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c(Q)

continuous complex functions on a compact Hausdorff space (£, )

C(2)* - complex regular Borel measures

WHEN IS A SET THE SUPPORT OF A MEASURE?



Jordan *-triple
complex vector space A together with a triple product, i.e., a

mapping
{{..]:AXAXA—=A

(a,b,c)—{a b ¢}

@ symmetric and linear in the outer variables
@ conjugate linear in the middle variable
e D(a,b): A— A linear operator

D(a,b)c ={a b ¢}

[D(a, b),D(c,d)]=D({a b c},d)— D(c,{b a d})



JB*-triple is a Jordan *-triple A such that:

@ Ais a Banach space
@ triple product is continuous

e D(a, a) hermitian, with non-negative spectrum and

1D(a, a)l| = [lal?

JBW*-triple if A is the dual of a Banach space



e C(RQ) - continuous complex functions on a compact Hausdorff
space (2, 7),
{fgh} = fzgh
e B(H,K) H,K Hilbert spaces

{a b c}= %(ab*c—i— cb*a) (1)

o C*-algebra is a JB*-triple triple product (1)

o W*-algebra is JBW*-triple, triple product (1)

@ The bidual of a JB*-triple is a JBW*-triple




o ueA™ u tripotent if {vuu}=u

@ Peirce decomposition
A = A (u) @ AL (u) & A5 (u)

Ar*(u) = {a € A™ : D(u, u)a = 3ja} for  j=0,1,2

@ Peirce projections

P>(u) = Q(u, u)? Q(u,u)a={uau}

Py (u) = 2(D(u, u)—Q(u, u)?) Po(u) = 1-2D(u, u)+Q(u, u)?



e B(H) {uuu} =u s uu*u=u — u partial isometry

o A= M;3(C)

* <> Al(u)




o ueA™ u tripotent if {vuu}=u

@ u, v tripotents, U(A**) set of tripotents
u<v if v—ueAy(u)

“ <" partial order relation

o U(A™) U {w} together with < is a complete lattice
—_———

(w greatest element)



o u € U(A*) compact-G; relative to A if

dac A lal=1 u = u(a),

where u(a) = w* — lim a2"+1

o u € U(A*) compact relative to A if u=0
or
there exists decreasing net (uj)jea in U(A**) of compact-Gs
tripotents relative to A such that

u=Nuj:jeN}

@ U (A) compact tripotents relative to A

U (A™)=Ue(A) U {w)



V' complex Banach space V*  dual of V
Vi unit ball of V Vi unit ball of V*

Fn(Vi) norm-closed faces of Vi = Fu(V) weak*-closed faces of V'

CCV, C convex
EC C, E convex
E faceof C if forz,zeC
V<t tz1+(1—t)n€E = zn,n€E



S'={xe Vf:x(a)=1,Vae S}

weak*-closed face of Vf

o WCV;

W,={ae Vi:x(a)=1,Vxe W}

norm-closed face of V1



(Edwards, Fernandez-Polo, Hoskin, Peralta, Riittimann )

Theorem

Q I:{C(A**) together with inherited partial ordering is a complete atomic
lattice

Q@ The map :
U(A™) = Fa(Ar)
ur— {U}/
is an order isomorphism.

© The map ~
U(A™) = Fux (A7)
u— {u},

is an order isomorphism.




A JB*-triple, xe€ A%, |x||=1

e e(x) support tripotent of x  the unique tripotent such
that
{e(x)}
——
)

the smallest norm-closed face of A] containing x

® e.(x) compact support tripotent of x  the unique
tripotent compact relative to A such that

{ec(x)}/
H{_/

the smallest weak*-closed face of A} containing x



Lemma

Let A be a JB*-triple. Then, for each element w in U(A**), there
exists uniquely a smallest element w® in U.(A) such that

w<w

given by
we = /\{VGZ/?L-(A)ZWSV} 5

for which

{w ) = ({w})




o w in U(A™)

we of U (A)  Q-closure of w

o v of U.(A)

w in U(A™) is said to be Q-dense in v if

wé =v



Let A be a JB*-triple. Then, for each element x in A* of norm one,




x and y of A* are said to be L-orthogonal if

lx £yl = lIxII+ Iyl

Lemma

Let A be a JB*-triple, v € U(A), weU(A*™) and w<v
{zj : j € N1} maximal L-orthogonal family of elements of {w},
{zj : j € A2} maximal L-orthogonal family of elements of {v — w},

A=A UAN,
Then

w = Vjene(z), v—w=Vjere(z), v=Vjere(z)

Moreover, if w is Q-dense in v, then

v=(Vien&()) = (Vjen ec(2))"



u and v are said to be orthogonal if v lies in A§*(u)

u € U(A*) is said to be o-finite if it does not majorize an
uncountable orthogonal subset of U/(A**).

Theorem

A be a JB*-triple, v € U.(A)
Then, there exists an element x, of norm one, in the unit ball A7 in
A* such that

v = ec(x)

if and only if there exists a o-finite element w of U(A**) that is
Q-dense in v.




Co={qgell(A):0< q< v},

o welU(A*™) Q-densein v
{zj: j € A}  maximal L-orthogonal family contained in {w},
w = \/J-e/\e(zj)
For each element j in A, let

PY) ={qeC, \{v}:qne(z)+#0}



Lemma

Let A be a JB*-triple. Then, DU) is an anti-order ideal in Cy,
closed under finite orthogonal sums, such that, for all g € C, \ {0},

g = (Vierq")",

where, for j in A,

q¥) = q A ec(z)).




For each finite subset S of DU)
S= {qlaq2>"'7qn}
the covering number c(S) of S, defined by

c(S) = inf ZZZln_ly(qk),
ye{v}h

is less than one.




A be a JB*-triple, v € U.(A). Then, there exists an element x in
A* of norm one such that v is the compact support tripotent e.(x)
of x if and only if the family {DU) : j € A} is countable.




(Q, 7) - compact Hausdorff space
C7(Q) - continuous complex functions on (€2, 7)

CT(Q)* ~ C¥(Q)

u non-zero tripotent in C¥({)
there exists a unique 1)-clopen subset E, of Q given by

E,={teQ:|u(t) =1}

such that

in which case



Theorem

Let (Q,7) be a compact Hausdorff space and let (0, 1)) be its
hyper-Stonean envelope. For each non-zero tripotent u in C w(ﬁ)
let
U= Xg,U
and, for u equal to zero, let E, be the empty set. Then, the
mapping
ur— E,NQ

is an order isomorphism from the complete atomic lattice
U(CT(Q)) of tripotents u in C¥(S2) compact relative to CT()
onto the complete atomic lattice of T-compact subsets of Q.




Theorem

Let x be a regular Borel probability measure on the compact
Hausdorff space (2, T), with compact support tripotent e.(x), and
let

supp(a,r)x = 2\ (U{U € 7 : x(xu) = 0}),
be the support of x. Then,

supp(q,r)X = Ee (x) N L.




v tripotent in U (C7(£2))
C. be the set of 1)-clopen subsets of € the intersections with E, N Q of which are
T-closed, and, for each element j in A, let

D) — {Eg e C,\{E/}: EgN Eez) NnQ#0}.

Corollary

Let (Q,7) be a compact Hausdorff space vAvith hyper-Stonean envelope
(2,) and let E be a v-clopen subset of S such that E N Q is T-closed.
Then, the following conditions are equivalent.

(i) There exists a regular Borel probability measure x on (2, ) with
support E N Q.

(i) The family {DU) : j € A}, consisting of sets of 1)-clopen subsets of
Q the intersections of which with Q0 are T-closed, is countable.




