
min
‖A‖=‖B‖=1

max
‖X‖=1

‖AXB + BXA‖ = 1
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SPIN FACTORS

(
H, 〈·|·〉

)
Hilbert space, x 7→ x conjugation, 〈x |y〉− = 〈x |y〉

S := S(H, ·) JB*-triple
{xay} = 〈x |a〉y + 〈y |a〉x − 〈x |y〉︸ ︷︷ ︸

〈y |x〉

a

e = {eee} TRIPOTENT:
(1) e = λv , λ ∈ T, v ∈ Re(H), ‖v‖ = 1;
(2) e = λu + iv , λ ∈ T, u, v ∈ Re(H), u ⊥ v , ‖u‖ = ‖v‖ = 1/2.

S-unitary op.s: Ut = κtVt : Vt : Re(S)→ Re(S) 〈·|·〉-unitary, κt ∈ T.

Norm formula: for a = x + iy with x = x , y = y ,

‖a‖ =
∥∥x + iy

∥∥ =
[[
〈x〉2 + 〈y〉2

]
+ 2
[
〈x〉2〈y〉2 − 〈x |y〉2

]1/2
]1/2
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HOLOMORPHIC ISOMETRIES OF THE UNIT BALL

E Banach space, B open unit ball, D ⊂ E bded. dom.

Infinitesimal Carathéodory metric of D at a point a ∈ D

δD(a, v) := sup
{∣∣ϕ′(a + ζv)

∣∣ : ϕ ∈ Hol(D,D), ϕ(a) = 0
}
.

Metric: dD =
∫

form of δD; Iso(D) :=
{

holomorphic dD-isometries
}

.

dB(0, x) = arth ‖x‖ (x ∈ B), δB(v) = ‖v‖ (v ∈ E).

Problem. Is Φ ∈ Iso(dB) LINEAR if 0 = Φ(0)?

Remark. Ctrex: Φ : (ζ1, ζ2, . . .) 7→ (ζ2
1 , ζ1, ζ2, . . .) in c0.

Cartan’s Linearity Thm. if Φ surjective.

Problem. Ctrex with C0-sgr. [Φt : t ∈ R+] ?
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C0-SEMIGROUPS OF HOL. ISOM.

Def. Φ :=
[
Φt : t ∈ R+

]
C0-sgr. in Iso(dD) if

Φt+h = Φt ◦ Φh (t, h ∈ R+), Φ0 = IdD

t 7→ Φt(x) cont. on R+ ∀ x ∈ D

Inf. gen. Φ′(x) := d
dt

∣∣
t=0+

Φt(x) if exists.

Problem. Is dom(Φ′) = 0 possible? (YES in real setting!)

Cauchy estimates −→ basic hol. Hille-Yosida
(i) dom(Φ′) =

{
x ∈ D : t 7→ Φt(x) is continuously diff.

}
.

(ii) d
dt Φt(x) = Φ′

(
Φt(x)

)
=
[
DxΦt

]
Φ′(x)

(
x ∈ dom(Φ′)

)
.

(iii) The graph of Φ′ is closed.
Φ′ = Ψ′, ⇒ Φt |D ≡ Ψt |D on D = dom(Φ′)

(
= dom(Ψ′))
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EARLY RESULTS ON HOL. C0-SGR IN JB*-TRIPLES

Kaup 1976-83. Banach-Lie theory of Aut(B) in gen. Banach setting
Möbius trf. in gen. JB*-triples
Uniformly cont. one-prg (dom(Φ′) = B) instead of C0-sgr.

(∗) Φ′(x) = a− {xax}+ i
[
E-hermitian

]
x , a := Φ′(0)

Def. Kaup’s type vector field: (∗) with 0 ∈ dom(Φ′) dense lin. in B

Vesentini 1987-92. Hilbert ball, TRO ball, Spin ball:
Linearity of non-surjective 0-preserv. in Iso(dB)
→ Φt extends hol. to some nbh. of ∂B; → Φ on B, Fix

(
Φ
)
6= ∅

Linear representations + Hille-Yosida theory
Tacitly used continuity properties of (ambiguous!) representation terms
No closed formulas for Φ, ∼ sketch for num. meth.
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JORDAN APPROACH TO HOL. C0-SGR

