
Astrophysics and Data Analysis 
Lecture 3: Data Analysis Techniques

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Searching for signals: 
Matched Filtering



Matched Filtering
❖ Many searches are based on the concept 

of matched filtering.

❖ Recall from lecture 1 that the optimal filter 
for a known signal is one that matches 
the signal in the Fourier domain, 
weighted by the noise PSD.

❖ In practice, signal is not known, so use a 
template bank of possible waveforms.

❖ IF a template in the bank matches a signal 
in the data, we can pull it out of the noise

+
K̃(f) =

h̃(f)

Sn(f)
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Likelihood
❖ Recall from first lecture our model for the detector output

❖ For stationary noise we have

❖ If we additionally assume the noise is Gaussian then we can write down a 
probability distribution for s(t)

❖ where

❖ For normalised templates, maximum likelihood correspond to matched filter.

s(t) = n(t) + h(t;~�)
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Linear Signal Approximation
❖ If we write 

❖ and expand

❖ we find

❖ where

❖ is the Fisher Information Matrix.

s(t) = n(t) + h(t;~�0)
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<latexit sha1_base64="nZRMITWp/XqkMNnbd608UH7078o=">AAACG3icdVDLSgMxFM3UV62vqks3wSIIQpkpYutCKOjCZQX7gM4wZDK3bWjmQZIplKH/4cZfceNCEVeCC//GtB2hvi4Ezj3nHm7u8WLOpDLNDyO3tLyyupZfL2xsbm3vFHf3WjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3vJzq7REIyaLwVo1jcALSD1mPUaI05RYr9giozbXBJ/gCL3SuiU9mfWpfAVcEZ/zELZbMsnV+ZlZr+DewyuasSiirhlt8s/2IJgGEinIiZdcyY+WkRChGOUwKdiIhJnRI+tDVMCQBSCed3TbBR5rxcS8S+oUKz9hFR0oCKceBpycDogbypzYl/9K6ierVnJSFcaIgpPNFvYRjFeFpUNhnAqjiYw0IFUz/FdMBEYQqHWdBh/B1Kf4ftCplSydzc1qq17M48ugAHaJjZKEqqqNr1EBNRNEdekBP6Nm4Nx6NF+N1PpozMs8++lbG+ycN/aDU</latexit><latexit sha1_base64="nZRMITWp/XqkMNnbd608UH7078o=">AAACG3icdVDLSgMxFM3UV62vqks3wSIIQpkpYutCKOjCZQX7gM4wZDK3bWjmQZIplKH/4cZfceNCEVeCC//GtB2hvi4Ezj3nHm7u8WLOpDLNDyO3tLyyupZfL2xsbm3vFHf3WjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3vJzq7REIyaLwVo1jcALSD1mPUaI05RYr9giozbXBJ/gCL3SuiU9mfWpfAVcEZ/zELZbMsnV+ZlZr+DewyuasSiirhlt8s/2IJgGEinIiZdcyY+WkRChGOUwKdiIhJnRI+tDVMCQBSCed3TbBR5rxcS8S+oUKz9hFR0oCKceBpycDogbypzYl/9K6ierVnJSFcaIgpPNFvYRjFeFpUNhnAqjiYw0IFUz/FdMBEYQqHWdBh/B1Kf4ftCplSydzc1qq17M48ugAHaJjZKEqqqNr1EBNRNEdekBP6Nm4Nx6NF+N1PpozMs8++lbG+ycN/aDU</latexit><latexit sha1_base64="nZRMITWp/XqkMNnbd608UH7078o=">AAACG3icdVDLSgMxFM3UV62vqks3wSIIQpkpYutCKOjCZQX7gM4wZDK3bWjmQZIplKH/4cZfceNCEVeCC//GtB2hvi4Ezj3nHm7u8WLOpDLNDyO3tLyyupZfL2xsbm3vFHf3WjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3vJzq7REIyaLwVo1jcALSD1mPUaI05RYr9giozbXBJ/gCL3SuiU9mfWpfAVcEZ/zELZbMsnV+ZlZr+DewyuasSiirhlt8s/2IJgGEinIiZdcyY+WkRChGOUwKdiIhJnRI+tDVMCQBSCed3TbBR5rxcS8S+oUKz9hFR0oCKceBpycDogbypzYl/9K6ierVnJSFcaIgpPNFvYRjFeFpUNhnAqjiYw0IFUz/FdMBEYQqHWdBh/B1Kf4ftCplSydzc1qq17M48ugAHaJjZKEqqqNr1EBNRNEdekBP6Nm4Nx6NF+N1PpozMs8++lbG+ycN/aDU</latexit><latexit sha1_base64="nZRMITWp/XqkMNnbd608UH7078o=">AAACG3icdVDLSgMxFM3UV62vqks3wSIIQpkpYutCKOjCZQX7gM4wZDK3bWjmQZIplKH/4cZfceNCEVeCC//GtB2hvi4Ezj3nHm7u8WLOpDLNDyO3tLyyupZfL2xsbm3vFHf3WjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3vJzq7REIyaLwVo1jcALSD1mPUaI05RYr9giozbXBJ/gCL3SuiU9mfWpfAVcEZ/zELZbMsnV+ZlZr+DewyuasSiirhlt8s/2IJgGEinIiZdcyY+WkRChGOUwKdiIhJnRI+tDVMCQBSCed3TbBR5rxcS8S+oUKz9hFR0oCKceBpycDogbypzYl/9K6ierVnJSFcaIgpPNFvYRjFeFpUNhnAqjiYw0IFUz/FdMBEYQqHWdBh/B1Kf4ftCplSydzc1qq17M48ugAHaJjZKEqqqNr1EBNRNEdekBP6Nm4Nx6NF+N1PpozMs8++lbG+ycN/aDU</latexit>
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Template Bank Construction
❖ Fisher matrix used to estimate precision of parameter estimation.

