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What is graph rigidity?
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A brief history of Cauchy’s rigidity theorem

v

L. Euler (1766): Conjectured that all “closed spatial
figures" are continuously rigid.

A. Cauchy (1813): Proved all convex polyhedra are
continuously rigid.

v

v

M. Dehn (1916): Proved all convex polyhedra are
infinitesimally rigid.

H. Gluck (1975): Proved almost all simply connected
closed surfaces are infinitesimally rigid.

R. Connelly (1977): Constructed a continuously flexible
non-convex polyhedron.

v

v
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What is graph rigidity?
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Triangulated spheres are minimally 3-rigid - a short proof

Let G be the 1-skeleton of a triangulated sphere.

Combinatorial part: (Induction) Each edge in G is either
contractible, or, is contained in a non-facial 3-cycle.

Suppose G contains no contractible edges.

Pick an edge, and extract the subgraph bounded by its
non-facial 3-cycle. This is a smaller triangulated sphere.

Geometric part: The base graph K3 is minimally 3-rigid.

The reverse graph moves, called vertex splitting and isostatic
block substitution, both preserve minimal 3-rigidity.
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What is graph rigidity?
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Rigidity matrices (Euclidean space)

Example
p

LetG=Kzandp:V — R% v p, = (p%, ph).  *—°
The rigidity matrix is a |E| x 2|V|-matrix: Doy Do,

(v1;2) (v13y) (va3) (v23y) (v3;z) (v339)
viva [ Py, — Doy DY, — DY, Doy, — Do, Ph, — DY 0 0
vivg | Db, — Pog  Ph — Dhg 0 0 DPos — Do, Phs — DY,
vav3 0 0 Doy — Dug Doy — Doy Puog — Doy Diy — Db,
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What is graph rigidity?
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Rigidity matrices (normed spaces)

A bar-joint framework in @ normed space X consists of a graph
G=(V,E)andmapp:V — X, v p,.

Suppose that, for each edge vw € E, p, — p, IS @ smooth point
in X.

The (vw, v)-entry of the rigidity matrix is the unique support
functional for p, — p..

Varying the norm on X gives rise to different rigidity matrices.
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What is graph rigidity?
L]
A more general approach

Let G = (V, E) be a simple graph and let X and Y be linear
spaces over K.

To each ordered pair (v,w) € V x V assign a linear map
q(v,w) : X — Y such that

> q(’U,U}) = _Q(U}?U)!
» g¢(v,w) = 0 whenever vw ¢ E.

We will call the pair (G, ¢) a framework.
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What is graph rigidity?
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Co-boundary matrices

A co-boundary matrix for a framework (G, ¢) has rows indexed
by E, columns indexed by V, and entries

| q(v,w) ife=ow,
Cor = 0  otherwise.

Example

» Incidence matrices for directed graphs.
» Rigidity matrices for geometric constraint systems.
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What is graph rigidity?
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Co-boundary matrices
The co-boundary matrix for (G, q) takes the form,

ow | 0 -+ 0 glv,w) 0 --- 0 —q(v,w) O

Goal: To understand co-boundary matrices for infinite
frameworks.
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Co-boundary operators for infinite frameworks
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Co-boundary operators

For an index set I and normed space X, we will consider the
following spaces:

> 0°°(1; X) = {(xi)ier : sup;ey ||lzil| < oo}

> co(L; X) = {(xi)ier : Ve >0, o fin s.t. supep g, ||2i]] < €}
> (LX) = {(wi)ier : Xier willP < oo}, p € [1,00).

C(G, q) gives rise to the following linear maps:

)
(G,q) : (°(V; X) — (2(B;Y).
(G,

> C
» C(G,q):co(V; X) = co(E;Y), assuming G is locally finite.
» C(G,q): P(V; X) —» P(E;Y), p € [1,00), assuming G has

bounded degree.
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Co-boundary operators for infinite frameworks
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Co-boundary operators

Questions:
» When is C(G, q) a bounded operator?
» When is it a compact operator?
» When is it bounded below?
» Can we compute its operator norm?
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Co-boundary operators for infinite frameworks
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Co-boundary operators

Related work:

» Maddox, Infinite matrices of operators. Lecture Notes in
Mathematics, 786. Springer, Berlin, 1980.

» Mohar and Woess, A survey of spectra of infinite graphs.
Bull. London Math. Soc. 1989.

