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Abstract: We consider the problem of estimating a high-dimensional covariance matrix
from a small number of observations when covariates on pairs of variables are available
and the variables can have spatial structure. This is motivated by the problem arising
in demography of estimating the covariance matrix of the total fertility rate (TFR)
of 195 different countries when only 11 observations are available. We construct an
estimator for high-dimensional covariance matrices by exploiting information about
pairwise covariates, such as whether pairs of variables belong to the same cluster,
or spatial structure of the variables, and interactions between the covariates. We
reformulate the problem in terms of a mixed effects model. This requires the estimation
of only a small number of parameters, which are easy to interpret and which can
be selected using standard procedures. The estimator is consistent under general
conditions, and asymptotically normal. It works if the mean and variance structure
of the data is already specified or if some of the data are missing. We assess its
performance under our model assumptions, as well as under model misspecification,
using simulations. We find that it outperforms several popular alternatives. We apply
it to the TFR dataset and draw some conclusions.