❖ Can also be used as a metric to construct a template bank satisfying a 
minimal match criterion

❖ Fisher Matrix metric not easy 
to use in higher dimensional 
parameter spaces. Now 
common to use stochastic banks.

❖ Can also do stochastic searches 
(MCMC) that generate 
templates on the fly.

min

htrue

max

htemp

(htrue|htemp) & 1�MM
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Waveform Consistency
❖ If we subtract the correct 

template the residual at 
each frequency should be 
Normally distributed.

❖ Hence the quantity

❖ follows a chi-squared 
distribution.

❖ Construct an effective SNR 
that penalises lack of fit

LVC, Phys. Rev. D 93, 122003 (2016)

�2 =
NX

k=1

|ŝk � ĥk|2

Sn(fk)
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⇢̂ =
⇢
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PSD Estimation
❖ Matched filter is noise-weighted. OK if you know the noise PSD, but in 

general we will not. For LIGO, estimate this using off-source data.

❖ In practice, use median of noise estimates, rather than the average. This 
is less sensitive to non-stationarities.

❖ No off-source data for LISA. Make progress by fitting noise and signal 
properties simultaneously - need reasonable noise model.

s0 = h+ n0
<latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit>
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<latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit>

s1 = n1
<latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit>
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<latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit>

s3 = n3
<latexit sha1_base64="16EX/Gi59zQ0KP8C8hlOHO7tyio=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqsyo2LoQCm5cVrAPaIeSSTNtaCYZk0yhDP0ONy4UcevHuPNvzLQVfB643MM595KbE8ScaeO6705uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0VXmt8ZUaSbFrZnE1I/wQLCQEWys5OteejpFl0hkvVcsuWXv4tytVNFv4pXdGUqwQL1XfOv2JUkiKgzhWOuO58bGT7EyjHA6LXQTTWNMRnhAO5YKHFHtp7Ojp+jIKn0USmVLGDRTv26kONJ6EgV2MsJmqH96mfiX10lMWPVTJuLEUEHmD4UJR0aiLAHUZ4oSwyeWYKKYvRWRIVaYGJtTwYbw+VP0P2melD2bzM1ZqVZbxJGHAziEY/CgAjW4hjo0gMAd3MMjPDlj58F5dl7mozlnsbMP3+C8fgBJnpHJ</latexit><latexit sha1_base64="16EX/Gi59zQ0KP8C8hlOHO7tyio=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqsyo2LoQCm5cVrAPaIeSSTNtaCYZk0yhDP0ONy4UcevHuPNvzLQVfB643MM595KbE8ScaeO6705uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0VXmt8ZUaSbFrZnE1I/wQLCQEWys5OteejpFl0hkvVcsuWXv4tytVNFv4pXdGUqwQL1XfOv2JUkiKgzhWOuO58bGT7EyjHA6LXQTTWNMRnhAO5YKHFHtp7Ojp+jIKn0USmVLGDRTv26kONJ6EgV2MsJmqH96mfiX10lMWPVTJuLEUEHmD4UJR0aiLAHUZ4oSwyeWYKKYvRWRIVaYGJtTwYbw+VP0P2melD2bzM1ZqVZbxJGHAziEY/CgAjW4hjo0gMAd3MMjPDlj58F5dl7mozlnsbMP3+C8fgBJnpHJ</latexit><latexit sha1_base64="16EX/Gi59zQ0KP8C8hlOHO7tyio=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqsyo2LoQCm5cVrAPaIeSSTNtaCYZk0yhDP0ONy4UcevHuPNvzLQVfB643MM595KbE8ScaeO6705uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0VXmt8ZUaSbFrZnE1I/wQLCQEWys5OteejpFl0hkvVcsuWXv4tytVNFv4pXdGUqwQL1XfOv2JUkiKgzhWOuO58bGT7EyjHA6LXQTTWNMRnhAO5YKHFHtp7Ojp+jIKn0USmVLGDRTv26kONJ6EgV2MsJmqH96mfiX10lMWPVTJuLEUEHmD4UJR0aiLAHUZ4oSwyeWYKKYvRWRIVaYGJtTwYbw+VP0P2melD2bzM1ZqVZbxJGHAziEY/CgAjW4hjo0gMAd3MMjPDlj58F5dl7mozlnsbMP3+C8fgBJnpHJ</latexit><latexit sha1_base64="16EX/Gi59zQ0KP8C8hlOHO7tyio=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqsyo2LoQCm5cVrAPaIeSSTNtaCYZk0yhDP0ONy4UcevHuPNvzLQVfB643MM595KbE8ScaeO6705uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0VXmt8ZUaSbFrZnE1I/wQLCQEWys5OteejpFl0hkvVcsuWXv4tytVNFv4pXdGUqwQL1XfOv2JUkiKgzhWOuO58bGT7EyjHA6LXQTTWNMRnhAO5YKHFHtp7Ojp+jIKn0USmVLGDRTv26kONJ6EgV2MsJmqH96mfiX10lMWPVTJuLEUEHmD4UJR0aiLAHUZ4oSwyeWYKKYvRWRIVaYGJtTwYbw+VP0P2melD2bzM1ZqVZbxJGHAziEY/CgAjW4hjo0gMAd3MMjPDlj58F5dl7mozlnsbMP3+C8fgBJnpHJ</latexit>
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Background Estimation
❖ Noise is not stationary or Gaussian and contains glitches, lines etc.