» Agrawal, Berge, Colbert-Pollack, Martinez-Avenano,
Sliheet, Norms, kernels and eigenvalues of some infinite
graphs. 2018. arXiv:1812.08276v1
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Co-boundary operators for infinite frameworks
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Boundedness

Proposition
Let Z be a subspace of (>°(V; X') which contains coo(V; X).
TFAE:

(i) ¢: V xV — L(X,Y) is a bounded function.
(i) C(G,q) : Z — L>=(E;Y) is a bounded operator.
Moreover, ||C(G, q)lop = 2//¢||o-
Proposition

IfC(G,q) maps (?(V; X) into ¢>(E;Y), for some p € [1,00),
thenq:V xV — L(X,Y) is a bounded function.
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Co-boundary operators for infinite frameworks
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Boundedness

Proposition
Letp € [1,00). If G has bounded degree then TFAE:

(i) ¢: V xV — L(X,Y) is a bounded function.

(i) C(G,q) : ?(V;X) — (P(E;Y) is a bounded operator.
Moreover,

3 =

_1 _1
277 [lglloe < 1C(G, @)llop < 2' #llallocA(G) 7,

where A(G) = sup,,cy deg(v).
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Co-boundary operators for infinite frameworks
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Computing the operator norm

Proposition
Suppose A(G) <o andq:V xV — L(X,Y) is bounded.
() fG, — G as k — oo then,

IC(G, Dllop = Jim [C(Grr)op

(i) IfS and S’ denote respectively the set of all subgraphs
and the set of all finite subgraphs of G then,

IC(G, q)llop = sup [[C(Go,q)llop = sup_[|C(Go,q)llop-
GoEeS GoeS’

The operator norms refer to the cases:
(@) C(G,q) € B(co(V;X),co(E:Y)), and,
(b) C(G,q) € B(t?(V; X),(P(E;Y)), wherep € [1,00).
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Co-boundary operators for infinite frameworks
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Compactness

Proposition

Let Z be a subspace of (>°(V; X') which contains coo(V; X).
Ifq:V xV — L(X,Y) vanishes at infinity then the operator
C(G,q): Z — (>°(E;Y) is compact.

Proposition
Suppose one of the following conditions holds.

(i) C(G.q) € K(co(V: X),co(E;Y)).

(i) C(G,q) € K(¢P(V; X),(P(E;Y)), where p € [1,00).
Thenq:V xV — L(X,Y) vanishes at infinity.

Derek Kitson Lancaster University

An operator-theoretic approach to graph rigidity



Co-boundary operators for infinite frameworks
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Compactness

Proposition
If G has bounded degree then TFAE:
(i) ¢: V xV — L(X,Y) vanishes at infinity.
(i) C(G,q) € K(co(V;X),co(E;Y)).
(i) C(G,q) € K(t*(V;X),¢P(E;Y)), where p € [1,00).
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Bounded below

Given framework (G, q) , define

h:V =R, hv)= SU% lg(v, w)|lop-
rwe

Proposition

Suppose one of the following conditions holds.

(a) C(G,q) maps Z into co(E;Y), where Z is a subspace of
>°(V; X') which contains cyo(V; X), and
C(G,q): Z — ¢o(E;Y) is bounded below.

(b) G has bounded degree and C (G, q) : (P(V; X) — (P(E;Y)
is bounded below, where p € [1,c0).

Then the function h : V' — R is bounded away from zero.
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Bounded below

If Vo € V then denote by 0V the set of edges of G with exactly
one vertex in V.

The isoperimetric constant for G is the value,

o |0Va
R R TAR

where the infimum is taken over all finite subsets 4, of V.
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Bounded below

Denote by x(V; X) the set of finitely supported vectors with
constant non-zero entries.

Proposition
Let G be a locally finite graph and let p € [1, c0).
Ifq:V xV — L(X,Y) is bounded then,

1
inf{[|C(G, q)zllp : 2 € x(V; X)), [[2lp = 1} <i(G)7 [lg/loo-

In particular, if A(G) < co andi(G) = 0 then the operator
C(G,q) : tP(V; X) — (P(E;Y) is not bounded below.

Derek Kitson Lancaster University

An operator-theoretic approach to graph rigidity



Co-boundary operators for infinite frameworks
[ ]
References

» J. Cruickshank, D.K., S. C. Power. The generic rigidity of a partially
triangulated torus. Proceedings of the London Mathematical Society
(2019). https://doi.org/10.1112/plms.12215

» J. Cruickshank, D.K., S. C. Power. The generic rigidity of triangulated
spheres with blocks and holes. Journal of Combinatorial Theory, Series
B., (2017), no. 122, 550-577.

» E. Kastis, D.K., S. C. Power. Co-boundary matrices for infinite
frameworks. In preparation.

» D. K., R. L. Levene. Graph rigidity for unitarily invariant matrix norms.
29p. arXiv:1709.08967

» D.K., A. Nixon, B. Schulze. Rigidity of symmetric frameworks in normed
spaces. 31p. arXiv:1808.04484

Thank you

Derek Kitson Lancaster University

An operator-theoretic approach to graph rigidity