Stachó 2014-18: Jordan-approach in ∞-dim. refl. TRO,
recently: Spin factors

Thm. E gen. JB*-triple, dom(Φ′),Fix
(
Φ
)
6= ∅ =⇒ dom(Φ′) dense in B

Thm. Let E be reflexive. Then
1) 0-preserving dB-isometries are lin. {. . .}-hom.
2) Φt factor preserving
3) Up to Möbius-equivalence: e∈Fix

(
Φ
)

trip., Kaup’s type Φ′,
dom(Φ′) = B ∩

[
dense Jordan subtriple

]
Application. Closed formulas for Φ in case of refl. TRO(

=
⊕

finite

L(Hj ,Kj) with dim(Kj) <∞
)
.
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HOLOMORPHIC SPIN BALL ISOMETRIES

History. Pauli matrices σx =
[0 1

1 0

]
, σy =

[0 −i
i 0

]
, σz =

[ 1 0
0 −1

]
−→ S cl. selfadj. subs.⊂ L(H), s2 ∈ CId (s ∈ S).

Fractional lin. form for some C0-groups of inner automorphisms.

Vesentini 1989. No fr.lin. form for gen. Φ in S-setting

S ≡ (H, ·) with spin norm

Hierzbruch 1965. finite dim. → Vesentini 1992.

Φt = R
(
G t
)
, G t =

[
Mt Bt

CT
t E t

]
∈ L(H⊕ C2)

with [G t : t ∈ R+] C0 sgr. in L(H⊕ C2).
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MATRIX REPRESENTATION

G t =

[
Mt Bt

CT
t E t

]
Bt = [bt1, b

t
2] ∈ H2, CT

t =

[
ct1
∗

ct2
∗

]
, E =

[
Ek`

]2
k,`=1

Φt(x) = R(G t)(x)= F t(x)/ϕt(x)

F t(x) = (bt1 − ibt2) + 2Mtx + (xTx)(bt1 + ibt2)

ϕt(x) = (E t
11+E t

22−iE t
12+iE t

21)+2(ct1+ict2)Tx+(E t
11−E t

22+iE t
12+iE t

21)xTx

Alg. constrains:

[G t ]∗diag(I ,−I2)G t = diag(I ,−I2), det(E t) > 0 (t ∈ R+),

CtE
t = MT

t Bt , MT
t = I + CtC

T
t , [E t ]TE t = I2 + BT

t Bt .
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THE INFINITESIMAL GENERATOR

Φ′ = d
dt

∣∣
t=0+

F t

ϕt = − ϕ′

(ϕ0)2F
0 + 1

ϕ0F
′

where, for x ∈ dom(G ′),

Φ′(x) =
[

1
2 (b′1− ib′2)

]
+
[
M ′− iE ′21

]
x −

[
x(b′1 + ib′2)Tx − 1

2 (b′1− ib′2)xTx
]
.

Proposition. If Φ′(x) = a + iAx − {xa∗x} is of Kaup’s type then

G ′ =

 iA− iεI 2Re(a) −2 Im(a)
2Re(a)T 0 −ε
−2 Im(a)T ε 0

 where ε := E ′21

and iA = M ′ + iεI with M ′ = −[M ′]T, dom(M ′), ran(M ′) ⊂ Re(H).
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TRIANGULARIZATION WITH FIXED POINTS

Assume (up to Möbius equiv): 0 6= e ∈ ∂B ∈ Fix(Φ) tripotent,
Φt = R(G t), [G t : t ∈ R+] C0-sgr in (H⊕ C2)

Φ′(x) = a + iAx − {xa∗x} =(
1
2b1 − i

2b2

)
+ M ′x + iεx − 〈x |b1 − ib2〉x + 〈x |x〉

(
1
2b1 + i

2b2

)
,

G ′ =

[
M ′ b1 b2
bT1
bT2

0
ε

−ε
0

]
where b1 := 2Re(a), b2 := −2Im(a),

M ′ = M ′ = −[M ′]T, ε ∈ R.

Cases up to lin. equiv.
1) e = e, 〈e|e〉 = 1 (real extreme point),

2) e ⊥ e, 〈e|e〉 = 1
2 (face middle point).