❖ Use frequentist techniques to characterise noise background properties
- process data in a way that eliminates signal but not noise
- for LIGO - time slide data from different detectors

- noise + signal coincidences are not background
- significance of events in tail, i.e., sources, is hard to estimate

S1

S2

S3



Phase and Time Parameters
❖ Certain parameters can be maximised over cheaply, e.g., unknown phase

❖ and unknown coalescence time

❖ This is the inverse Fourier transform of                                                         . 
Obtain overlap for all time offsets cheaply using a Fast Fourier 
Transform.

h(t;A, f0, tc,�0) = A cos(2⇡f0(t� tc) + �0)
<latexit sha1_base64="NTxpgu9nzgqBFLgFDUjTSZLuFsk="></latexit><latexit sha1_base64="NTxpgu9nzgqBFLgFDUjTSZLuFsk="></latexit><latexit sha1_base64="NTxpgu9nzgqBFLgFDUjTSZLuFsk="></latexit><latexit sha1_base64="NTxpgu9nzgqBFLgFDUjTSZLuFsk="></latexit>

max

�0

(s|h)2 = A2
�
(s|h(t;A, f0, tc, 0))

2
+ (s|h(t;A, f0, tc,�⇡/2))2

�
<latexit sha1_base64="1y22SXKz1OWfWWPoS+xS5ja5goI="></latexit><latexit sha1_base64="1y22SXKz1OWfWWPoS+xS5ja5goI="></latexit><latexit sha1_base64="1y22SXKz1OWfWWPoS+xS5ja5goI="></latexit><latexit sha1_base64="1y22SXKz1OWfWWPoS+xS5ja5goI="></latexit>

˜h(f ;A, f0, tc,�0) =
˜h(f ;A, f0, 0,�0) exp(�2⇡iftc)

<latexit sha1_base64="pHKtFKEjGxL6cgq8hlXdE55lCHM="></latexit><latexit sha1_base64="pHKtFKEjGxL6cgq8hlXdE55lCHM="></latexit><latexit sha1_base64="pHKtFKEjGxL6cgq8hlXdE55lCHM="></latexit><latexit sha1_base64="pHKtFKEjGxL6cgq8hlXdE55lCHM="></latexit>

s̃⇤(f)h̃(f ;A, f0, 0,�0)/Sn(f)
<latexit sha1_base64="UnkjxTMWdjfbZwdw5Yb3ZTI95Ds="></latexit><latexit sha1_base64="UnkjxTMWdjfbZwdw5Yb3ZTI95Ds="></latexit><latexit sha1_base64="UnkjxTMWdjfbZwdw5Yb3ZTI95Ds="></latexit><latexit sha1_base64="UnkjxTMWdjfbZwdw5Yb3ZTI95Ds="></latexit>

(s|h(t;A, f0, tc,�0)) = 2Re

Z 1

�1

s̃⇤(f)˜h(f ;A, f0, 0,�0)

Sn(f)
exp (�2⇡iftc) df
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LIGO Pipelines

❖ Two main matched filtering pipelines used in LIGO for compact binary 
coalescence searches.

❖ pycbc: constructs template bank of waveforms; computes chi-squared 
test for fit; uses effective SNR as a ranking statistic; background 
computed using time slides.

❖ gstLAL: constructs template bank of waveforms, then does SVD 
decomposition to form a signal basis; detection statistic is likelihood 
ratio for signal versus noise; waveform consistency assessed by 
comparing SNR time series to theory; time slides again used to assess 
background.
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Matched Filtering for LISA
❖ LISA sources are not isolated in time or frequency

- Every compact binary in the galaxy radiates in the LISA band continuously

- Typically, there will be a few SMBH merger signals per year, each of which lasts 
several months and has SNR~1000

- EMRI events last for the full mission lifetime, and there will be several 1000 of 
them (confusion noise + resolvable signals)
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them (confusion noise + resolvable signals)

LISA data stream containing all 
source types. Taken from LISA 
Mock Data Challenge Round 2 
“whole enchilada” data set.



Matched Filtering for LISA
❖ LISA sources are not isolated in time or frequency

- Every compact binary in the galaxy radiates in the LISA band continuously

- Typically, there will be a few SMBH merger signals per year, each of which lasts 
several months and has SNR~1000

- EMRI events last for the full mission lifetime, and there will be several 1000 of 
them (confusion noise + resolvable signals)

❖ Should fit simultaneously for all sources

- Use techniques such as Markov Chain Monte Carlo that can simultaneously fit an 
unknown number of sources of multiple types

❖ Cannot run multi-parameter fits on whole parameter space – need 
techniques to approximately identify the parameters of sources present 
to constrain MCMC.



Matched Filtering for LISA
❖ For LISA, various 

matched filtering 
methods were used in 
the context of the 
Mock LISA Data 
Challenges.

❖ For example, galactic 
binaries. Algorithms 
included gCLEAN, 
Slice and Dice (used F-
statistic), genetic 
algorithms, variants of 
MCMC including 
RJMCMC and BAM.



Matched Filtering for LISA
❖ Similar approaches successful for supermassive black hole binaries.

The Mock LISA Data Challenges: from Challenge 3 to Challenge 4 5

Table 1. Selected parameter errors, SNRs, and FFs for each group’s highest-
SNR entries to MLDC 3.2. The time of coalescence tc, spin magnitudes a1,2 and
luminosity distance D are defined in Table 7 of [7]; in addition, the (redshifted)
chirp mass Mc ≡ (m1m2)3/5/(m1 + m2)1/5, and the symmetric mass ratio
η = m1m2/(m1 + m2)2. ∆sky is the angular geodesic distance between the
estimated and true positions; values ∼ 180 deg correspond to the antipodal sky
location, a known quasi-degeneracy in the LISA response.

