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Referências

In the last decades there has been a crescent interest in the search
of nice algebraic-topological structures within sets (mainly sets of
functions or sequences) that do not enjoy themselves such
structures.

If a vector space V has a subset M such that M ∪ {0} contains an
(closed) infinite-dimensional vector space, then M is called
(spaceable) lineable.

The origin of the concept of lineability is due to Gurariy in 1966
[10], that showed that there exists an infinite dimensional linear
space contained in the set of nowhere differentiable functions on
[0, 1].
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In 1999 [9], Fonf, Gurariy e Kadec showed that this set is
spaceable.

In 2013 [12], Jiménez-Rodŕıguez, Muñoz-Fernández and
Seoane-Sepúlveda showed that this set is c-lineable.

In 2004 [4], Aron, Gurariy and Seoane showed that the set of
differentiable functions f : R −→ R that are nowhere monotonic is
lineable.

And in the same article, they proved that the space of the
functions f : R −→ R that are everywhere surjective is lineable.
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Referências

Since Gurariy’s definition, it was natural to study subsets in spaces
of functions which contains an infinitely generated algebra.

Such spaces are called algebrable.

The concept of algebrability has been also defined by Gurariy and
first pointed out in [4], but then has rapidly been investigated by
other authors

.

In 2006 [6], Aron and Seoane-Sepúlveda showed that there exists
an infinitely generated algebra in the set of everywhere surjective
functions on C.

In 2006 [5], Aron, Pérez-Garćıa and Seoane-Sepúlveda showed that
the set of continuous functions whose Fourier series expansion
diverges is algebrable.
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Richard Timoney has also contribution in this topic.

In the article Operator Ranges and spaceability (JMAA, 2011), D.
Kitson and R. M. Timoney show the applicability of results on
operator range subspaces of Banach spaces or Fréchet spaces to
the theory of spaceability.

One of the main results of the paper asserts that if X is a Fréchet
space and Y ⊂ X is a closed linear subspace, then the complement
X \ Y is spaceable if and only if Y has infinite codimension.

Also, if X and Y are Fréchet spaces and T : Z −→ X a continuous
linear operator with range Y = T (Z ) not closed, then the
complement X \ Y is spaceable.
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Recently, Aron et al in [3] published a book dedicated to this
subject.
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In this talk, we will presente some results, in colaboration with
Mary L. Lourenço,

on the study of algebraic-topological structures in certain sets of
analytic functions.

Some aditional definitions...

If Y is a topological vector space and α is a cardinal number, a
subset A of Y is called:

α-lineable if A ∪ {0} contains an α-dimensional vector space;

maximal lineable if A ∪ {0} contains a vector subspace S of Y
with dim(S) = dim(Y ).
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If Y is a function algebra, A ⊂ Y is said to be:

algebrable if there is an algebra B ⊂ A ∪ {0}, such that B has an
infinite minimal system of generators;

strongly α-algebrable if A admits a free system of generators S
such that card(S) = α.

If Y is a Fréchet space, a set A ⊂ Y is called residual in Y

if Y \ A = ∪∞n=1Fn, with
◦
Fn= ∅.
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Let X ⊂ C be a perfect, compact plane set. A complex valued
function f : X −→ C is differentiable at a point z0 ∈ X if the
following limit exists:

f ′(z0) = lim
{ f (z)− f (z0)

z − z0
: z ∈ X , z → z0

}
.

The algebra of functions on X with continuous n-th derivative is
denoted by Dn(X ),

and D∞(X ) denotes the algebra of functions on X with continuous
derivative of all orders.

Let (Mn)n∈N be a sequence of positive numbers such that M0 = 1,

and for each n ≥ 1,
Mn

Mk Mn−k
≥
(n
k

)
, (0 ≤ k ≤ n).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

Let X ⊂ C be a perfect, compact plane set. A complex valued
function f : X −→ C is differentiable at a point z0 ∈ X if the
following limit exists:

f ′(z0) = lim
{ f (z)− f (z0)

z − z0
: z ∈ X , z → z0

}
.

The algebra of functions on X with continuous n-th derivative is
denoted by Dn(X ),

and D∞(X ) denotes the algebra of functions on X with continuous
derivative of all orders.

Let (Mn)n∈N be a sequence of positive numbers such that M0 = 1,

and for each n ≥ 1,
Mn

Mk Mn−k
≥
(n
k

)
, (0 ≤ k ≤ n).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

Let X ⊂ C be a perfect, compact plane set. A complex valued
function f : X −→ C is differentiable at a point z0 ∈ X if the
following limit exists:

f ′(z0) = lim
{ f (z)− f (z0)

z − z0
: z ∈ X , z → z0

}
.

The algebra of functions on X with continuous n-th derivative is
denoted by Dn(X ),

and D∞(X ) denotes the algebra of functions on X with continuous
derivative of all orders.

