It is with great sadness that we mark the death of our friend and colleague, é’\

Richard Timoney, who passed away on New Year's Day.

The AGA conference is dedicated to his memory.

Evolutionary phenomena and non-associative algebras

M. Victoria Velasco
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Yy Yy Gregor Mendel is usually considered to be
/ X the founder of modern Genetics.
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® \Mendel described these principles in a two-part paper, presented in 1865 to the
Natural History Society of Brno (Czech Republic), and published one year later.
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Non-associative algebras in Genetics

Proceedings of the Natural History Society of Brinn (1866).
! tber ?ﬁaﬂleﬂ~ﬂybriden.

® Few favorable reports in local newspapers, but
ignored by the scientific community (only cited about R e
three times over the next thirty-five years). T i e e et s

® Even the paper received plenty of criticism. |
Nevertheless, it is considered a germinal work today.

Diveer Autgabe habuy »
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aer, Herh

® The profound significance of Mendel's work was not
recognized until 1900 more than three decades later |
with the rediscovery of his laws.

Erich von Tschermak, Hugo de Vries, Carl Correns, and William Jasper Spillman independently verified
several of Mendel's experimental findings, ushering in the modern age of genetics.

With only two publications in Verhandlungen des naturforschenden Vereins Brinn, a journal with a nano-
scale JIF, Mendel would not have been given tenure in today’s academic world.

John Fleischman (2016)

Celebration of the 150 aniversary of the paper
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Non-associative algebras in Genetics

® G. Mendel himself was a pioneer in expressing the laws of genetics making use
of mathematical notation.

® After Mendel, researchers such as Jennings (1917), Serebrovskij (1934) and
Glivenko (1936) provided a more precise mathematical approach of Mendel's
laws. This culminated in the algebraic formulation of Mendel's laws in the

papers:
Etherington, I. M. H., Genetic algebras., Proc. Royal Soc. Edinburgh 59, (1939), 242-258. -
< w
Etherington, I. M. H., Non-associative algebra and the symbolism of genetics, Proceedings ‘ (

of the Royal Society of Edinburgh vol. 61, (1941) , 24-42.

Ivor Malcolm Haddon

Etherington (1908-1994)

@ After this, many other authors have made relevant contributions to Genetics, in

the context of non-associative algebras: Schafer, Gonshor, Haldane, Holgate,

Heuch, Reiersol, Abraham, Lyubich and Wo&rz Busekros, among others.

Therefore many non-associative algebras with genetic meaning arose such as

Mendelian, gametic, zygotic, baric, train algebras, Bernstein algebras or
evolution algebras, etc. All of them are named genetic algebras. s
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Non-associative algebras in Genetics

® Thus, non-associative algebras become an appropriate mathematical framework
for studying Mendelian genetics.

Lyubich Y. I., Mathematical structures in populations genetics, Springer-Verlag 1992.

Reed, M. L, Algebraic structure of genetic inheritance, Amer. Math. Soc. Bulletin. New Series 34 (1997),
107-130.

Worz-Busekros, A. Algebras in genetics, Lecture Notes in Biomathematics 36, Springer-Verlag, 1980.

® M. Reed (1997): Non-associative algebra, in general, is currently a very active field of
mathematical research. However, in comparison with the body of literature the study of the
algebras associated with the problems of genetic inheritance is still in its infancy of
other classes of nonassociative algebras (e.g., Lie algebras or Jordan algebras), ...
For whatever reason, these “genetic algebras” are not widely discussed or studied
presently by American mathematicians. Hopefully, this article will open an avenue for
future discussion and research into this fascinating class of nonassociative algebras and
their relationship to the science of genetic inheritance. :
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The necessary language from Mathematics

Definition: An algebra is a linear space A together with a bilinear map (a, b) — ab

(the product), AX A - A.

If A is an algebra then it is said that:

® Ais associative if (ab)c = a(bc), for every a, b, c € A.

® Ais commutative if ab = ba, for every a,b € A.

Unless otherwise specified, A does not need to be associative or commutative.

Thus, from now on: Non-associative means non necessarily associative.