source group ∆Mc/Mc ∆η/η ∆tc ∆sky ∆a1 ∆a2 ∆D/D SNR FFA FFE

(SNRtrue) ×10−5 ×10−4 (sec) (deg) ×10−3 ×10−3 ×10−2

MBH-1 AEI 2.4 6.1 62.9 11.6 7.6 47.4 8.0 1657.71 0.9936 0.9914
(1670.58) CambAEI 3.4 40.7 24.8 2.0 8.5 79.6 0.7 1657.19 0.9925 0.9917

MTAPC 24.8 41.2 619.2 171.0 13.3 28.7 4.0 1669.97 0.9996 0.9997
JPL 40.5 186.6 23.0 26.9 39.4 66.1 6.9 1664.87 0.9972 0.9981

GSFC 1904.0 593.2 183.9 82.5 5.7 124.3 94.9 267.04 0.1827 0.1426

MBH-3 AEI 9.0 5.2 100.8 175.9 6.2 18.6 2.7 846.96 0.9995 0.9989
(847.61) CambAEI 13.5 57.4 138.9 179.0 21.3 7.2 1.5 847.04 0.9993 0.9993

MTAPC 333.0 234.1 615.7 80.2 71.6 177.2 16.1 842.96 0.9943 0.9945
JPL 153.0 51.4 356.8 11.2 187.7 414.9 2.7 835.73 0.9826 0.9898

GSFC 8168.4 2489.9 3276.9 77.9 316.3 69.9 95.6 218.05 0.2815 0.2314

MBH-4 AEI 4.5 75.2 31.4 0.1 47.1 173.6 9.1 160.05 0.9989 0.9994
(160.05) CambAEI 3.2 171.9 30.7 0.2 52.9 346.1 21.6 160.02 0.9991 0.9992

MTAPC 48.6 2861.0 5.8 7.3 33.1 321.1 33.0 149.98 0.8766 0.9352
JPL 302.6 262.0 289.3 4.0 47.6 184.5 28.3 158.34 0.8895 0.9925

GSFC 831.3 1589.2 1597.6 94.4 59.8 566.7 95.4 −45.53 −0.1725 −0.2937

MBH-2 AEI 1114.1 952.2 38160.8 171.1 331.7 409.0 15.3 20.54 0.9399 0.9469
(18.95) CambAEI 88.7 386.6 6139.7 172.4 210.8 130.7 24.4 20.36 0.9592 0.9697

MTAPC 128.6 45.8 16612.0 8.9 321.4 242.4 13.1 20.27 0.9228 0.9260
JPL 287.0 597.7 11015.7 11.8 375.3 146.3 9.9 18.69 0.9661 0.9709

MBH-6 AEI 1042.3 1235.6 82343.2 2.1 258.2 191.6 26.0 13.69 0.9288 0.9293
(12.82) CambAEI 5253.2 1598.8 953108.0 158.3 350.8 215.4 29.4 10.17 0.4018 0.4399

MTAPC 56608.7 296.7 180458.8 119.7 369.2 297.6 25.1 11.34 -0.0004 0.0016

coalescence are comparable to the Fisher-matrix predictions. The errors in sky position
are ∼ 10 deg, with strong local likelihood maxima at the antipodal sky position. Spin
amplitudes are determined very poorly; this reflects the fact that the spins are nearly
degenerate with other parameters in the low-frequency part of the waveforms.

Lang and Hughes [19] report that spin-induced modulations remove correlations
between parameters in Fisher-matrix computations, improving overall parameter
determination. However, here we observe that spin interactions also cause
nonlocal degeneracies in parameters space, especially so for spin and orbital–
angular-momentum angles. Further investigations are needed to determine which
phenomenon is stronger. Nevertheless, the entries to MLDC 3.2 demonstrate a solid
detection capability for spinning-binary inspirals, and a good recovery of most source
parameters.

4. Extreme–mass-ratio inspirals (MLDC 3.3)

Challenge dataset 3.3 contained five Barack–Cutler [20] EMRI signals immersed in
instrument noise (see [7] for details about the waveforms and the random choice of
parameters). In comparison to previous EMRI challenges, here participants had to
contend with multiple simultaneous sources, as well as weaker signals—the injected
SNRs varied between 20 and 37. Three groups submitted entries:



Matched Filtering for LISA
❖ Multi stage matched filtering approach used for EMRIs

Babak, JG & Porter (2009)



Searching for signals: 
Unmodelled/Excess power searches



Unmodelled Searches
❖ Detection of gravitational wave bursts relies on two 

techniques

- Coincidence analysis. As for stochastic background, combine 
data from multiple detectors. Likelihood of an instrumental 
artefact in two detectors simultaneously is small.

- Time-frequency analysis. Look for changes in spectral 
properties over time, e.g., excess power in a set of 
connected pixels.

❖ Basic idea: construct time-frequency spectrograms of 
the data, i.e., estimate power at each frequency and 
time. Use spectrograms at multiple resolutions to 
give sensitivity to different burst morphologies.

❖ Look for clusters of pixels coincident between 
instruments.
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Trigger 
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Unmodelled Searches: Coherent Wave Burst
❖ Combines spectrograms at multiple 

resolutions. Identifies pixel clusters.

❖ Uses various derived quantities to 
distinguish signals from noise artefacts, 
e.g., coherent and residual noise energies.

Layers
• Layers represent data transformed with 

different resolutions of the mother 
wavelet.

• Each layer has two bases to form a dual 
frame. 

• Whitened after divided to remove noise.
• Can be condensed down to one layer to 

combine across network.

[5] S. Klimenko, 21 January 2014, University of Florida, cWB Review. 17

Cluster Selection Process

•Identification of pixels based on energy level.
• After whitening, identify black pixels per layer
using threshold so only 1 of every n pixels 
(wavelets) is selected.
• Black pixel probability (bpp)

• Surrounding “halo” pixels used to form clusters.
• Consider a 5x5 matrix around black pixel.

• Wavelet layers then condensed to make super 
cluster.

