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est omnis divisa in partes tres

e Tensor products
e Polynomials on Banach spaces
e Infinite-dimensional holomorphy

Ryan, Raymond A.

The Dunford-Pettis property and projective tensor products. (English)
Bull. Pol. Acad. Sci., Math. 35, No.11-12, 785-792 (1987).

The author addresses the question if the tensor product basis of two shrinking bases in Banach spaces X and Y is shrinking w.r.t. the
projective tensor norm (this is known to be the case for the injective tensor norm). He proves the obvious necessary condition “Every
operator from X to ¥* is compact” to be sufficient, too, and shows its validity if X has the Dunford-Pettis property. Moreover it is investigated
under what conditions the projective tensor product of two Banach spaces fails to contain a copy of £,

Reviewer: Dirk Werner (Berlin)
mee Cited in 11 Documents
4eM05  Tensor products of topological linear spaces

4¢e22  Radon-Nikodym, Krein-Milman and related properties

46815  Summability and bases in normed spaces

Keywords:

tensor product basis; shrinking bases; projective tensor norm; injective tensor norm; Dunford-Pettis property
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Let X ® Y be the linear span of all x® y (tensor product of X and Y).
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Freie Universita Berlin
Tensor products

X, Y vector spaces, B: X x Y — R bilinear.

For x e X, y € Y define (x ® y)(B) = B(x, y). This is a linear form.
Let X ® Y be the linear span of all x® y (tensor product of X and Y).

Example: X =L1[0,1] =Y, X® Y c L1([0, 1] x [0, 1]).
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Freie Universitdt ! Berlin
Tensor products

X, Y vector spaces, B: X x Y — R bilinear.
For x e X, y € Y define (x ® y)(B) = B(x, y). This is a linear form.

Let X ® Y be the linear span of all x® y (tensor product of X and Y).
Example: X =L10,1]=Y, X® Y c L1([0,1] x [0, 1]).

Universal property: A bilinear mapping on X x Y generates a linear
mappingon X® Y:

XxY Z

XY
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X, Y vector spaces, B: X x Y — R bilinear.
For x e X, y € Y define (x ® y)(B) = B(x, y). This is a linear form.

Let X ® Y be the linear span of all x® y (tensor product of X and Y).
Example: X =L10,1]=Y, X® Y c L1([0,1] x [0, 1]).

Universal property: A bilinear mapping on X x Y generates a linear
mappingon X® Y:

XxY Z

XY

e The tensor product linearises all bilinear maps.
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Freie Universitat Berlin

Tensor products

X, Y vector spaces, B: X x Y — R bilinear.
For x e X, y € Y define (x ® y)(B) = B(x, y). This is a linear form.
Let X ® Y be the linear span of all x® y (tensor product of X and Y).

Example: X =L1[0,1] =Y, X® Y c L1([0, 1] x [0, 1]).

Universal property: A bilinear mapping on X x Y generates a linear
mappingon X® Y:

INEOAUELIONITO
rensor Products

XxY 7z of Banacpaces
‘g
XeY PO
e The tensor product linearises all bilinear maps.
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Freie Universitdt ! Berlin
Tensor norms

X, Y Banach spaces, u€ X® Y. “Projective” normon X® Y:
n n
Ul = inf{z Xl lyjll: u = Zx,@yj} — sup{|u(B)]: B bilinear form of norm 1}
j=1 j=1
Completion of X ® Y for this norm: X&yY.
Example: X =L1[0,1] =Y, X&rY =L1([0, 1] x [0, 1]).
Universal property as before for continuous maps:

XxY - Z

N
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Tensor norms

Freie Universit
X, Y Banach spaces, u€ X® Y. “Projective” normon X® Y:

n n

lulle = inf{ > Il Iyjll: u = > x5} = sup{|u(B)I: B bilinear form of norm 1}
j=1 j=1

Completion of X ® Y for this norm: X&yY.

Example: X =L1[0,1] =Y, X&Y = L1([0, 1] x [0, 1)).

