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Primitive Equation Life-Cycles

(from Thorncroft et al., QJRMS, 1993)



Tropopause potential

temperature (from

THM93)



Surface temperature

(from THM93)



1 FEBRUARY 1998 307H A R T M A N N A N D Z U E R C H E R

FIG. 9. Values of the internal minimum in K at about 30! lat and
400 mb as a function of the shear parameter u0 at day 0 and day 7.

FIG. 10. Latitude vs time contour plot of the zonal mean wind on the " # 0.32 surface for the (a) u0 # 7.5 m s$1 and (b) u0 # 8.25 m
s$1 cases. The contour interval is 5 m s$1 and negative zonal winds are shaded.

feedback between the impedance of equatorward prop-
agation and mean-flow accelerations early in the life
cycle. The minimum K value at day 7 provides a sug-
gestive, but not very precise, prediction of the transition
from anticyclonic to cyclonic behavior. The minimum
value stays below the critical value of 6 for all shear
parameters greater than about 6.5, but the transition
taken place abruptly between shear parameters of 7.5
and 8.25.

b. Zonal wind accelerations

It is interesting to compare the evolution of the zo-
nally averaged wind in the upper troposphere in the two
cases of most interest. Figure 10 shows the temporal
evolution of the wind near 300 mb for the u0 # 7.5 and
u0 # 8.25 cases. Between day 7 and day 15, in the
anticyclonic u0 # 7.5 case the westerly jet first weakens
and then shifts poleward by about 5! and intensifies.
For the cyclonic u0 # 8.25 case, the jet weakens less
and shifts slightly equatorward. The jet core moves rap-
idly near the time of wave saturation, and between days
11 and 13 the jet core moves to the poleward flank of
the EKE maximum in the anticyclonic case but stays
equatorward of the EKE maximum in the cyclonic case
(not shown).
The total zonal flow accelerations can be diagnosed

using the transformed Eulerian mean (TEM) equations:

%u 1
! f & * ' ! ·F ' friction ' · · · , (6)

%t a cos(

where &* is the residual mean meridional circulation
and F is the Eliassen–Palm (EP) flux vector (Edmon et
al. 1980). The first two terms on the right-hand side of
(6) describe the Coriolis acceleration by the residual
circulation and the eddy driving by the EP flux diver-
gence. For strongly transient cases such as a baroclinic
life cycle, a large degree of cancellation exists between
the EP flux divergence and the Coriolis acceleration by
the residual circulation, so it is most meaningful to plot

Zonal wind evolu-

tion (from Hartmann

and Zuercher, JAS,

1998)
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Solutions of nonlinear equations



Upper and Lower Layer Zonal Mean Wind



Upper and Lower Layer PV



Total mass flux δH: H =
∫
y(ψ2 − ψ1) d

2x.



Theory vs Sim-

ulation: Zonal

mean winds



Robust and Leaky Transport Barriers

• What happens when y1 → 0?

• The width of the barrier to mixing in the upper layer, i.e. the model

‘tropopause’ or oceanic front, tends to zero.

• This suggests that the barrier, assumed up to this point to be im-

permeable, must ‘leak’ fluid across it if the equilibration process is to

proceed under the principles outlined above.

• Such leakage, which could take the form of eddy shedding (c.f. Gulf

stream rings, tropopause cut-off cyclones), will lead to mixing of fluid

originating on opposite sides of the jet. Can we predict how much

mixing will take place?
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Snapshot: N. Atlantic Sea Surface Temperature



Formulation for a leaky barrier

The leaky barrier formulation assumes that rapid mixing of PV still proceeds
to completion on either side of the jet, but that there is also some leakage
of fluid across the central barrier at y = 0. Taking a finite width scale α
for the barrier, the PV profile at the end of the life-cycle can be proposed
to have the form:

q1(y) =


Q1(y) y2 < y <

Ly

2

Qrtanh
{

y
α

}
−y2 < y < y2

Q1(y) −Ly

2 < y < −y2

, q2(y) =


Q2(y) y3 < y <

Ly

2

0 −y3 < y < y3

Q2(y) −Ly

2 < y < −y3

.

Here Qr sets the maximum value of the PV in the upper layer within the

mixing region. The aim now is to find Qr, y2 and y3 that minimize potential

energy V subject to the same constraints on E and M as above.

The barrier width α will be set empirically by comparison with the simula-

tions.
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Schematic: Robust and leaky transport barriers









Leaky Nonlinear Equations

As before, there are five unknowns {Qr, y2, y3, λ, µ} and five nonlinear equa-
tions

∂F

∂Qr
=
∂F

∂y2
=
∂F

∂y3
= 0, E = E0, M = M0.

This time the partial derivatives of F can be evaluated from

∂F

∂Qr
= 2φm − 4λψ1m + 2µym

∂F

∂y2
= (Qrtanh{y2/α} −Q1(y2)) (2φ(y2)− 4λψ1(y2) + 2µy2)

∂F

∂y3
= Q2(y3) (2φ(y3) + 4λψ2(y3)− 2µy3)

where φ is defined as before, and

φm =
1

y2

∫ y2

0
tanh{y/α} φ dy, ψ1m =

1

y2

∫ y2

0
tanh{y/α} ψ1 dy,

ym =
1

y2

∫ y2

0
y tanh{y/α} dy, i = 1, 2.



Leakage across the Mixing Barrier

A measure of the amount of leakage of PV across the upper layer barrier is

given by the expression

R = 1− Total upper layer PV> 0: End of Lifecycle

Total upper layer PV> 0: Start of Lifecycle
.

If there is no mixing across the upper layer barrier, R = 0, and if the upper
layer of the channel is completely mixed R = 1.

The theory predicts that

R =

∫ y2

0 Q1(y)−Qrtanh{y/α} dy∫ Ly/2
0 Q1(y) dy

.

The corresponding value of R from the numerical simulations can be ob-
tained as

R = 1−
∫

q1>0 q1(x, y) d
2x

Lx

∫ Ly/2
0 Q1(y) dy

.



Cross-jet leakage R: Theory vs Simulations



Upper and lower layer max. zonal mean winds: Leaky and Robust regimes



Conclusions

• ‘Equilibration via PV Homogenisation’ theory gives an accurate pre-

diction of the structure and strength of the equilibrated jet over a

wide range of flow parameters (β, σ).

• Theory predicts the breakdown of its own underlying assumptions as

y1 → 0, or y2, y3 → Ly/2 (walls).

• For distant walls, the limit y1 → 0 corresponds to a transition between

a robust and a leaky barrier to transport at the location of the upper

jet. PV fluxes across the jet can be predicted.

• Extension to the forced-dissipative situation remains the outstanding

challenge.
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