18

• cc: network correlation 
coefficient
• Coherently compares events 
across detectors.
• Varies between 0 and 1.
• Higher values indicate higher 

coherency.
• Coherent Energy:

• Residual Noise Energy:

Network Correlation Coefficient

[1] M. Drago, 2010.

Background Simulation
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Unmodelled Searches: X-pipeline
❖ X-pipeline uses similar methods to CWB, 

but different implementation.

❖ Data is whitened and FFT’d at multiple 
resolutions. Data from different detectors is 
then summed to construct various energy 
measures.

❖ High energy (black) pixels are identified 
and clustered.

❖ Each event characterised by certain 
parameters - start time, peak time, 
duration, start frequency, peak frequency, 
bandwidth, number of pixels, energy 
measures, sky position, FFT length etc.

❖ Loop over sky positions and length of FFTs.
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Unmodelled Searches: X-pipeline
❖ Analysis is in two stages. 

Trigger generation, as 
described above, then post 
processing.

❖ Post processing involves 
rejecting background events 
based on event properties, and 
assessment of search efficiency.

❖ Rejection uses different 
combinations of energy 
measures, based on randomly 
selected training set of 
injections and time slides.
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❖ The BayesWave pipeline takes a slightly different approach to modelling 
the noise and signal components.

❖ The smooth noise PSD component is modelled using a cubic spline.

❖ Lines in the instrumental noise are modelled using Lorentzian functions.

❖ The remaining components of the data are modelled using wavelets, 
which resolve time series at particular times and frequencies. BayesWave 
uses the Morley-Gabor basis. 

❖ There is a coherent wavelet component for sources and incoherent 
components to represent glitches.

Unmodelled Searches: BayesWave

p(x; b,m) =
1

⇡

b

(x�m)2 + b

2
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❖ The BayesWave pipeline

❖ Decomposition of power - Lorentzian’s for lines, cubic spline for smooth 
component. Wavelets (Morlet-Gabor basis) for glitches and signals.
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Unmodelled Searches: BayesWave
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Unmodelled Searches: LISA
❖ Time-frequency methods were also applied for EMRI detection for LISA.

- Search for tracks in time-frequency spectrogram of data.

- Three algorithms tried - Excess Power, HACR, CATS. Estimate detection 
threshold at ~2Gpc. Good parameter recovery in MLDC, but likely to fail when 
presented with weak or confused sources.
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Unmodelled Searches: LISA
❖ Time-frequency methods were also applied for EMRI detection for LISA.

- Search for tracks in time-frequency spectrogram of data.

- Three algorithms tried - Excess Power, HACR, CATS. Estimate detection 
threshold at ~2Gpc. Good parameter recovery in MLDC, but likely to fail when 
presented with weak or confused sources.



Searching for signals: 
Semi-coherent methods



❖ First stage is coherent matched filtering of shorter (~2 week) waveform 
segments. Segment length set by computational limits.

❖ Second stage involves incoherent summation of maximized power along 
trajectories through the segments.

Semi-coherent searches: EMRIs



❖ First stage is coherent matched filtering of shorter (~2 week) waveform 
segments. Segment length set by computational limits.

❖ Second stage involves incoherent summation of maximized power along 
trajectories through the segments.

❖ Performance analysed theoretically to derive estimated EMRI event 
rates. Computational cost has prevented practical implementation.

Semi-coherent searches: EMRIs



Semi-coherent searches: pulsars

❖ LIGO unknown pulsar search also uses semi-coherent techniques.

❖ Stack-Slide algorithm is very similar to EMRI algorithm described above.

❖ Hough Transform applies the Hough Transform, a well-established 
technique for detecting simple shapes (edges) in an image, to the output 
of the coherent stage of the search.

❖ Requires a huge amount of computer power - Einstein@home.



❖ In the spirit of Seti@home, Einstein@Home is an attempt to use idle cpu 
hours to analyse LIGO data and assist with the unknown pulsar search. 
You can sign up at http://einstein.phys.uwm.edu/ !

❖ The program is built on BOINC (Berkeley Open Infrastructure for 
Network Computing) and was released in 2005 to coincide with the 
World Year of Physics.

❖ Each computer analyses a different segment of data for a particular sky 
position. Each data segment is farmed out to at least two nodes to 
ensure accuracy.

❖ Einstein@Home currently has approximately 500,000 active users and a 
total of 5GFLOPs computing power. 

❖ No gravitational waves discovered from pulsars, but has identified 
unknown pulsars in other data sets.
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Searching for signals: 
Backgrounds



Stochastic Gravitational Wave Fore/Backgrounds

❖ Stochastic backgrounds are potentially present in all frequency bands, 
and could therefore be seen by any of our gravitational wave detectors.

❖ The Polarisation of the Cosmic Microwave Background is a direct probe 
of cosmological gravitational waves.

❖ In interferometers, search for an isotropic background using cross-
correlation between multiple detectors to identify common noise.

YQ =

Z T

0
dt1

Z T

0
dt2 h1(t1)Q(t1 � t2)h2(t2)

=

Z 1

�1
df

Z 1

�1
df 0�T (f � f 0)h̃⇤

1(f)Q(f 0)h̃2(f
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❖ In the preceding equation,            denotes a finite time approximation to 
the Dirac delta function

❖ and           denotes the cross-correlation filter. If the noise in the detectors 
is uncorrelated, the expectation value of   depends only on the cross-
correlated stochastic signal

❖ The function             is the overlap reduction function, which measures the 
loss of sensitivity due to the separation and relative orientation of the 
two detectors. The SNR is maximized by using the optimal filter