Universal property as before for continuous maps:
XxY

N

e The projective tensor product linearises all continuous bilinear maps.
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Théoreme fondamental: ||. [lw, < II. ll/m\ < KGll - llw,

First proof “understandable for average mathematicians” (A. Pietsch) by
Joram Lindenstrauss and Olek Petczynski (1968, matrix inequality).
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Enter RR:
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Grothendieck’s 14 natural tensor norms
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Théoreme fondamental: ||. [lw, < II. ll/m\ < KGll - llw,

First proof “understandable for average mathematicians” (A. Pietsch) by
Joram Lindenstrauss and Olek Petczynski (1968, matrix inequality).

Nola Alon: “The most important discovery in science in the last 50 years.”
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Homogeneous polynomials

Uber homogene Palynome in (L%)
5. BANACH (Lwdw).

§1
Wir bezsichoen mit E, E' zwei vektorielle, normierte und
vollstindige Réume. Eine fir beliebige x,,.
Operation u(x,...,x), deren Werte dem Reume E’ angehiren,
neanen wir eine nelineare Gperation, falls sie sietig und additiv
inberag auf jede der Verinderlichen x,,..., x, ist, Es Ist bequem
eine derartige Operation mit

m e

2 bezeichnen

ine n-lineare Operation (n>1) heife symmetrisch, wenn
sich ihr Wert hei beliobigen Permutationen der Variablen nicht
indert. Werden in einer symmelrischen n-linearen Operation r,
Varisblen gleich =,, weiters r, Varlablen gleich z,, .., schlicBlich
die lelzten 1, Varisblen gleich z, gosetzt (r,+...+ == 1), %0
bessichnen wir die so catstandene Operation mit

2

st o
Insbesondere ist

Die Operation " nennen wir ein homogenes Polynom n-len
Grades. Wie leicht mu_sehen, cnatehen aus verschiedenen syme
metrischen n-linearen Operationen stots. verschiedenn homogene
Polynome n-ten Grades.

Als Norm ciner n-lincaren Operation a;..., erkliren
wir die Zahl

DAt 8/16
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Homogeneous polynomials

Die . Mathemasischen Monogeaphien” seschesnen al kastnierte
Oltavbiade von ungefale 160 bis oo Seiten
i, i et e
Buad LS. Basech, Thtoe o epttin i,
114256 Seitea, Preis 3 Dollar

Bund IL 8, S0k Thims do Fimstpuls (m,nﬂm).
X+aga Scites, Preis 4 Dollae USA.
Buad 1L C. Kuratowski, Topologia I,
e Pal; in (L7 X488 Seiten, Preis 4,50 Dollar U.S.A.
Uosr hamagaat Félmom n (C7) Buud IV. W. Sierpisaki, Hypothtss du contion,

i V4194 Seiten, Preis 5,50 Dollar U.5.A.
5. BANACH (uiedw. Bund V. A Zygmund, Trigonometrical Serics,
4 IV 4 552 Seiten, Preis 5 Dollar U5
§1 Band VL S.Kacamarz und H.Steinhaus
Wie bezeichasn mit £, B swei vektoriclle, normierte und Theosie dee Orthogonslecihen,

vol[sland|g= Réiume, Eine fir belisbige ,,...,x, eus £ erklirtc V14300 Seiten, Pecis § Dallae D5.A.

3 dacea Wors dem Rauns E angehiven,

neanen wir eine nedineare Operation, falls sie stetig und additiv In Ve

inbezug auf jede der Verfinderlichen x,,..., x, ist, Es st bequem anach, Théorie géntrale des opes
C Kuratowski, Topologie I,

ine dersrtige Opsration mit
slag;denrkge: 5. Masus, Allgomcins Timitiermgatheor
1 ax... 8. 8ks, Theoey of Tntegal (englcher s bencheitue Autloge
7. Schauder, Paciele Dtk 1!11. lptichen Typus
<hauder, Pasticlle Diferenialgleichuagen vom eliptichen Typur
m;bezclohnen A Tarali, Acithmetik der Kardinalzshlon.

