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The Green function

Let D C C be an unbounded domain. We consider its Green function with the
pole at the infinity g(-,00) : D — R, i.e. the function such that

@ g(-,00) is harmonic and positive in D;
@ g(z,00) tends to 0 as z — 9D;
@ g(z,00) — log |z| tends to a finite number v as z — cc.
If such g(-,00) exists, it is unique.
Consider a compact set £ C C. Let Do be the unbounded component of C \ E
and E = C\ Do
If E = E we say that E is polynomially convex.

If g(-,00) as above exists for D, we say that E is regular. We put
[ g(z,00), if z€ Dy
gE(Z){ 0, if z€E
and call this continuous function the Green function of E. Note that by definition
8e = 8-
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The pluricomplex case

Let E be a compact subset of CV. Its pluricomplex Green function is defined via
ge(z) = sup{u(z) - v e L, ule <0},

where £ is the family of all plurisubharmonic functions on CV such that
sup{u(z) —log" |z| : z € CV} < .

E is (pluri)regular (or L-regular) if gg is continuous.

E:={zeC"| YpeCla,..z]:|p)| <|ple}-

E is polynomially convex if E = E.
Note that

ge =log 0z, ©e(z) = sup{|p(z)[*#° | p € Clar,....zu]\ T, Ilplle < 1}.
&g — Siciak extremal function
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Space R of compact regular polynomially convex sets

R, is the family of all compact (pluri)regular sets in CV.
R ={E€R,:E=E}

R C Ry C x(CN) - the family of all nonempty compact subsets of CV.

In 5(CN) consider the Hausdorff metric
X(E, F) = max{[|dist(-, E)[[F, ||dist(-, F)[[£}-
In R, define
M(E,F) = max{|lgellr,[lgFll£}-
I is a pseudodistance (semimetric) on R, and a metric on R.
E.g. via Siciak and Lundin formulas
F([-1,1]V, AY) = [(By, By NRY) = log(1 + V2).
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Dilations and augmentations

Let E be compact and nonempty, ¢ > 0.

e-dilation of E: E® :={z:dist(z,E) <e}.

E € K(CN) = E° € R..

ﬂ Ef=E and ﬂE\E:E and x(ES,E) =e.

e>0 e>0

e-augmentation of E: E.:={z:ge(z) <e}.
Theorem (M. Mazurek, 1981)
ge. = max(0, ge — ¢).

EcR,— E. €R.

(E=E and T(E. E)=c.
e>0
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Theorem (M. Klimek, 1995)

(R,T) is a complete metric space, but it is not compact.

Corollary (M. Klimek, 1995)
If E € R, then {{z : ge <¢c}}..q is the basis of neighbourhoods of E.

It follows that if (E,)32; C R is decreasing and E = (.2, E, € R, then
E, — E with respect to both metrics (x and I').

(Bl/n):il is convergent in (k(CN), x) to {0} ¢ R.

Theorem (M. Klimek, 2001)
The space (R,T) is separable.

Theorem (A. Alghamdi, M. Klimek, 2017)

The space (R,T) is not proper, i.e. closed balls do not have to be compact.
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[" versus polynomiality

Let P} be the family of all polynomials P : C — C of degree d > 2
(or all regular polynomial mappings P : CN — CN of degree d > 2, where
regularity means that H,'(0) = {0}).

Theorem (A. Alghamdi, M. Klimek, M.K., 2018)

(a) If P € P}, then Ap : R > E — P~Y(E) € R is a contractive similitude with
the contraction ratio 1/d.
(b) The mapping

P xR>(P,K)— P YHK)ER

is continuous with respect to the product topology on Pj x R.

The fixed point of Ap is the filled-in Julia set of P, i.e.
JIP] ={z: (P"(2))32; is bounded} = ILm P~"(E), Ee€R.

It has nice properties: in particular its Green function is Holder continuous.
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Holder Continuity Property

If E € R and gg is Holder continuous, we say that E has Holder Continuity
Property and write E € Rycp.
Note that

E € Rgcp <= 33U — bounded neighbourhood of E
JA,a>0Vz € U: ge(z) < A(dist(z, E))®.