Stochastic Gravitational Wave Fore/Backgrounds

�T (f)
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�T (f) ⌘
Z T/2

�T/2
e�2⇡iftdt = sin(⇡fT )/⇡f

<latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit>

Q(t)
<latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit>

hYQi = µ =
T

2

Z 1

�1
�(|f |)Sgw(|f |)Q̃(f) df

<latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit>

�(|f |)
<latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit>

Q̃(f) / �(|f |)Sgw(|f |)
S1(|f |)S2(|f |)

/ �(|f |)⌦gw(|f |)
|f |3S1(|f |)S2(|f |)

<latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit>



❖ In the preceding equation,            denotes a finite time approximation to 
the Dirac delta function

❖ and           denotes the cross-correlation filter. If the noise in the detectors 
is uncorrelated, the expectation value of   depends only on the cross-
correlated stochastic signal

❖ The function             is the overlap reduction function, which measures the 
loss of sensitivity due to the separation and relative orientation of the 
two detectors. The SNR is maximized by using the optimal filter

Stochastic Gravitational Wave Fore/Backgrounds

�T (f)
<latexit sha1_base64="bLL5qMHlPfmPFCGdVr6vA4StltI=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMQL2FXxMRbwIvHCEkMbJYwOzubDJmdWWZ6hbDkM7x4UMSrX+PNv3HyEHwWNBRV3XR3hangBlz33SmsrK6tbxQ3S1vbO7t75f2DrlGZpqxDlVC6FxLDBJesAxwE66WakSQU7DYcX8382zumDVeyDZOUBQkZSh5zSsBKfj9iAsigXY1PB+WKW/MuL9x6A/8mXs2do4KWaA3Kb/1I0SxhEqggxviem0KQEw2cCjYt9TPDUkLHZMh8SyVJmAny+clTfGKVCMdK25KA5+rXiZwkxkyS0HYmBEbmpzcT//L8DOJGkHOZZsAkXSyKM4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLIhfH6K/yfds5pnk7k5rzSbyziK6AgdoyryUB010TVqoQ6iSKF79IieHHAenGfnZdFacJYzh+gbnNcPBDKREw==</latexit><latexit sha1_base64="bLL5qMHlPfmPFCGdVr6vA4StltI=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMQL2FXxMRbwIvHCEkMbJYwOzubDJmdWWZ6hbDkM7x4UMSrX+PNv3HyEHwWNBRV3XR3hangBlz33SmsrK6tbxQ3S1vbO7t75f2DrlGZpqxDlVC6FxLDBJesAxwE66WakSQU7DYcX8382zumDVeyDZOUBQkZSh5zSsBKfj9iAsigXY1PB+WKW/MuL9x6A/8mXs2do4KWaA3Kb/1I0SxhEqggxviem0KQEw2cCjYt9TPDUkLHZMh8SyVJmAny+clTfGKVCMdK25KA5+rXiZwkxkyS0HYmBEbmpzcT//L8DOJGkHOZZsAkXSyKM4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLIhfH6K/yfds5pnk7k5rzSbyziK6AgdoyryUB010TVqoQ6iSKF79IieHHAenGfnZdFacJYzh+gbnNcPBDKREw==</latexit><latexit sha1_base64="bLL5qMHlPfmPFCGdVr6vA4StltI=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMQL2FXxMRbwIvHCEkMbJYwOzubDJmdWWZ6hbDkM7x4UMSrX+PNv3HyEHwWNBRV3XR3hangBlz33SmsrK6tbxQ3S1vbO7t75f2DrlGZpqxDlVC6FxLDBJesAxwE66WakSQU7DYcX8382zumDVeyDZOUBQkZSh5zSsBKfj9iAsigXY1PB+WKW/MuL9x6A/8mXs2do4KWaA3Kb/1I0SxhEqggxviem0KQEw2cCjYt9TPDUkLHZMh8SyVJmAny+clTfGKVCMdK25KA5+rXiZwkxkyS0HYmBEbmpzcT//L8DOJGkHOZZsAkXSyKM4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLIhfH6K/yfds5pnk7k5rzSbyziK6AgdoyryUB010TVqoQ6iSKF79IieHHAenGfnZdFacJYzh+gbnNcPBDKREw==</latexit><latexit sha1_base64="bLL5qMHlPfmPFCGdVr6vA4StltI=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMQL2FXxMRbwIvHCEkMbJYwOzubDJmdWWZ6hbDkM7x4UMSrX+PNv3HyEHwWNBRV3XR3hangBlz33SmsrK6tbxQ3S1vbO7t75f2DrlGZpqxDlVC6FxLDBJesAxwE66WakSQU7DYcX8382zumDVeyDZOUBQkZSh5zSsBKfj9iAsigXY1PB+WKW/MuL9x6A/8mXs2do4KWaA3Kb/1I0SxhEqggxviem0KQEw2cCjYt9TPDUkLHZMh8SyVJmAny+clTfGKVCMdK25KA5+rXiZwkxkyS0HYmBEbmpzcT//L8DOJGkHOZZsAkXSyKM4FB4dn/OOKaURATSwjV3N6K6YhoQsGmVLIhfH6K/yfds5pnk7k5rzSbyziK6AgdoyryUB010TVqoQ6iSKF79IieHHAenGfnZdFacJYzh+gbnNcPBDKREw==</latexit>

�T (f) ⌘
Z T/2

�T/2
e�2⇡iftdt = sin(⇡fT )/⇡f

<latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit><latexit sha1_base64="00t+pCo/HfpLh6/8CLbplfdpeV8="></latexit>