A finite-dimensional algebra A is determined
by means a basis B ={e;,:-,e,} and a

multiplication table given by the expresions

— n
€i€j = Lk=1%ijk €Ck-

Multiplication
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® When gametes fuse (or reproduce) to form diploid zygotes a natural
“multiplication” operation occurs (which indicates how the hereditary information
will be passed down to the next generation).

@ Example: Gametic multiplication. Simple Mendelian inheritance for a single gene
with two alleles A and a.

” pollen
¥ o
B b Multiplication B b
B @ @ B B 1.1
@ BB Bb 2 B+ 2 b

pistil

b 1 1 b
9 b @ @ EB—I_Eb
Bb bb

Punnett square diagram (tabular summary of possible
combinations of maternal alleles with paternal ones).
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Let A be the gametic algebra for a single gene with two alleles B and b.
Remember that:

Multiplication B
B B 1 1
—B+-b
2 2
b 1 1 b
—B+-=b
2 +2

Let us write it in the way that mathematicians usually do it.

Multiplication

€1 €2
e ey 1 1
—e +—e
2 1278
e, 1 1 e,
—e, +—e
21 272

This algebra is not associative!!

ei(e1 ;) # e1? es.
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® Multiplication table of the zygotic algebra for Simple Mendelian inheritance for a
single gene with two alleles A and a. (Zygotic multiplication)

By multiplication of gametes we obtain the zygotes. Since, for instance,
Bb=B xb=:-B+-bwe have that Bb x Bb = (-B+ b )(;B+-b).

Therefore we obtain the following multiplication table:

X BB Bb bb
BB v
BB % (BB + Bb) —Bb)
Bb 1 1 1 1 1
- - - - = (Bb +bb
5(BB+Bb) | ;BB+-Bb+ bb > ( )
bb Bb % (Bb + bb) bb

If both gametes carry the same allele, then the offspring will inherit it

Human zygote

If gametes carrying Bb and bb a reproduce, half of the time the
offspring will inherit BB and the other half of the time it will inherit Bb. g@;ﬂgrmmﬂm


http://tsocial.tcomunica.org/wp-content/uploads/2009/11/logo-ugr.gif
https://es.wikipedia.org/wiki/Trinity_College_(Dubl%C3%ADn)
https://en.wikipedia.org/wiki/University_College_Dublin

| The zygotic algebra

i B
R

UBL
.-—-.

® The zygotic algebra (for Simple Mendelian inheritance for a single gene with two
alleles B and b) is the 3-dimensional real algebra A with basis B = {BB, Bb, bb}

and multiplication given by

® |In standard mathematical

X BB Bb bb
BB BB % (BB + Bb) Bb
Bb 1 1 1 1 1
- - — - = (Bb +bb
5(BB+Bb) | 7BB+-Bb+ bb 5 ( )
bb Bb % (Bb + bb) bb

and multiplication table:

X €4 €, €,
1
“ “ 2 (e; + &) %
e 1 1 1
: —(e; +e,) 131*’532 +EE3 (e, +e;)
1
b © ) (e; +e3) &

notation, this is the algebra A with basis B = {e; ,e,, e5 }
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Non-Mendelian Genetics

After the works of E. Baur and C. Correns, it was clear that many hereditary
mechanisms do not follow Mendel's laws. This is the case of incomplete

dominance, systems of polygenes or multiple alleles, or the asexual
iInheritance. Therefore, non-Mendelian genetics arose.

Erwin Baur

Carl Correns
(1875-1933)

(1864-1933)

Dominant Recessive

Asexual Repl'Oducﬁon Non-Mendelian Genetics

- One parent
- Offspring
are identical

: One Parent
to the parents. deh s
Identical

Qffspring

-~

Incomplete
Dominance

Codominant
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J. P. Tian (2008): During the early days in this area, it appeared
that the general genetic algebras could be developed into a R
field of independent mathematical interest, because these sl raees
algebras are in general not associative and do not belong :
to any of the well-known classes of nonassociative
algebras such as Lie algebras, alternative algebras, or
Jordan algebras.... They possess some distinguishing @y
properties that lead to many interesting mathematical results.

