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Universal Taylor series.

THEOREM. W. Luh 1970, C.K. Chui and M. N. Parnes 1971

There exists f(z) = )., a,z" an holomorphic function on D such that if K is a
compact subset of C \ D with connected complement, and g : K —» Cis a
continuous function on K and holomorphic in its interior, then there exists a
subsequence (Sy;) of (Sy = Z,’L anz") that converges uniformly to g on K.

Manuel Maestre Universal Dirichlet series



Universal Taylor series.

THEOREM. V. Nestoridis, 1996

There exists f(z) = >}, a,z" an holomorphic function on D such that if K is a
compact subset of C \ D with connected complementand g: K —» Cis a
continuous function on K and holomorphic in its interior, then there exists a
subsequence (Sy;) of (Sn(2) = >N . a,z") that converges uniformly to g on K.
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THEOREM. V. Nestoridis, 1996

There exists f(z) = >}, a,z" an holomorphic function on D such that if K is a
compact subset of C \ D with connected complementand g: K —» Cis a
continuous function on K and holomorphic in its interior, then there exists a
subsequence (Sy;) of (Sn(2) = >N . a,z") that converges uniformly to g on K.

<

DEFINITION

Any holomorphic function on D, f(z) = X}, a,z" satisfying above theorem is
called a UNIVERSAL TAYLOR SERIES.
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THEOREM. V. Nestoridis, 1996

There exists f(z) = >}, a,z" an holomorphic function on D such that if K is a
compact subset of C \ D with connected complementand g: K —» Cis a
continuous function on K and holomorphic in its interior, then there exists a
subsequence (Sy;) of (Sn(2) = >N . a,z") that converges uniformly to g on K.

<

DEFINITION

Any holomorphic function on D, f(z) = X}, a,z" satisfying above theorem is
called a UNIVERSAL TAYLOR SERIES.

THEOREM. Mergelyan

Given K a compact subset of C and defined A(K) as the algebra of all functions
g : K — C that are continuous on K and holomorphic on its interior. It holds that

—— Mk

A(K) =#(C)

if and only if C \ K is a connected set.
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Universal Dirichlet Series.

DEFINITION
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Universal Dirichlet Series.

DEFINITION

C,={seC : Res> 0}
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Universal Dirichlet Series.

DEFINITION

C,={seC : Res> 0}
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Universal Dirichlet Series.

DEFINITION

C,={seC : Res> 0}

1" an™lly = > lanln™
n=1 n=1

For o > 0 we denote
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Universal Dirichlet Series.

DEFINITION

C,={seC : Res> 0}

1" an™lly = > lanln™
n=1 n=1

For o > 0 we denote

D,(C,) = Z a,ns : Z |a,n~%| < o0, forall s € C,
n=1 n=1
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Universal Dirichlet Series.

DEFINITION

C,={seC : Res> 0}

1> @ lly = ) lagln™
n=1 n=1
D,(C,) = {Z a,ns : Z |a,n~®°| < oo, forall s € (C+}.
n=1

n=1

For o > 0 we denote

We endow D, (C,) with the Fréchet topology induced by the semi-norms
” . ”(rao- > 0.
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Universal Dirichlet Series.

We will say that a Dirichlet series D = Y., 2 that is absolutely convergent in C,

Ns

is a UNIVERSAL DIRICHLET SERIES
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Universal Dirichlet Series.

We will say that a Dirichlet series D = n” that is absolutely convergent in C,
is a UNIVERSAL DIRICHLET SERIES
If given a compact subset K of {z € C| Re z < 0} with connected complement and

given g in A(K) there is a subsequence (Sy;) of Sy = SN a8 gych that (Sw)

converges to g uniformly on K.

n=1 ng
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Universal Dirichlet Series.