chercitung (unter_anderes

ino n-lineare Operation (n3>1) heiBe symmaotrisch, wenn

sich ihr Wert hei beliobigen Permutationen der Variablen nicht Die Bande sind portofeei gegen cine dirckt an

indert. Werden in einer symmelrischen n-linearen Operation r,

Varisblen gleich =, weitera r, Veriablen gleich z,, .., schlicBlich MONOGRAFIJE MATEMATYCZNE"

die letzten r, Varisblen gleich z, gesetzt (... r=n), 50 SEMINAR. MATEMAT. UNIWERS.

bezeichnen wir die so eatstandene Operation mit ‘WARSZAWA (Polen), OCZKI Nr. 5,
FE—

Liare Basll L T ey
Pal,,.mLAP.,.mlmun.,., PKO. |

Tt O S Y%
'N"45.177 Prof. D, K. Kurato:

fje Matematyezne”,

Die Operation az" nennen Wit cin homogenes Poiynom n-en Warssawa) su besichen, Auch in Bu:}a]und[un_gen echaldich.
Grades. Wie leicht zu sehen, enstehen aus verschiedenen syme
metrischen n-linearen Operationen stots verschisdena Aomogene Der Preis dieses Bandes betrigt 5 Dollar U.5. 4.
Polynome n-ten Grades ) h

Ali Noma ciner n-lissarsn Opesation 2.z, erkliren Die Mitglieder der Poluischen Mathemutischen Gesellschaft echalten

wir die Zahl jeden Basd sum Vorsugspreise van 36 =l (in 5 Monatssahlungen).
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Homogeneous polynomials (2)

ST

B: X x X = Y continuous bilinear
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~ P: X = Y, x — B(x, x) continuous 2-homogeneous polynomial
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Freie Universitit & 7 Berlin
Homogeneous polynomials (2) Gt

B: X x X — Y continuous bilinear
~ P: X = Y, x — B(x, x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.
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Homogeneous polynomials (2)

B: X x X = Y continuous bilinear

Freie Universita

symmetric.

) Berlin
~ P: X =Y, x — B(x, x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be

Likewise: B: X x -+- x X — Y m-linear, continuous, symmetric
vice versa

~ P: X =Y, x— B(x,...,Xx) continuous m-homogeneous polynomial and
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Freie Universitdt

Homogeneous polynomials (2)

B: X x X — Y continuous bilinear
~ P: X =Y, x — B(x, x) continuous 2-homogeneous polynomial

B is not uniquely determined by P, but it is if we require B to be
symmetric.

Likewise: B: X x -+- x X — Y m-linear, continuous, symmetric

~ P: X =Y, x— B(x,...,Xx) continuous m-homogeneous polynomial and
vice versa

All continuous m-homogeneous polynomials form a Banach space,
P(MX;Y), under the norm ||P|| = sup{||[P(X)]l: [Ix]| < 1}.
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Symmetric tensor products

Let ®pm X =X&p -+ ®nX.
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Symmetric tensor products 3

Let ®pm X =X&p -+ ®nX.

Let @s,m,nx be the closed linear span of the x® --- ® x (“symmetric tensor
product”).
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Enter RR:

Freie Universitat
Symmetrlc tensor products

Berlin

Let ®pm X =X&p -+ ®nX.

Let @SIm,nX be the closed linear span of the x® - -- ® x (“symmetric tensor
product”).

Theorem (RR 1980)

®s,m,nX linearises all continuous m-homogeneous polynomials:

X Y
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Extension and spaces of polynomials
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Enter RR:
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Freie Universitdt i \W
Extension and spaces of polynomials &

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.
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Enter RR: Freie Universitdt i
Extension and spaces of polynomials

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.
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Enter RR:

Freie Universitdt &
Extension and spaces of polynomials 4

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.

e Approach by ultraproducts (RR + Mikael Lindstrém)
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Enter RR:
Extension and spaces of polynomials

Freie Universitdt

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.

e Approach by ultraproducts (RR + Mikael Lindstrém)
e Study of extendible polynomials (RR + Padraigh Kirwan)
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necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.

e Approach by ultraproducts (RR + Mikael Lindstrém)
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Polynomial version (Aron-Berner): Extension from X to X**.

e Approach by ultraproducts (RR + Mikael Lindstrém)

e Study of extendible polynomials (RR + Padraigh Kirwan)
e Positive polynomials (RR + Jim Cruickshank, John Loane)
Aim: Geometric properties of P(MX)
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Enter RR:
Extension and spaces of polynomials

Freie Universitdt !

