstinence as the prescription requires.
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