We will say that a Dirichlet series D = n” that is absolutely convergent in C,
is a UNIVERSAL DIRICHLET SERIES
If given a compact subset K of {z € C| Re z < 0} with connected complement and

given g in A(K) there is a subsequence (Sy;) of Sy = SN a8 gych that (Sw)

converges to g uniformly on K.

n=1 ng

THEOREM. R. Aron, F. Bayart, P. Gauthier, M.M.and V. Nestoridis, 2017

There exist universal Dirichlet series.
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Universal Dirichlet Series.

We will say that a Dirichlet series D = n” that is absolutely convergent in C,
is a UNIVERSAL DIRICHLET SERIES

If given a compact subset K of {z € C| Re z < 0} with connected complement and
given g in A(K) there is a subsequence (Sy;) of Sy = T - such that (Sy,)
converges to g uniformly on K.

THEOREM. R. Aron, F. Bayart, P. Gauthier, M.M.and V. Nestoridis, 2017

There exist universal Dirichlet series.

Improving a previous result by F. Bayart, 2005.
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Universal Dirichlet Series.
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Universal Dirichlet Series.

Let K c {z € C| Re z < 0} be compact with connected complement, f € D,(C,),
g € A(K), o > 0 and € > 0. Then there exists a Dirichlet polynomial
h=3N, a,n™ such that ||h — gllck) < £and [lh - fll, < e.
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Universal Dirichlet Series.

THEOREM.

Let K c {z € C| Re z < 0} be compact with connected complement, f € D,(C,),
g € A(K), o > 0 and € > 0. Then there exists a Dirichlet polynomial
h=3N, a,n™ such that ||h — gllck) < £and [lh - fll, < e.

v

Let X be a Banach space and let (x,)n-1 be a sequence in X. Assume that
Dy I(x*, Xn)| = +oo for every nonzero continuous linear functional x* € X*. Then,
for every N € N, the set {2,,"”=N anXn; M > N, |ap| < 1} is dense in X.
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Universal Dirichlet Series.

KEY ELEMENT

Let K c {z € C| Re z < 0} be compact with connected complement. The key
point is to prove that for every § > 0, the set

M
a,
{ZW M > N, |a,| < 1}

n=N

is dense in A(K).
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Universal Dirichlet Series.

KEY ELEMENT

Let K c {z € C| Re z < 0} be compact with connected complement. The key
point is to prove that for every § > 0, the set

M
a,
{ZW M > N, |a,| < 1}

n=N

is dense in A(K).
Let ¢ be a nonzero continuous linear functional on A(K). There exists a nonzero
(complex) measure u with support contained in K such that, for any f € A(K),

o(f) = fK F(s)d.
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Universal Dirichlet Series.

KEY ELEMENT

Let K c {z € C| Re z < 0} be compact with connected complement. The key
point is to prove that for every § > 0, the set

M
a,
{ZW M > N, |a,| < 1}

n=N

is dense in A(K).
Let ¢ be a nonzero continuous linear functional on A(K). There exists a nonzero
(complex) measure u with support contained in K such that, for any f € A(K),

o(f) = fK F(s)d.

o(m°) = f &gy = £, (Iog ).
K
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Universal Dirichlet Series.

KEY ELEMENT

Let K c {z € C| Re z < 0} be compact with connected complement. The key
point is to prove that for every § > 0, the set

M
a,
{ZW M > N, |a,| < 1}

n=N

is dense in A(K).
Let ¢ be a nonzero continuous linear functional on A(K). There exists a nonzero
(complex) measure u with support contained in K such that, for any f € A(K),

o(f) = fK F(s)d.

o(m°) = f &gy = £, (Iog ).
K

Ll
Siptre-reoy - 3 Helea

n>1 n>1
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Universal Dirichlet Series.

