Gravity waves and gravity-inertia waves in the shallow water (free surface) model

a) Gravily waves

Supposc f=0 (no rotation) and @, = 0 (no bottom topography). Then the shallow water

equalions become
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We look for a solution for 1D waves:
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where @ is constant. Lincarizing
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eqns. (1)-(3) using the perturbation method, we then have
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A solution exists only 1f
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where H is the undisturbed depth of the flud..

We sce that the gravity wave phase speed ¢ 1s independent of wavelength, i.e., shallow waler
gravity waves are non-dispersive. A

We can assume without loss of generality that & is real. Since ¢ is real, cqn. (10) then tells us
that & is also real. Thus, the solution can be written
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Wave propagating in the +ve x-direction ( C= o) -
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Wave propagating in the -ve x-direction {€ ';’(_}) :
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The group velocity is given by
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i.e, the group velocity and the phase speed are the same.

b) Gravity-incrtia waves

Now we assume f = f;, (f-plane) and ©, = 0 (no bottom topography). The shallow water
equations then become
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We look for a 1D wave solution:
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Lincarizing (16)-(£8) using the perturbation method gives, for the case u =0
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Assuming a solution
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The condition for the existence of a non-zero solution is
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Thus, the solutions are
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The solution (28) corresponds Lo a stcady geostrophic [low
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whilc the solution (29) cortesponds to two gravity-inertia waves, one propagating in the

positive x-dircction and the other in the -ve x-direction.

We note the following [eatures of the gravity-inertia waves:

1) As 1;,~0 the gravity-inertia waves tend to gravity waves. Rotation
phase speed.

2) The frequency always cxceeds the inertial frequency:
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3) Rotation makes the waves dispersive. The group velocity is given by
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where

Co = i/ € (Gravity wave phasc speed)

Thus, whercas rotation increases the phase speed, 1t decreases the group velocity in such a
way that the product of the phase speed and group velocily remains constant.

4) Rotation causes the wave to have a transverse component of motion (v 7 0).
To examine this further, we assume & is real and positive
Eqgn. (26) gives
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Usting this, eqn. (25) gives
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Therefore we have
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The velocity vector traces out an ellipse. , r o
The motion is mainly in the x-direction v SR AKE =
but has a component in the y-dircction. P R
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