J. P. Tian, Evolution Algebras and their Applications. Series: Lecture Notes in Mathematics, Springer (2008).

J. P. Tian (2008): Logically, we can ask what Non-Mendelian Genetics offers
to mathematics. The answer is “evolution algebras”... It is in the interplay
between purely mathematical structures and the corresponding genetic
properties that makes this area so fascinating.....

® Thus, in this book, the so-called evolution algebras were introduced as a
new and outstanding type of genetic algebras to model the non-Mendelian
genetics.
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Definition: An evolution algebra is an algebra A provided with a natural basis B.
Thisis abasis B = {e; : i € A} such that e;e; =0, if i # j.

® If ¢2 =Y, cpwiie, then, the structure matrix is defined as M(4)z= (wy;) and
encodes the dynamic nature of A.

M(A)g € CFM,(IKK) matrices of size A X A for which every column has a finite number of non-zero entries

® |n general, evolution algebras are not power associative, Jordan, Lie etc.
Nevertheless they are commutative and hence flexibles:

a(ba) = (ab)a, Va,b € A.

® The systematic study of infinite-dimensional evolution algebras from an
algebraic point of view was achieved in the following paper.

Y. Cabrera, & M. Siles & M.V. V., Evolution algebras of arbitrary dimension and their decompositions.
Linear Algebra and its Applications 495, (2016) 122-162.
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Finite-dimensional evolution algebras

Afinite-dimensional evolution algebra is an algebra A provided with a basis
B = {e4, ..., ,,} respect to which the multiplication table is like

pd € €, €n
€1 e’ = Z W€y
& 0 o)
€2 e’ = Z W€y 0]
0 keA
= 0 e’ = ) Wints
0 ke

The product of A, and hence A is determined by the the stucture matrix
w.ll e w;ln
M,(B) =< : : )
Wn1  ** Wan

= W11€1 +W21€2 + - -~ + Wniép
Wi2€1 + Wag€s + - - - + Wnaen

M

]

A

E;q = Win€1 + Wan€a + T + Wnn€n :.._E‘__Er .
?@r' ﬂgr Universidad
St de Granada
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Finite-dimensional evolution algebras

® | et Abe an evolution algebra and B = {e, ..., e,,} a natural basis.
Let M,(B) the structure matrix of A respect to B.

w11 *° Win
MA(B)=< 5 5 >

Wp1 o Wpp

e,% = Wi161 + Wyyey + -+ Wgpe, (k=1,2,--,n)
e €]' =0 (l 7':])

® This matrix determines the product of 4. Indeed, if a = Y a;e; and b = 3 B;e; then

w11 t Win\ [ 1P
ab = : : :
Wn1 = Wpp an,Bn

® Also M,(B) determines the evolution operator of A relative to B, namely the unique

linear map Lg : A — A such that
e; — Lg(e) = e/

_ _\n 2
a=Yae —Lg(a) =2 a;e
If e; are gametes then, by self-replication, e; — Lg(e;) = eiz. ey _
RE or

Universidad
de Granada
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Let A be an evolution algebra and
B = {e{, ..., e,} a natural basis.

evolution
of pepe

® The evolution operator is given by

2 2 glad pepe
a=Yae — Lg(a) =ae; + -+ aye; a
Fact: a i e
LB (a) == alelz + cee + an e’)’zl 6 ‘\:adpepe J :v

smug pepe

= (e + -+ ep)(@ye; + -+ aney) a \I,
ﬁonsequently, |f e =e + .- 4 en then,\ beta uprising | L poopoo pepe 9

Lg (a) = Le(a) = eaq. rrrrTreceeeeeeeeee ‘
Thus, g
W11 0 Win /T
oo 0
Wn1 0 Wnpn/ \dpn
\ (evolution operator) /

® If dim A = oo still makes sense somehow that Ly (a) = L,(a) = eawhere e = )};; €;
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® Evolution operator:  L.(a) = ea = ( 5

> (fOI’ a= Z aiei).

Fact: By looking at M,(B) as the adjacency matrix of a graph we have that
evolution algebras are deeply connected with weighted digraphs.