Berlin

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.
e Approach by ultraproducts (RR + Mikael Lindstrém)
e Study of extendible polynomials (RR + Padraigh Kirwan)

e Positive polynomials (RR + Jim Cruickshank, John Loane)

Aim: Geometric properties of P(MX)
(RR + Chris Boyd, Bogdan Grecu, Barry Turett)

e Rotundity of P("MX)?
e Smoothness?
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Enter RR: Freie Universitat ¢l
Extension and spaces of polynomials

Berlin

Hahn-Banach theorem: Extension theorem for functionals, not
necessarily for operators.

Polynomial version (Aron-Berner): Extension from X to X**.

e Approach by ultraproducts (RR + Mikael Lindstrém)
e Study of extendible polynomials (RR + Padraigh Kirwan)
e Positive polynomials (RR + Jim Cruickshank, John Loane)

Aim: Geometric properties of P(MX)
(RR + Chris Boyd, Bogdan Grecu, Barry Turett)

e Rotundity of P("MX)?

e Smoothness?

e Extreme points

e Schauder bases

e Polynomial Dunford-Pettis property (Ray’s first ever paper!)
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standing on the shoulders of giants (3)

Freie Universita

Berlin

Harald Bohr
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standing on the shoulders

Harald Bohr

Leopoldo Nachbin
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Holomorphic mappings

Fréchet differentiable

Freie Universitdt
A mapping f: X — Y between C-Banach spaces is holomorphic if it is

Berhn

0«
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Freie Universitd ) Berlin
Holomorphic mappings

A mapping f: X — Y between C-Banach spaces is holomorphic if it is

Fréchet differentiable, equivalently, if it is continuous and the restriction
to every complex line is scalarly holomorphic, i.e.,
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Freie Universitdt
Holomorphic mappings

A mapping f: X — Y between C-Banach spaces is holomorphic if it is

Fréchet differentiable, equivalently, if it is continuous and the restriction
to every complex line is scalarly holomorphic, i.e.,

z—{(f(a+2zv))
is holomorphicon C foralla,ve X, LeY*.
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Fréchet differentiable, equivalently, if it is continuous and the restriction
to every complex line is scalarly holomorphic, i.e.,
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is holomorphicon C foralla,ve X, LeY*.
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Bohr: Holomorphic functions of infinitely many variables; in modern
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Holomorphic mappings

Freie Universitdt Ef18
A mapping f: X — Y between C-Banach spaces is holomorphic if it is

erlin
Fréchet differentiable, equivalently, if it is continuous and the restriction
to every complex line is scalarly holomorphic, i.e.,

z—{(f(a+2zv))
is holomorphicon C foralla,ve X, LeY*.
terms f: co — C.

Bohr: Holomorphic functions of infinitely many variables; in modern

Nachbin: Spaces of holomorphic mappings and functions.
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Taking it to the limit

Freie Universitdt
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Taking it to the limit

Freie Universitdt i
Taylor expansion for holomorphic f:

| Berlin

[oe]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial.
m=0
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Taking it to the limit

Taylor expansion for holomorphic f:

Freie Universita

) Berlin

(o]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial
m=0

1
Radius of uniform convergence: R =

_ . ~ limsup V[Pl
if r <R, the series converges uniformly on {x: ||x|| < r}.
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Taking it to the limit

Taylor expansion for holomorphic f:

Freie Universita

) Berlin

(o]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial
m=0

Radius of uniform convergence: R =

_ . ~ limsup V[Pl
if r <R, the series converges uniformly on {x: ||x|| < r}.

1
Example (co = Banach space of all null sequences with the sup-norm):

[oe]
f:co—C, Z=(2m)~ err;’
m=1
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Taylor expansion for holomorphic f:

Freie Universita

(o]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial
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Radius of uniform convergence: R =
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if r <R, the series converges uniformly on {x: ||x|| < r}.