Holder Continuity Property is important in applications, since it implies Markov
inequality. We say namely that E is a Markov set if

there exist M, m > 0 such that for each polynomial p : C¥ — C and each

multiindex o« € NV
IDp|le < M(degp)™!||p|le.
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Rucp is not closed

Example (W. Plesniak, 1990)

Let E be a Cantor set constructed as follows. Given a sequence {an}52, of
positive numbers such that a,1 < a,/2,a1 < 1/2, we put

E; =1} U} =[0,a1]U[l —ay1,1]. IfE, = Uf;l I is constructed, with each If
being a closed interval of length a,, then E,. is obtained by deleting an open
concentric subinterval of length a, — 2a,,1 from each If'. We now put

E= ﬂiil Ep.

We have

= 1
sz"loga—<oo — EcR.
n=1 n

1 1
limsup—log— =00 = E ¢ Rucp.
a

n—oo N n

n?—1

eg. a,=2"

(En)$2; C Rucp and is convergent with respect to both metrics to E (if
Yoo 127 Mlog(1/a,) < 00).
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Rucp is not closed

Example (M. Klimek, 2001)
Let (Ap)52; C (4,00) be such that

227" log A\, < 00 and lim sup ()\1/\2.../\,,)1/" = o0.
n:1 n— 00

Letfy, :C3z— M\z(1—2)eC  and  E,=(h,o0..0f,) " ([0,1]).

Then (E,)S2, is convergent (R,T) to a set E € R\ Rucp, while E;, € Rucp,
neN.

eg. A\, =22

Compare with the conditions from the previous example:
o0

1 . 1 1
E 27 "log — < o0 and limsup — log — = oo.
—1 an n—oo N dn

2
eg. a,=2"""1
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t ojasiewicz-Siciak inequality

Let E € R.
Recall:

E € Rucp <= 3U — bounded neighbourhood of E
dA,a>0Vz € U: ge(z) < A(dist(z, E))“.

Belghiti, Gendre introduced:

E € Rys < 33U — bounded neighbourhood of E
3B,3>0Vzec U: ge(z) > B(dist(z, E))”.

(Lojasiewicz-Siciak inequality)

examples: finite unions of pairwise disjoint balls or polydiscs, pluriregular subsets
of RY, some polynomially convex holomorphic polyhedra, some planar Cantor
type sets...
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R 1s is not closed

Example (J. Siciak, 2011)

Ki=A(-2,2) UA(2,2) € R\ Rus.

Example (R. Pierzchata, 2014)

K, := A (—2, 4+ n*2) uA (2, Va4 n*2> € Rus.

K, — K with respect to both metrics.

The same example shows that R1s N Rucp is not closed.
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Refinements of metric I

Assume A C R, and we have a pseudodistance d on A.

If either d or I is a metric on A, then I + d is a metric on A.

e.g. [+ x is a metric on R,.

eg. (E,F)—T(E,F)+ x(OE,OF) is a metric on R. It might be appropriate
for investigation of the classical Julia sets in the complex plane (which are
boundaries of the filled-in Julia sets).
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Holder continuity revisited

Let f: Q — (W, - ||) be a mapping from a non-empty open set Q C CV to a
normed space. Fix a € (0,1].
Recall that if

f(x)—f
HC,(f) ::sup{w :x,yEQ,x;zéy}7

then H,(Q, W) := {f € W? . HC,(f) < oo} is a vector space and HC,, is a
seminorm.

Define R, := {E € R : ge € Ho(CV,R)}

and I, (E,F):=T(E,F)+HC,(ge —gr)., E,FeR,, ac(0,1]
Theorem (M. Klimek, 2018)
Va € (0,1]:  (Ra,Ta) is @ complete metric space.

Note that Rycp = Uae(o,u Ra-
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Thank you for your attention!

ﬁ Maciej Klimek, Marta Kosek, On the metric space of pluriregular sets,
Dolomites Research Notes on Approximation, 11 (2018), 51-61.
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