/Example: B = {ey4, e,, e3}, natural basis of A with product

e’ = 2ey;

1
e — 533, and 832 = 532.
(eiej = 0, if i ;t])

Structure matrix: M(A)p = (

S wlr O

~
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Evolution algebras and graphs

w11 v Win aq

® Evolution operator: L,(a) =ea=| : ™~ t | (fora =Y a;e)).
Wnp1 - Wnpn an

L.(e;)) = e} = wjpe; + wpe, +-+ wpme, = evolution of e; in one generation.

L.(a) describes how the state a develops into another state in one generation.
[%(a) := L, (L.(a)) describes de evolution of a in two generations and similarly,
L% (a) describes de evolution of a after n-generations.

Facts: A

> An evolution algebra is a discrete dynamical system.

» Moreover, whenever M,(B) is a stochastic matrix then, the above
expression defines a discrete Markov process. y

Evolution
algebras

Dynamical

systems
&

Markov chains
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Evolution algebras and their connections

Fact: Evolution algebras have direct and strong connections with many
branches of the mathematics and other Sciences !!!

MarRoV Processes Dlnamical s gs‘cems
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Evolution algebras

(How are the ideals of an evolution algebra? \

e How characterize basic algebraic properties such as semisimplicity or
non degeneracy?

e When an evolution algebra is the direct sum of some others?

e For a reducible evolution algebra, there exists an optimal decomposition?
\If there exists, have to be unique? /

r

Definition: An algebra 4 is simple if A* = 0 and 0 is the only proper ideal.

.

|

{e; : i € A }a natural basis. Then,
(i) A is simple & A = lin{e? : i € A} and the associated graph is connected
(i) If dim A < oo then, A is simple & |[Mgz(4)| #0 and A = D(i) for every i € A.

.

(" Theorem (characterization of simplicity): Let A be an evolution algebra and B =)

J

2 1 0
. _ _ 1 2
Example: If B = {ey, e,, e3} _and M(A)p= (0 0 3> ey
then, A has nonzero proper ideals. 0 =50 1 s\\;
ASSOC : -_ €3 .
ssociated graph:
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Evolution algebras: descomposability

w'/ Answer to Problem of irreducibility in the finite-dimensional case:

ﬂeorem: Let A be a non-degenerate evolution algebra and B = {el,...,en}s
natural basis. Then A =1@J] for some ideals I and J if, and only if, for some
reordering of B, the corresponding structure matrix is

(mem Omx(n—m) )

O(n—m)xm W(n—m)x(n—m)

Inthiscase, I =lin{e;:i=1,..,m}and J=lin{e;:i=m+1,..,n}. /

« Answer to Problem of irreducibility in the general case:

Theorem: Let A be a non-degenerate evolution algebra and B = {e;:i € A} a
natural basis. Then, A = @,¢rl, (Where each I, is an ideal of A) if, and only if,

there exists a disjoint decomposition A =u A, such that I, = lin{e;:i € A, }.

In this situation: For every e;€ B, there exists a unique y € I'such thate; € I,.

Y. Cabrera, & M. Siles & M. V. V., Evolution algebras of arbitrary dimension and their g
decompositions. Linear Algebra and its Applications 495, (2016) 122-162. @ UGV | universidaa

acda
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Evolution algebras: the Jacobson radical

e How is the Jacobson radical of an evolution algebra A?
# By the way, when A has a unit?

e When an evolution algebra A is semisimple? When A is radical?

Definition: The Jacobson radical a commutative algebra the intersection of all
maximal modular ideals

" Theorem: If dim(4) = o then 4 has not a unit.

If If dim(A) < oo then A has a unitif & M(A)p is diagonal with non-zero entries.
. J

(" Definition: ip € Ais a modular index if w; ;, # 0 and w;;, = 0 if iy #|.
A, ={i € A: iismodular }.

.