In any case, Φ′(e) = 0 (←− extension to B)
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CASE (1) REAL TRIP. e = e, 〈e|e〉 = 1

0 = Φ′(e) = a + iAe − {ea∗e} =
=
(

1
2b1 − i

2b2

)
+ M ′e + iεe − 〈e|b1 − ib2〉e + 〈e|e〉

(
1
2b1 + i

2b2

)
.

bj := ρje + xj (ρj ∈ R, xj ⊥ e) orth. decomp. Ce ⊕ e⊥︸ ︷︷ ︸
H

⊕C⊕ C

M ′0 := Pe⊥M
′|e⊥ restricted operator

M ′ =

[
0 −(M ′e)T

M ′e M ′0

]
, b1 =

[
ρ1

x1

]
, b2 =

[
−ε
x2

]

G ′ =

M ′ b1 b2

bT
1 0 −ε

bT
2 ε 0

 =


0 xT

1 ρ1 −ε
−x1 M ′0 x1 x2

ρ1 xT
1 0 −ε

−ε xT
2 ε 0

.
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QUASI-TRIANGULARIZATION, CASE (1)

T :=


1/2 0 0 1

0 I0 0 0
−1/2 0 0 1

0 0 1 0

 , T−1G ′T =


−ρ1 0 0 0
−x1 M ′0 x2 0
−ε xT

2 0 0
0 xT

1 −ε ρ1

 .

Proposition. G ′ is triangularizable if y = 〈z |y〉z −M ′0z has a solution
z ∈ e⊥ . This happens whenever y ∈ ran(M ′0).

Remark. M ′0 is a possibly unbounded skew symmetric closed real-linear
operator on a dense lin. submanifold of e⊥, −→ LIN ISOM. C0-SGR
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CASE (2) FACE CENTER 0 = Φ′(e), e ⊥ e, 〈e〉2 = 1/2

0 = Φ′(e) =
(

1
2b1 − i

2b2

)
+ M ′e + iεe − 〈e|b1 − ib2〉e.

e = 1
2u + i

2v , u ⊥ v , u, v ∈ Re(H) and 〈u〉2 = 〈v〉2 = 1 .

Orthogonal decomposition: Cu ⊕ Cv ⊕ {u, v}⊥︸ ︷︷ ︸
H

⊕C⊕ C

bj = ρju + σjv + xj , (where x1, x2 ⊥ {u, v})
P := P{u,v}⊥ , M ′0 := PM ′|{u, v}⊥,

G ′ =

M ′ b1 b2

bT
1 0 −ε

bT
2 ε 0

 =


0 2ρ2−ε
ε−2ρ2 0

xT1
−xT2

ρ1 ρ2
ρ2 −ρ1

−x1 x2 M ′0 x1 x2

ρ1 ρ2
ρ2 −ρ1

xT1
xT2

0 −ε
ε 0
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TRIANG. FORM OF GEN. CASE (2)

T−1G ′T =


−ρ1 ρ2 − ε 0 0 2ε
ε− ρ2 −ρ1 0 0 0
−x1 x2 M0 0 0
ρ1 ρ2 xT

1 ρ1 ε− ρ2

ρ2 −ρ1 xT
1 ρ2 − ε ρ1


with

T :=


1 0 0 1 0
0 1 0 0 −1
0 0 I0 0 0
0 0 0 1 0
0 0 0 0 1

 .

L.L. STACHÓ C0-semigroups of holomorphic Carathéodory spin-isometries10/05/2019, Dublin 15 / 24



INTEGRATION OF THE ALMOST TRIANG. SYSTEMS

Up to linear equiv.: G ′ ∼ A + B,
A lower triang. + integrable diag., B rank 1

Notation.
[Ut : t ∈ R] lin. C0-sgr, inf. gen. U ′ = A + B −→ Φt = R(Ut),
[T t : t ∈ R] lin. lower triang. C0-sgr with inf. gen. A

[Stachó 2016] ⇒ Closed (complicated) formulas for T t

Convolution equation of Volterra type

(V) Ut =
t∫

s=0

T t−sBUsds + T t

L.L. STACHÓ C0-semigroups of holomorphic Carathéodory spin-isometries10/05/2019, Dublin 16 / 24



VOLTERRA GENERATORS

Case (1) A :=


−ρ 0 0 0
−x M ′0 0 0
−ε yT 0 0
0 xT −ε ρ

, B :=


0 0 0 0
0 0 y 0
0 0 0 0
0 0 0 0

.