KEY ELEMENT

Let K c {z € C| Re z < 0} be compact with connected complement. The key
point is to prove that for every § > 0, the set

M
a,
{ZW M > N, |a,| < 1}

n=N

is dense in A(K).
Let ¢ be a nonzero continuous linear functional on A(K). There exists a nonzero
(complex) measure u with support contained in K such that, for any f € A(K),

f) = f(s)du.
o) = [ isia
o) = [ &odyu = £,10gm)

| ??
Z |¢(n,s,1+5)| — Z ILp(Og n)| -

1-6
n
n>1 n>1
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Universal Dirichlet Series.
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Universal Dirichlet Series.

Let K c {z € C| Re z < 0} be compact with connected complement, f € D,(C,),
g € A(K), o > 0 and ¢ > 0. Then there exists a Dirichlet polynomial
h=3N, a,n™ such that ||h — gllck) < £and [lh - fll, < e.
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Universal Dirichlet Series.

THEOREM.

Let K c {z € C| Re z < 0} be compact with connected complement, f € D,(C,),
g € A(K), o > 0 and ¢ > 0. Then there exists a Dirichlet polynomial

h=3N, a,n™ such that ||h — gllck) < £and [lh - fll, < e.

4

COROLLARY.

Let K c C_ be compact with connected complement, for every f € D,(C,), g
entire, o, & > 0, and N € N, there exists a Dirichlet polynomial h such that

) )
sup [|h" = g|c) < & and [|h - fll, < &.
0<IKN
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Universal Dirichlet Series.

There exists a Dirichlet series D = ) ; a,n~°, absolutely convergent in C,, with
partial sums Sy = YN . a,n~%, such that, for every entire function g there exists a
sequence (Ng), so that for every € in {0,1,2,...} the derivatives S;fk) converge to
¢'9 uniformly on each compact subset of {z € C| Re z < 0}.
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Universal Dirichlet Series.

There exists a Dirichlet series D = ) ; a,n~°, absolutely convergent in C,, with
partial sums Sy = YN . a,n~%, such that, for every entire function g there exists a
sequence (Ng), so that for every € in {0,1,2,...} the derivatives S;fk) converge to
¢'9 uniformly on each compact subset of {z € C| Re z < 0}.

Moreover, the set of such Dirichlet series is dense and a Gs in the space D,(C,)
and it contains a dense vector subspace of it, apart from 0.
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

’
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.

’
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.
Let K c {z € C| Rez < 0} such that C \ K is connected, and let
g € A(K) = C(K) n H(int K)

’

Manuel Maestre Universal Dirichlet series




Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.
Let K c {z € C| Rez < 0} such that C \ K is connected, and let
g € A(K) = C(K) n H(int K)

Il

A(K) = P(C)

’
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.
Let K c {z € C| Rez < 0} such that C \ K is connected, and let
g € A(K) = C(K) n H(int K)

Il

A(K) = P(C)

Hence given ¢ = 1/j, there exists a polynomial P; : C — C such that

1
su s)— Pi(s)| < —.
Suplg(s) -~ Pi(s)] < 3;

’
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.

Let K c {z € C| Rez < 0} such that C \ K is connected, and let
g € A(K) = C(K) n H(int K)

L1k

A(K) = P(C)

Hence given ¢ = 1/j, there exists a polynomial P; : C — C such that

1
su S < =
Suplg(s) -~ Pi(S) < 5.

By induction there exists (N;) ¢ N an strictly increasing sequence such that

N;
suplP Z n—" —
n=1

’
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Universal Dirichlet Series.

Proof of existence of a universal Dirichlet series

Let D = Y}, 21 obtained in above theorem.
Let K c {z € C| Rez < 0} such that C \ K is connected, and let
g € A(K) = C(K) n H(int K)
A(K) _ %H-”K.
Hence given ¢ = 1/j, there exists a polynomial P; : C — C such that
suplg(s) - P(s) < 2
seK 2]

By induction there exists (N;) ¢ N an strictly increasing sequence such that

N;
suplP Z n—" —
n=1

Thus

for all j.

’
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Universal Dirichlet Series.
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