( Theorem: Rad(A) = lin{e; : i € A\A,,}. Moreover:
(i) Ais aradical algebra & A, =0
L (i) Aissemisimple < A, = A

\_

M.V. V., About the Jacobson radical of an evolution algebra, to appear in J. Spectral Theory EMS.

o
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Evolution algebras as Banach algebras

e \When an evolution algebra is a normed algebra?
When it is Banach algebra?

e The evolution operator of a normed evolution algebra is continuous?
- J/

[ Theorem: Every evolution algebra is a normed algebra. ]

Proof: Let A be an evolution algebra and |||, the [;-norm associated to a natural basis B = {e; : i € A}. Then,
I-ll; is an algebranorm & |le;?|l; <1, Vi€ A& Ly is continuous with ||Lg|l; < 1.

Theorem: Let (4,]]-]]) be an evolution algebra. Then: b
A is Banach algebra & A = A, @ A; where A, is a finite-dimensional evolution
L algebra and 4, is a zero product Banach algebra. )
4 )
L Corollary: Non-degenerate Banach evolution algebras are finite-dimensional. )
C Corollary: The completion of a non-degeneratre infinite-dimensional normed h
\_ evolution algebra is not an evolution algebra. y

P. Mellon, & M.V. V., The evolution operator and its dynamics on an evolution algebra, Banach J.
Math. Anal.

F: b )
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Evolution algebras and equilibrium states

ﬂact: Let A be an evolution algebra.
() If dim(A) <o and if B is a normalized natural basis then, the [;-norm
respect to B is a Banach-algebra norm on A (and of course all norms on A

are equivalent to it).

(i) If dim(4) = oo then,
(a) The evolution operator Ly does not need to be continuous.
(b) ||:]| is not complete (if A is hon-degenerate).

K (c) The completion of 4 is not an evolution algebra.

v

() Let us stay in the finite-dimensional case to study the behaviour of the
evolution operator.

® As a discrete time dynamical system, the limit point of {L%(b) } describes
the long-term evolutionary state of b.

® The role of e is not so important, because if B = {eq,...,e,} natural
basis with evolution element e = e; + --- + e, then, B = {aje,, ..., ae,}
Is another natural basis (for non-zero «;) with evolution element

e =aeq + -+ aye,. &=
1 1 n-n 1%1 ng Universidad
e de Granada



http://tsocial.tcomunica.org/wp-content/uploads/2009/11/logo-ugr.gif
https://leahweselowski.wordpress.com/
https://es.wikipedia.org/wiki/Trinity_College_(Dubl%C3%ADn)
https://en.wikipedia.org/wiki/University_College_Dublin

Evolution algebras and equilibrium states

e How are the equilibrium generators of a finite-dimensional evolution algebra A?
When A reaches equilibrium?

VAN

Definition: Let A be a finite dimensional evolution algebra We say that a € A is an

equilibrium generator if L7 (b) converges Vb € A.
We say that A reaches equilibrium if e is a equilibrium generator.

J

Theorem: Let A be a finite dimensional evolution algebra and B be a natural basis. \

Forevery a € A.
() If o,(a) N C\A # @ then, a is not an equilibrium generator.

(i) If g,,(a) € Athen, a is trivially an equilibrium generator and lim L} = 0.
n
(i) If o,,(a) € A and o,,(a) N A = @ then,

a is an equilibrium generator < g,,(a) N dA = {1} and 1 has index one.

A

In this case, P,: = lim L%} is a projection that commutes with L, . Moreover, the equilibrium
n
Q)ints lim LY, (b) lie in P,(A4), for all b € A. /
n

P. Mellon, & M.V. V., The evolution operator and its dynamics on an evolution algebra, Banach J.
Math. Anal.

Marcos J, C, & M.V. V., the multiplicative spectrum and the uniqueness of the complete norm .
'-gi L OF | universidad
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e Given a finite-dimensional algebra, A, how can we know if A is an
evolution algebra?

ﬁleorem: A be an evolution algebra; B = {e4, -+, e,} a natural basis. Then, \
() There exists unique bilinear maps T;, ..., T,,;: A X A — K such that,

ab =1, Tx (a,b)e; (foralla,b € A).
Moreover, the matrix associated to T respect to B is

ti(eg,e1) - tg(eq, en)
M, = : 5 where tE8(a,b) = ay ifab = Y-, a;e;.
TI? (enl 61) TI? (31; en)
(i) The algebra A is an evolution algebra < there exists and invertible matrix
Q € M,»,,(K) such that QtM,Q is diagonal for every k = 1, ..., n.

