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Setting and assumptions

We consider a self-gravitating body of mass M and radius R; the body is
spherical when unperturbed.

The body is placed in a tidal potential created by remote bodies; the
length scale of variation is assumed to be long compared with R.

The tidal potential is expressed as a Taylor expansion in powers of x¢,
the position relative to the body’s centre of mass,
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The tidal potential varies on an external time scale toxt ~ /73 /GM,
where 7’ is the inter-body separation, and the time scale for
hydrodynamical processes inside the body is ¢, ~ v/ R3/GM.

We assume that text > tint, and that the tidal field is weak.

We wish to calculate the tidal deformation of the body.
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Governing equations

Poisson's equation: ViU = —4nGp

dvg
s
Continuity equation: Op + 0a(pv®) =0

Euler's equation: = —0up + p0,U

Equation of state: p=p(p)

Unperturbed body (hydrostatic equilibrium)

V32U = —4nGp, Oup = p0,U

Perturbed body (hydrostatic equilibrium)

U—U+0U+Usda, p—p+06p, p—p+dp
V25U = —4nGép, 04,0p = 0p 0, U + p 904, (0U + Utigar)
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Expansion in spherical harmonics

Because &4,4,---a, 1S @ Symmetric, tracefree tensor, each term in the tidal
potential is a solid harmonic,

Earag-ap BT -2 =) EP Y6, 6) J

So expand all other variables in spherical harmonics,
oU = ZUZ (0, p)
op = Zpe r) Y™ (6,0)
tm
bp=" PP (r) Y"(0,9)
m
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Reduced equations

The perturbed Poisson equation becomes

U du
2 4 ) 4
" dr? e dr

— 0L+ V)U = —4nGr2p}* J

The equation of perturbed hydrostatic equilibrium yields

P = plU" + r'E) J

The equation of state implies that dp = (dp/dp)dp, or

m_ dp
P = 5D J

The end result is a decoupled ODE for Uj™.

Eric Poisson Newtonian and relativistic Love numbers



Newtonian tides
L]

Love numbers

The internal solution for U;™ is matched to the external solution

m 4G I m m
Up = i = [+ srtyres v J

This determines the relationship between the multipole moments I;* and
the tidal moments £,

20+ 1
Y]

GIP = em ’

where k; are the gravitational Love numbers.

Tensorial relation between multipole and tidal moments

2
Gloyay-a, = _m ke R2+1 Earar-ay

Jarazar /(p+ 5p) (a1 02 ... 202) JV7
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Quadrupole deformation

For ¢ = 2,
2 5
Gl = -3 ko R° Eap

I% = /(p +6p) (za® — Lr?6°%) dV
5ab = *aabUremote

External gravitational potential

M 1
U= GT = [1 n 2k2(R/r)5] Eap®a® + -+
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Polytropes: p = Kp't1/»

Quadrupole Love number

n |[1/2 |1 |3/2 |2 | 3
ko \ 0.449 \ 0.260 \ 0.143 \ 0.0739 \ 0.0144
The Love number is larger for stiffer equations of state.
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Tides in general relativity

The relativistic setting is the same as in the Newtonian discussion.

We continue to consider a self-gravitating body of mass M and radius R
immersed in a tidal environment created by remote bodies.

We continue to assume that the tidal field is weak, and varies on long
spatial and time scales.

The tidally deformed star continues to be in hydrostatic equilibrium.

But there are now two types of tidal fields: gravitoelectric and
gravitomagnetic.

gag = u“u”C’a#gy - galag.“a[ — g;n
1 5
Bog = iu“u”euaﬁﬂst y == Bayaya, = B
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Governing equations

Einstein's equation: Gap = 8mTp
Euler’s equation: (1 + p)uPVgu® = — (gaﬁ + uo‘uﬁ)VQp
Continuity equation: Valpu®) =0
Equations of state: p = p(p), w=p(p)

Unperturbed body
The body’s structure is determined by the TOV equations.

Perturbed body
9aB = 9ap + 09as, p—p+p, u® = u® 4 ou®

A gauge condition is imposed on the metric perturbation.

All variables are expanded in (tensorial) spherical harmonics.
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Gravitoelectric tides

The field and fluid equations can be manipulated into a decoupled ODE
for hy*(r), defined by dgi = >, hy*(r) Y™ (0, ¢).

The equation is of the same general form as the Newtonian equation,

2pm
rdh +2th£

a2 r + Why

The internal solution is matched to the external solution

m o__ 2 el p2/+1 B( ) m
hiy =71 A(r)yr* +2k' R sy &
A(r) = regular at r = 2M, tends to 1 at r = oo

B(r) = singular at » = 2M, tends to 1 at = oo

This determines the gravitoelectric Love numbers k‘l?l.
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Gravitomagnetic tides

The field and fluid equations can be manipulated into a decoupled ODE
for j;*(r), defined by dgtg = >_,,,, 77" (1) 0sY,;™(0, ¢)/ sin(6).

The equation is again of the same general form as the Newtonian
equation.

The internal solution is matched to the external solution

m 2 ?
W= 3a=e |0 -
C(r) = regular at » = 2M, tends to 1 at r = oo

D(r) = singular at r = 2M, tends to 1 at r = co

€+]—kmagMR2£D()

¢ rl+1 an

This determines the gravitomagnetic Love numbers k,"*%.
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Gravitoelectric Love number: Polytropes
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Gravitoelectric Love number: Realistic equations of state

[Hinderer, Lackey, Lang, Read (2010)]
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Gravitomagnetic Love number: Polytopes
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Black hole

For a black hole, the metric perturbation must be regular at the horizon.

This requires the elimination of the decaying solutions in h}" and j;".

Love numbers of a black hole

k=0, k=0
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