Q(t)
<latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit><latexit sha1_base64="z80XzWk6kVHnIIsfWCyxesjtKpY=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoMQL2FXxMRbwIvHBEwMJEuYnUySITO7y0yvEJb8ghcPinj1h7z5N84mEXwWNBRV3XR3BbEUBl333cmtrK6tb+Q3C1vbO7t7xf2DtokSzXiLRTLSnYAaLkXIWyhQ8k6sOVWB5LfB5Crzb++4NiIKb3Aac1/RUSiGglHMpGYZT/vFklvxLi/cao38Jl7FnaMESzT6xbfeIGKJ4iEySY3pem6Mfko1Cib5rNBLDI8pm9AR71oaUsWNn85vnZETqwzIMNK2QiRz9etESpUxUxXYTkVxbH56mfiX101wWPNTEcYJ8pAtFg0TSTAi2eNkIDRnKKeWUKaFvZWwMdWUoY2nYEP4/JT8T9pnFc8m0zwv1evLOPJwBMdQBg+qUIdraEALGIzhHh7hyVHOg/PsvCxac85y5hC+wXn9AMwUjhM=</latexit>

hYQi = µ =
T

2

Z 1

�1
�(|f |)Sgw(|f |)Q̃(f) df

<latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit><latexit sha1_base64="UYhss08CBQc7aF8WCCbrag1WrVs="></latexit>

�(|f |)
<latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit><latexit sha1_base64="iT5hEVfNZ3f5QMlk4rKqium9GZQ=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDES5gRMfEW8OIxglkgM4SaTk/SpLtn6O4RwiS/4cWDIl79GW/+jZ1FcH1Q8Hiviqp6YcKZNq777uRWVtfWN/Kbha3tnd294v5BS8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscXc389h1VmsXy1owTGggYSBYxAsZKvj8AIaA8iSanuFcsuRXv8sKt1vBv4lXcOUpoiUav+Ob3Y5IKKg3hoHXXcxMTZKAMI5xOC36qaQJkBAPatVSCoDrI5jdP8YlV+jiKlS1p8Fz9OpGB0HosQtspwAz1T28m/uV1UxPVgozJJDVUksWiKOXYxHgWAO4zRYnhY0uAKGZvxWQICoixMRVsCJ+f4v9J66zi2WRuzkv1+jKOPDpCx6iMPFRFdXSNGqiJCErQPXpET07qPDjPzsuiNecsZw7RNzivH7u2kXs=</latexit>

Q̃(f) / �(|f |)Sgw(|f |)
S1(|f |)S2(|f |)

/ �(|f |)⌦gw(|f |)
|f |3S1(|f |)S2(|f |)

<latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit><latexit sha1_base64="wCw2aY+XjnYQTn0xvww2MCGP8Aw="></latexit>



❖ For pulsar timing, the overlap reduction function for an isotropic 
background is the Hellings and Downs curve.

Stochastic Gravitational Wave Fore/Backgrounds



❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.

Stochastic Gravitational Wave Fore/Backgrounds
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❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.

Stochastic Gravitational Wave Fore/Backgrounds
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❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.

Stochastic Gravitational Wave Fore/Backgrounds
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❖ Best published result from a LIGO/ALLEGRO cross-correlation search in 
the frequency range 850-950Hz was a 90% confidence limit of                               

❖ This corresponds to a GW strain at 915Hz of                               .

❖ Can also search for anisotropic and non-Gaussian backgrounds

- Popcorn noise. If the duration of a background source is short compared to the 
average time between events, the Central Limit Theorem can no longer guarantee 
the noise is Gaussian.

- Periodic noise. If the sources are anisotropic on the sky, e.g., a dipole anisotropy, a 
galactic disk population or a galactic halo population, we expect to see the 
background amplitude to vary harmonically with the detector’s motion.

❖ In each case, can still use cross-correlation, but optimal filter now depends 
on type of noise source.

Stochastic Gravitational Wave Fore/Backgrounds

h2
100⌦w(f)  0.53
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Parameter Estimation



Bayes Theorem
❖ Recall definition of conditional probability:

❖ Rearranging, we obtain Bayes’ Theorem:

❖ This is mathematically exact, but can be used in an approximate way for inference

- p(A) — prior belief about state of the Universe, “A”;

- p(B|A) — likelihood of seeing data “B” if the state is “A”;

- p(A|B) — posterior belief on the state of the Universe after collecting data;

- p(B) — “evidence” for your model (a normalising constant).

p(A|B) =
p(B|A)p(A)

p(B)

p(A|B) =
p(A \B)

p(B)



Sampling posterior distributions

❖ Typically, “A” will be a statement about the parameters of some model, 
M; “B” will be the observed data. The statement of Bayes theorem then 
becomes

❖ We want to compute the posterior distribution,                      , for the 
model parameters based on the observed data.

❖ Simplest approach: evaluate the posterior on a grid in parameter space.

❖ But: not very efficient in high-dimensional parameter spaces.

p(~✓|d,M) =
p(d|~✓,M)p(~✓|M)

p(d|M)
p(~✓|d,M)



Sampling posterior distributions

❖ Alternative: stochastic approach. Generate a sequence of samples, 

❖ Integrals over the posterior distribution can then be evaluated using a 
sum over the samples

{~✓1, . . . , ~✓N |~✓i ⇠ p(~✓|d,M)}

Z
f(~✓) p(~✓|d,M) dn✓ ⇡ 1

N

NX

i=1

f(~✓i)



Markov Chain Monte Carlo

❖ Such a sequence of samples can be constructed by generating a 
reversible Markov chain with stationary distribution equal to the target 
distribution.

❖ Such a Markov chain must satisfy detailed balance

❖ In which 

❖ and            denotes the target distribution, in our case                       . 

p(~✓) p(~✓, ~✓0) = p(~✓0) p(~✓0, ~✓)

p(~✓, ~✓0) = p(~✓i = ~✓0|~✓i�1 = ~✓)

p(~✓) p(~✓|d,M)



Metropolis Hastings Algorithm
❖ The Metropolis-Hastings algorithm provides one way to compute a 

Markov chain with these properties.

