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Even-odd nodes

Given hg > hy > --- > hp, il0>771>"'>r7m
N = {(hn,hg): 0 < n,g<m} (product nodes)

Lagrange polys degree <2m

Pn)q(57 t) =

Choose subsets so that Lagrange polys have degree < m.
No = {(hn, hy) € N : n,q same parity} even nodes
N1 ={(hn, hy) € N : n,q opposite parity}  odd nodes
N =NoUN1, NonNi=0, 0<nNy)—nWNi)<1



Chebyshev nodes for m = 10




Application
Chebyshev nodes — case h, = h, = cos(”ﬁ” ), 0<n<m

Morrow-Patterson 1978, Yuan Xu 1996, Bojanov-Petrova 1997
obtained Lagrange polys and cubature for the Chebyshev nodes

Markov's theorem for Banach spaces follows from the alternation
of the directional derivative of Lagrange polynomials on rows of
even and odd Chebyshev nodes (2010)

Objective is to extend theorems on Lagrange polys and cubature to
arbitrary even and odd nodes.

Combined notation for even and odd nodes
Ni={(hn.hg): (n,q) € Q}, k=01
Qc=1{(n,g): 0<ng<m, n—qg=kmod?2} index set



Orthogonal polynomials

Let 4 be a measure on R with [, [x|" dp < oo forall n=0,1,....

P(R) - all real polynomials of single variable

Define (p, q) = Jg pqdu for p,q € Pm(R)
Suppose (p, p) = 0 implies p = 0 for p € P,(R)

Def. {p,} is a finite or infinite sequence of orthogonal polys if
po = 1, p, has degree n,
(Pns Pm) = 0 when n # m

Can start with basis of polys (eg. x") and apply Gram-Schmidt

Ex Chebyshev polynomials T,(cos#) = cos nf
du = —2dX__ gy on (-1,1)

™1 — x?

To(x) =1, Thi1(x) =2xTy(x) — Th—1(x) for n >1



3-term recurrence
Theorem If {p,} is a sequence of orthogonal polynomials then
po(x) =1, pi(x) = aox + bo,
Pn+1(x) = (anx + bp)pn(x) — capn-1(x), n>1,
ap >0, apc,>0.

Conversely, a sequence of polynomials satisfying the above is
orthogonal with respect to some measure p. (Favard 1935)

Christoffel-Darboux formula Hn = (pn, Pn)

ZN: Pa(x)Pn(y) _ Pnr1(X)pn(y) — Pn(X)Pn11(y)

H, anHn(x —y)

n=0

Theorem The zeros of p, are real and simple and interlace with
those of ppy1.



Alternation points
Chebyshev points  h, = cos(”ﬁ7r ), n=0,1,...,m
Tm(hn) = (_1)n
Def. Numbers hg > h; > --- > h,, are alternation points for
orthogonal polynomials pg, p1, ..., pm if

mej(hn) = (—1)”pj(h,,), J,n=0,....m

The h,'s are the roots of 7, = p1pm — Pm—1

Theorem Any m+ 1 numbers hg > h; > --- > h,, are alternation
points for some orthogonal polynomials po, p1, ..., pm. (2018)

By the alternation property, the polys below vanish on NV :
Xi(s,t) = pm—j(s)Bj(t) — (=1)* pj(s)Bm—j(t), 0<j<m,
Yo(s, t) = p1(s)pm(s) = pm-1(s) = Tm(s),

Yi(s,t) = pm—js1(s)Bj(t) — (=1)% pj-1(8)Bm—j(t), 1<j<m



Construction of Lagrange polynomials

There exist orthogonal polys pg, ..., pm and po, ..., pm with

mej(hn) = (_1)nPj(hn)’ ﬁmfj(ﬁn) = (_1)n/3j(i’n)
Choose ¢; = 1, so H; = agHo/a; and similarly for & and H;
Ko(s, t,u, v) = ZZP:J s)pj(t)pi—j(u )PJ(V)’ 0<n<m
5 H;_; A
i=0 j=0 i1
Define 2Gp(s,t,u,v) = Kmn-1(s,t,u,v)+ Kn(s,t,u,v)
+ Ampm(s)pm(u) + ANmﬁ
_ 1 (1 1 Ao 1
WhereAm—’:TO<ﬁo—H7m>, Am— O( -
Pna(5,t) = MngGm(s, t, hny Bg),  Ang = Gm(hn, by hny hg) 2.

Theorem (2018) Let k =0 or k =1 and let (n, q)
Pn,q is a polynomial of degree m satisfying P, q(h,,,
Pnq(x) = 0 for all x € Ny with x # (hn, hy).
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2-dim Christoffel-Darboux identity

Define
Um(57 t, U, V) — Ym(su E)pm(v)
Ho
m—1 ~
L DX P () + V(5. P ()]B5(Y)
— H;
j=0 J

Then Un(s,t,u,v) =0 when (s, t) € N, and
2a0Ho(s — u)Gm(s, t, u,v) = Un(s, t,u,v) — Un(u, v, s, t)
The RHS vanishes when (s, t) = (hy, hy) and (u, v) = (h,, hq)

Thus if hy # h, then Gu(hy, hgr, hn, hg) = 0

The same conclusion holds when h 75 by symmetry.



Cubature lemma

Define orthogonal polynomials of degree m by
Sm={p € Pm(R¥): (p,q) =0 forall g € Pn 1(R)}

Lemma (2015) Let {x;}"_, be n distinct points of R* having
Lagrange polys {P;}7_; in Pp(RK).

Conditions (a) and (b) below are equivalent.

a) If p € Prn(R¥) and p(x;) = 0 for all i then p € Sp,.
For each /, there is an S; € S, with

P,'(X) = )\;Km_l(X,X,') + Si(X), X € Rk.

P00 dut) = - Niplx)
R i-1

for all p € Pom_1(R¥).



Cubature theorem
This representation of Lagrange polys implies

Theorem (2018) Let 1 and [i be measures corresponding to the
two decreasing sequences used to define the even-odd nodes. Then

[ foopls. 0y dtx i) = 32 Aol o)

(n’q)EQk
for all bivariate polys p of degree at most 2m — 1 and for kK =0, 1.

Applies to T,, U,, V,, W, ki, Unusual

Theorem \,, =2\,\; 0<n,g<m

B\ HoWn (—1)"

= m Wp —= ————
! > o Wn ! Hj;ﬁn(hn — hj)
Discrete measure v in which pg, ..., pn are orthogonal

m
V= E Wnlp,, Ox = Dirac measure at x
n=0



Algorithm

P = Hn even(X - h”) : Q:= Hn odd(X - hn) ;
S =2 no(=1)"hn;
if miseventhensy:=1; t:=0; s1:=x—-85; t1:=1
else sp:=1;, tp:=-1;, s:=1;, t:=1 end(if)
k:=[(m+1)/2];
Pk = 50Q — toP; px—1:=51Q — t1P;
if mis even then pyi1 1= 51Q + t1 P end(if)
# Main loop
for j:=2 to k do
q := quotient(px—ji2, Pk—j+1); # linear
s := (gsj—1 — Sj—2)/Ck—j+1;
tj = (qtji—1 — tj—2)/Ck—j+1;
pk—j = 5jQ — t;P;
Pm—k+j = s;Q + tiP
end(do)
for j =0 to m do p; := p;/po end(do)
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