Let (Mn)n∈N be a sequence of positive numbers such that M0 = 1,

and for each n ≥ 1,
Mn

Mk Mn−k
≥
(n
k

)
, (0 ≤ k ≤ n).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

Let X ⊂ C be a perfect, compact plane set. A complex valued
function f : X −→ C is differentiable at a point z0 ∈ X if the
following limit exists:

f ′(z0) = lim
{ f (z)− f (z0)

z − z0
: z ∈ X , z → z0

}
.

The algebra of functions on X with continuous n-th derivative is
denoted by Dn(X ),

and D∞(X ) denotes the algebra of functions on X with continuous
derivative of all orders.

Let (Mn)n∈N be a sequence of positive numbers such that M0 = 1,

and for each n ≥ 1,
Mn

Mk Mn−k
≥
(n
k

)
, (0 ≤ k ≤ n).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

Let X ⊂ C be a perfect, compact plane set. A complex valued
function f : X −→ C is differentiable at a point z0 ∈ X if the
following limit exists:

f ′(z0) = lim
{ f (z)− f (z0)

z − z0
: z ∈ X , z → z0

}
.

The algebra of functions on X with continuous n-th derivative is
denoted by Dn(X ),

and D∞(X ) denotes the algebra of functions on X with continuous
derivative of all orders.

Let (Mn)n∈N be a sequence of positive numbers such that M0 = 1,

and for each n ≥ 1,
Mn

Mk Mn−k
≥
(n
k

)
, (0 ≤ k ≤ n).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

The sequence M = (Mn)n∈N is called an algebra sequence if it
satisfies the above conditions.

The Dales-Davie algebra on X is defined by

D(X ,M) =
{
f ∈ D∞(X ) :

∞∑
n=0

‖f (n)‖X
Mn

< +∞
}
.

The norm on D(X ,M) is defined by ‖f ‖ =
∑∞

n=0

‖f (n)‖X
Mn

.

These algebras were introduced and studied by Dales and Davie in
1973 [7], and they have been investigated by Abtahi and Honary in
[1, 11].

For each sequence M = (Mn)n∈N of positive numbers, D(X ,M) is
a normed vector space.

When M = (Mn)n∈N is an algebra sequence, then D(X ,M) is a
normed algebra.
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Let D denote the open unit disk of the complex plane, that is,
D = {z ∈ C : |z | < 1}.

The Banach algebra of continuous functions on D that are analytic
on D with the sup norm is denoted by A(D).

As usual we call A(D) the disk algebra.

When X = D it follows that D(D,M) is a subalgebra of A(D).

We want to investigate the set A(D) \ D(D,M).
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For a fixed algebra sequence (Mn)n∈N, we denote:

H(M) =
{
f ∈ A(D) :

∞∑
n=0

‖f (n)‖X
Mn

= +∞
}
.

When Mn = n!, for all n ∈ N, we will write H instead of H(M).

Results

Lemma (M. L. Lourenço, D. M. V., 2016)

Let w = 2e iθ, where 0 ≤ θ < 2π. Let f (z) =
1

z − w
, for all z ∈ D.

Then f ∈ H.

Proposition (M. L. Lourenço, D. M. V., 2016)

H is lineable.
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Let f (z) =
1

z − 2
, and let S = {f n : n ∈ N, n ≥ 1}.

We show that S is linearly independent and [S ] ⊂ H ∪ {0}.

Lemma (M. L. Lourenço, D. M. V., 2019)

Let f ∈ A(D) such that f is not a polynomial. Then the family
{fα : 0 < α < 1} is linearly independent, where fα(z) = f (αz), for
all z ∈ D.

Proposition (M. L. Lourenço, D. M. V., 2019)

Let f (z) =
1

z − 3
2

. Then [fα : 3
4 < α < 1] ⊂ H ∪ {0}.

Consequently H is maximal lineable. Spaceability of H follows
from Kitson-Timoney’s result on operator ranges.
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We now investigate differentiable functions of two complex
variables.

E. R. Lorch in 1943 [14] introduced a definition of analytic
functions, that have for their domains and ranges an complex
commutative Banach algebra with identity.

Definition

Let E be a commutative Banach algebra over C with identity. A
mapping f : E −→ E has a derivative in the sense of Lorch (an
(L)-derivative) in ω ∈ E if there exists ζ ∈ E such that

lim
h→0

‖f (ω + h)− f (ω)− ζ · h‖
‖h‖

= 0.
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We say that f is (L)-analytic in E if f is (L)-analytic in every point
of E .

We denote the set of all (L)-analytic functions from E into E by
HL(E ,E ).

It is clear that a (L)-analytic function is differentiable in the
Fréchet sense and hence holomorphic. However, not every
Fréchet-differentiable function on a commutative Banach algebra
with identity is analytic in the Lorch sense.

Consider in C2 the product (z1,w1) · (z2,w2) = (z1 z2,w1 w2), for
all (z1,w1), (z2,w2) ∈ C2, and the norm ‖(z ,w)‖ = max{|z |, |w |},
for all (z ,w) ∈ C2.