1
Example (co = Banach space of all null sequences with the sup-norm):
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f:co—C, Z=(2m)~ err;’
m=1
Series converges for each z€ cg, but R=1.
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Taking it to the limit

Taylor expansion for holomorphic f:

Freie Universitdt

(o]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial
m=0

1
Radius of uniform convergence: R = ———;
_ . _ limsup V|[Pmll
if r <R, the series converges uniformly on {x: ||x|| < r}.

Example (co = Banach space of all null sequences with the sup-norm):

0]
f:co—C, Z=(2m)~ err;’
m=1
Series converges for each z € co, but R =1. f is unbounded on the closed
unit ball (takez=(1,1,...,1,0,0,0,...)).

Dirk Werner, The hitchhiker’s guide, 3 May 2018

«O0» «Fr « =

=

14/16



Freie Universitdt ! Berlin
Taking it to the limit

Taylor expansion for holomorphic f:

[oe]
f(x)= Z Pm(x); Pm: X = Y m-homogeneous polynomial.
m=0
, . 1
Radius of uniform convergence: R =

_ . ~ limsup V[Pl
if r <R, the series converges uniformly on {x: ||x|| < r}.

Example (co = Banach space of all null sequences with the sup-norm):
0]
f:co—C, Z=(2m)~ err;’
m=1

Series converges for each z € co, but R =1. f is unbounded on the closed
unit ball (takez=(1,1,...,1,0,0,0,...)).

Therefore, this function is not of bounded type (= taking bounded sets to
bounded sets).
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Enter RR:

Holomorphic maps on Banach spaces

e In-depth study of holomorphic functions on 1.
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Enter RR:
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Freie Universitdt i
Holomorphic maps on Banach spaces &

e In-depth study of holomorphic functions on 1.
¢ In-depth study of weakly compact holomorphic mappings.
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Enter RR: Freie Universitdt
Holomorphic maps on Banach spaces

, Berlin

s
iy

e In-depth study of holomorphic functions on 1.
¢ In-depth study of weakly compact holomorphic mappings.
e Extensions of holomorphic functions (of bounded type) to the bidual.
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Enter RR:
Holomorphic maps on Banach spaces

Freie Universitat c(18 Berlin

e In-depth study of holomorphic functions on 1.
¢ In-depth study of weakly compact holomorphic mappings.

e Extensions of holomorphic functions (of bounded type) to the bidual.
e Factorisations of holomorphic mappings.
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Enter RR:

Freie Universitd
Holomorphic maps on Banach spaces

Berlin

e In-depth study of holomorphic functions on 1.
¢ In-depth study of weakly compact holomorphic mappings.

e Extensions of holomorphic functions (of bounded type) to the bidual.
e Factorisations of holomorphic mappings.

e Holomorphy vs. real analyticity (RR + Chris Boyd, Nina Snigireva)
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Enter RR:
Holomorphic maps on Banach spaces

Freie Universitat c(18

e In-depth study of holomorphic functions on 1.
¢ In-depth study of weakly compact holomorphic mappings.

e Extensions of holomorphic functions (of bounded type) to the bidual.
e Factorisations of holomorphic mappings.

e Holomorphy vs. real analyticity (RR + Chris Boyd, Nina Snigireva)
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standing on the shoulders of Gulliver

Freie Universitdt

4

Dirk Werner, The hitchhiker’s guide, 3 May 2018

«0» «F>»

DA

16/16



Freie Universit

. standing on the shoulders of Gulliver

I was at the mathematical school, where the master taught his pupils
after a method scarcely imaginable to us in Europe. The proposition and
demonstration were fairly written on a thin wafer, with ink composed of a
cephalic tincture. This the student was to swallow upon a fasting
stomach, and for three days following eat nothing but bread and water.
As the wafer digested, the tincture mounted to his brain, bearing the
proposition along with it. But the success hath not hitherto been
answerable, partly by some error in the quantum or composition, and
partly by the perverseness of lads, to whom this bolus is so nauseous,
that they generally steal aside, and discharge it upwards before it can
operate; neither have they been yet persuaded to use so long an
abstinence as the prescription requires.
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