Fact: Therefore we arrive to the problem of the simultaneously diagonalization
via congruence (in fact both problems are equivalent).

M. Bustamante, P. Mellon, M.V. V., Determining when a finite-dimensional algebra is an evolution
algebra: solving the problem of simultaneously diagonalization via congruence. @ HIT Universidaa
Sl de Granada
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8. | The evolution algebra of mosquito population

# [o Evolution algebras are a helpful tool for mathematical modelling?

Evolution algebra of mosquito population:

At t > 0 the state of the population of mosquito is
given by the density vector

(E(®), L(£), P(£), Ay (D), A, (), Ao (D)) o

quito life cycle
Where: \
E(t) = Eggs (hatches when exposed to water)
L(t) = Larvas (hatched egges living in water)
P(t) = Pupa (stage just before emerging as adult)
Ap(t) = host seeking adults
A, (t) = resting adults
A, (t) = oviposigtoon seeking adults

® The dynamical behaviour of mosquito population is described by

4E = bpa, Ao — (e + pu)E, Bty = b8O,, + (1 — &)E,,

% = ppE — (p1r + por L + pr)L, L1 = cE, + (1 Q- szn) L,
42 — p L — (up + pp)P, Discrete-time version system Poi1 = aLn + (1 — )Py,

P = ppP + pa, Ao — (114, + pa,)An, Hpe1 = pPy + 00, + (1 — h)H,,
L = paAn — (na, +pa,)Ar, R,1 = hH, + (1 —7)R,,

@2 = pa, Ar — (A, + pa,) Ao, Ong1 =Ry + (1 — 0)O,,
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® Therefore the evolution algebra of mosquito population is defined as the
evolution algebra A, ,s, With natural basis B = {e;, e;, e3, e4, es, e} Where

e7 = (1 — €)ey + bbeg,
E% =cey + (1 — 31 _ 252&)6; Rozikov U.A., M.V. V., Adiscrete time dynamiqal
system and an evolution algebra of mosquito
e3 = aez + (1 — plea, population, Journal of Math. Biology, (2019)
) . Mar; 78(4):1225-1244.
e; = pes + (1 — h)eq + feg.
¢z = heg + (1 — 7)es,

e2 =res+ (1 — f)es,

Theorem: Ay, IS simple if and only if the determinant of the Jacobian matrix is

non-Zero.

]Amosq =

[ 1—¢ 0 0 0 0 b0\
e 1-1Il—2LL 0 0 0 0
0 a 1—1p 0 0 0
0 0 p 1—h 0 0
0 0 0 h 1-7 0
\ 0 0 0 0 r 1-9 )

& :r "
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(Theorem: Amosq reaches equilibrium if, and only L, = P + Sfor P,S € L(R®)
such that P2 = P, PS = SP = 0 and p(S) < 1.
\_

\

Theorem: A;,,54 IS a radical algebra.

Ideals on evolution algebras have biological meaning: when the system
reach an ideal then all individuals in future generations will stay in it (i.e. an
ideal is a subpopulation).

Mosquito population either has not subpopulations or they have one with 5
genetators.

Each point v = (vq, v,, v3, V4, Vs, Vg) € R® (under a certain rank of the
variables) can be considerated a measure of the set (E,L,P A, A, 4,), and
we have described sets of initial states for which, if the population startes
from them, then either

- tends to extinction or

- become stable or

- become arbitrarily large.
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WEIGHTED DIGRAPH MODELS FOR
ENERGY USE AND AIR POLLUTION
Current research IN TRANSPORTATION SYSTEMS

(Master Thesis): PREPARED FOR THE NATIONAL SCIENCE FOUNDATION

F. S. ROBERTS R-1578-NSF DECEMBER 1974

To study the evolution algebra
associated to these digraphs ‘

The applicability of double weighted
digraphs will require the development
of mathematical techniques for handing
time lags under different technical
assumptions ...

They can be constructed relatively
inexpensively and can be used at an early
stage of a policymaking task to set directions
for further research.
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Thanks for your attention!
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