Case (2)

A =


−ρ1 ρ2 − ε 0 0 0
ε− ρ2 −ρ1 0 0 0
−x1 x2 M ′0 0 0
ρ1 ρ2 xT

1 ρ1 ε− ρ2

ρ2 −ρ1 xT
1 ρ2 − ε ρ1

, B =


0 0 0 0 2ε
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
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DYSON-PHILLIPS SERIES FOR (V) Case (1)

Ut =
∞∑
n=0

Sn(t) S0(t) := T t , Sn+1(t) =
t∫

0

T t−sBSn(s) ds

∞∑
n=0

Sn(t) converges locally uniformly in norm.

T t−sBSn(s) =


0 0 0 0[

T t−s
k,2 y [Sn(s)]3,`

]
2≤k≤4
1≤`≤4

0
0
0

. column×row

Ut =

[
e−ρt 0 0 0[
Ut
k,`

]
k>1,`<4

0
0

eρt

]
, Ut

k,` =
t∫

r=0

[
T t−r
k,2 y

]
U r

3,`︸︷︷︸
govern

dr + T t
k,`
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CONTROLLING SCALAR V-EQU.

Control functions w(t) := T t
32y , V`(t) := T t

3,` (` = 1, 2, 3),[
T t−sBSn(s)

]
3,`

= T t−s
32 y [Sn(s)]3,`, =⇒

with locally uniform convergence in t,

Ut
3,` = T t

3,` +
∞∑
n=1

Sn(t)3,` =

V`(t) +
{
w ∗ V`

}
(t) +

∞∑
n=2

{
w ∗ · · · ∗ w︸ ︷︷ ︸

n terms

∗V`
}

(t) =
{
W ∗ V`

}
(t),

Ut
3,` = w ∗ Ut

3,` + V`.
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LAPLACE TRF.

Lv = Lt
{
v(t)

}
: s 7→

∞∫
t=0

e−stV (t) dt,

dom
(
Lv
)

=
{
s ∈ C :

∞∫
t=0

∣∣e−stv(t)
∣∣ dt <∞};

[Ut
0 : t ∈ R+] isometries with Re(H0)→ Re(H0), generator M ′0,

Ut
0z =

∫
λ∈R

e iλt P(dλ) z
(
z ∈ Re(H0)

)
←−Deddens

w(t) =
∫

λ∈R+

sin(λt)

λ
dp(λ)

p(Λ)=2
〈
y
∣∣∣P(Λ)y

〉
(Λ>0) p

(
{0}
)

=
〈
y
∣∣P({0})y

〉
, p(R+)=

∥∥y∥∥2
<1.
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LAPLACE SOLUTION

|w(t)| ≤ µeΩt (t ∈ R++) for some µ,Ω > 1,

Lt
{
e−ΩtUt

3,`

}
=

Lt
{
e−ΩtT t

3,`

}
1− Lt

{
e−ΩtT t

32y
} (` = 1, 2, 3)

−→ Closed formulas in ters of inverse Laplace trf.
CASE (2) analogous
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CONCLUSIONS

Theorem. Let Φ = [Φt : t ∈ R+] be C0-sgr of hol. Carathéodory
isometries of the unit ball B of a spin factor S := SPIN(H, · ).

Alternatives up to Möbius equivanece:

(0) Φ linear,
(1) Φ′ Kaup’s type, ∃ e ∈ Fix(Φ) tripotent, 〈e〉2 = 1 extreme point of B,
(2) Φ′ Kaup’s type, ∃ e ∈ Fix(Φ) tripotent, 〈e〉2 = 1/2 face center of B.

Cases (1,2): the Φt = R(G t) with [G t : t∈R+] ⊂ L(H),

G t = TUtT−1 in a linar chart T , U ′ = A + B quasi triang, op. matrix

A lower triang., diag. entries: max. closed symm. op ⊕ finte dim. op.,
B is rank 1 with a unique non-vanishing sup-diag. entry.
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ALGEBRAIC STUCTURE

The entries of Ut can be expressed with finite formulas in fractional lin.
terms of a lin. isometry C0-sgr., rank 1 ops., classical spec. functions and
the solution of a Volterra type scalar convolution equation which admits a
closed form by means of Laplace and inverse Laplace transformations.

Remark. Using a Deddens type C0-group dilation (with enlarged Hilbert
space), we can construct a C0-group dilation for Φ on the unit ball of a
suitable covering spin factor of S.

Open problem. Simplify the procedure with Laplace transform.
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