Let F : C2 −→ C2 be given by F (z ,w) = (w , z). Then F is
analytic but it is not (L)-analytic.
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Thus the set G = H(C2,C2) \ HL(C2,C2) is not empty and G is
not a vector space.

Then it seems natural to study some algebraic structure inside G.

Let f ∈ H(C2,C2). For each αıC, consider

fα(z ,w) := f (α(z ,w)), for all (z ,w) ∈ C2.

Then, for every α ∈ C, α 6= 0:

f ∈ HL(C2,C2) if and only if fα ∈ HL(C2,C2).

This fact allows us to exhibit more elements of G.
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Proposition

Let f : C2 −→ C2 be given by f (z ,w) = (ew , ez). Then
{fα : α > 0} is a linearly independent set in H(C2,C2) and
[fα : α > 0] ⊂ G ∪ {0}.

Then G is maximal lineable. Spaceability of G also follows from
another Kitson-Timoney´s result.

Proposition

G is spaceable.
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(Sketch of the proof:) Let f : C2 −→ C2 be given by
f (z ,w) = (ew , ez) and consider the set of classes C = {f̂α : α > 0}
contained in the quotient space H(C2,C2)/HL(C2,C2).

Suppose that
∑n

k=1 βk f̂αk
= 0̂, where βk ∈ C, for k = 1, · · · , n.

This implies that g =
∑n

k=1 βk fαk
∈ HL(C2,C2) and g ≡ 0.

Applying Proposition 0.6 we have that the family C is linearly
independent, so H(C2,C2)/HL(C2,C2) is infinite dimensional.

Since (HL(C2,C2), τb) is closed in (H(C2,C2), τb) ([17,
Proposition 2.4] and τ0 = τb in HL(C2,C2), it follows by
Kitson-Timoney Theorem that G is spaceable.
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Algebrability of H and G.

Our study on the algebrability relies on the concept of
exponential-like functions.

According to [3], we will denote by E the family of
exponential-like functions ϕ : C −→ C, that is,

the functions of the form ϕ(z) =
∑m

j=1 aje
bjz ,

for some m ∈ N, some a1, · · · , am ∈ C \ {0} and some distincts
b1, · · · , bm ∈ C \ {0}.
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In [3], the following criterion for strong algebrability is presented.

Theorem (Theorem 7.5.1)

Let Ω be a nonempty set and let F be a family of functions
Ω −→ K, where K = R or C. Assume that there exists a function
f ∈ F such that f (Ω) is uncountable and ϕ ◦ f ∈ F , for every
exponential-like function ϕ : C −→ C.Then F is strongly
c-algebrable.

Theorem (Theorem 3.3, M. L. Lourenço and D. M. V. 2016 [15])

Let g1(z) = ez , g2(z) = eβz , with β irrational. Let f (z) =
1

z + 2
and h ∈ A{g1, g2}. Then h ◦ f ∈ H ∪ {0}.
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Chain Rule for composite functions?

W. P. Johnson, The curious history of Faá di Bruno’s formula,
Amer. Math. Monthly 109 (2002) 217-234.

Hoppe´s Formula:

(g ◦ f )(n)(z) =
n∑

r=1

g (r)(f (z))

r !

r∑
s=0

(
r

s

)
(−f (z))r−s(f s)(n)(z).
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Amer. Math. Monthly 109 (2002) 217-234.

Hoppe´s Formula:

(g ◦ f )(n)(z) =
n∑

r=1

g (r)(f (z))

r !

r∑
s=0

(
r

s

)
(−f (z))r−s(f s)(n)(z).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

Chain Rule for composite functions?

W. P. Johnson, The curious history of Faá di Bruno’s formula,
Amer. Math. Monthly 109 (2002) 217-234.

Hoppe´s Formula:

(g ◦ f )(n)(z) =
n∑

r=1

g (r)(f (z))

r !

r∑
s=0

(
r

s

)
(−f (z))r−s(f s)(n)(z).

Daniela M. Vieira, joint work with Mary L. LourençoUniversity of São Paulo - BrazilSpaceability, algebrability and residuality on some sets of analytic functions.



Referências

A function ϕ : C2 −→ C2 is called a two-variable exponential
like function if

ϕ(z ,w) =

 m∑
j=1

aje
bjz ,

n∑
k=1

cke
dkw

 , for all (z ,w) ∈ C2,

aj , bj , ck , dk ∈ C \ {0}, b′js are distinct and d ′ks are distinct.

We will denote by E(C2,C2) the set of all two-variable exponential
like functions ϕ : C2 −→ C2.
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In [16], we proved a two-variable version of the Criterion for
algebrability, and then using Proposition below, we also get the
strong algebrability of G.

Proposition (M. L. Lourenço, D. M. V., 2019)

For each ϕ ∈ E(C2,C2), then ϕ ◦ F ∈ G, where F (z ,w) = (w , z),
for all (z ,w) ∈ C2.

Regarding Residuality, we show that H is residual in D∞ but G is
not residual in H(C2,C2).
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THANK YOU!
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