❖ We initialise by choosing a (random) starting point. Then, at step i: 

- propose a new point,      ,  by  drawing  from  a   proposal 
distribution,                .

- evaluate the target distribution at the new point. Compute the 
Metropolis-Hastings ratio

- and draw a random sample,    , from a U[0,1] distribution. If           
set                  , otherwise set                   . NB if              the proposed 
move is definitely accepted.

q(~✓0, ~✓i)

~✓0

~✓i+1 = ~✓0 ~✓i+1 = ~✓i

↵ ↵ < H
H > 1

H =
p(~✓0)q(~✓i, ~✓0)

p(~✓i)q(~✓0, ~✓i)



Proposal Distributions
❖ Sampling efficiency strongly 

influenced by choice of proposal 
distribution.

❖ Uniform proposal (random 
sampling) very inefficient - better 
to use a grid.

❖ Ideally want a proposal tuned to 
the distribution you are sampling.

❖ Gaussian a good choice, but need 
to tune width.
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influenced by choice of proposal 
distribution.

❖ Uniform proposal (random 
sampling) very inefficient - better 
to use a grid.

❖ Ideally want a proposal tuned to 
the distribution you are sampling.
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Proposal Distributions
❖ Sampling efficiency strongly 

influenced by choice of proposal 
distribution.

❖ Uniform proposal (random 
sampling) very inefficient - better 
to use a grid.

❖ Ideally want a proposal tuned to 
the distribution you are sampling.

❖ Gaussian a good choice, but need 
to tune width.

❖ too wide: low acceptance rate;

❖ too narrow: high acceptance 
rate; low effective samples.
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Annealing
❖ One way to accelerate convergence 

is to use simulated annealing. 

❖ “Heat up” posterior by making the 
replacement

❖ where

❖ Choosing a high temperature 
smoothes out the posterior which 
can then be more easily sampled.

❖ Allows identification of interesting 
parts of parameter space.

-4 -2  0  2  4
x

kT = 1
kT = 2
kT = 5

kT = 10

� =
1

kT

p(~✓|d,M) !
h
p(~✓|d,M)

i�



Annealing
❖ It is common to use parallel tempering. A sequence of M MCMC chains 

are run simultaneously at different temperatures, {T1, …, TM}.

❖ The chains can exchange information, which is achieved by proposing a 
swap of the states of two chains with different temperatures. The swap 
is accepted with probability

❖ where i, j label the two temperature chains,      denotes the current state 
of the k’th chain and             denotes the target (annealed) distribution 
for the k’th chain.

min

 
1,

pi(~✓j) pj(~✓i)

pi(~✓i) pj(~✓j)

!

pk(~✓)
~✓k



Burn-in
❖ The MCMC chain does not sample 

from the target distribution 
immediately.

❖ There is a residual “memory” of 
the initial state. Need to discard 
the first few samples.

❖ This is called the burn-in.

❖ Can identify number of samples to 
discard by looking at trace plots.

❖ Usually a few hundred to a 
thousand samples is sufficient for 
burn-in.
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Autocorrelation and Effective sample size
❖ Consecutive samples in the MCMC chain are not independent samples 

from the target distribution.

❖ Can use all samples for posterior inference but do need to know how 
many independent samples the chain contains in order to assess the 
precision of inferences.

❖ Compute the (lag-k) autocorrelation

❖ where x now denotes one of the components of    . Choose k=K large 
enough that                  . Effective sample size is                 . Can “thin” 
chain by keeping only every K’th sample without affecting accuracy of 
posterior inference.

⇢k =

PN�k
i=1 (xi � x̄)(xi+k � x̄)

PN
i=1(xi � x̄)2

~✓
⇢k << 1 ⇠ N/K



Diagnostics
❖ There are various techniques to diagnose the quality of results from a 

given MCMC run.

❖ compute acceptance rate, i.e., fraction of proposed points that are 
accepted. Acceptance rate ~25% is optimal.

❖ look at one and two dimensional posterior distributions — do they 
look smooth and well sampled?

❖ look at trace plots — is the chain moving back and forth or 
unidirectionally?

❖ run multiple MCMC chains starting at different points. Do they give 
consistent results?

❖ use Gelman-Rubin convergence diagnostic.



❖ Run m (at least 2) chains and discard first half of samples from each.

❖ Calculate the within-chain variance

❖ Calculate the between-chain variance

❖ Calculate the estimated variance of a given parameter

❖ Calculate the potential scale-reduction factor

❖ If R is greater than ~1.1 or 1.2, need to run chains for longer.

Gelman-Rubin convergence diagnostic
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Convergence diagnostics: GW150914



Examples of Parameter Posteriors
two. The inferred component masses are shown in Fig. 2.
The formof the two-dimensional distribution is guidedby the
combination of constraints on M and M. The binary was
composed of two black holeswithmassesm1 ¼ 31.2þ8.4

−6.0M⊙
and m2 ¼ 19.4þ5.3

−5.9M⊙; these merged into a final black hole
of mass 48.7þ5.7

−4.6M⊙. This binary ranks second, behind
GW150914’s source [5,37], as themost massive stellar-mass
binary black hole system observed to date.
The black hole spins play a subdominant role in the

orbital evolution of the binary, and are more difficult to
determine. The orientations of the spins evolve due to
precession [62,63], and we report results at a point in the
inspiral corresponding to a gravitational-wave frequency of
20 Hz [37]. The effective inspiral spin parameter χeff ¼
ðm1a1 cos θLS1 þm2a2 cos θLS2Þ=M is the most important
spin combination for setting the properties of the inspiral
[64–66] and remains important through to merger [67–71];
it is approximately constant throughout the orbital evolu-
tion [72,73]. Here θLSi ¼ cos−1ðL̂ · ŜiÞ is the tilt angle
between the spin Si and the orbital angular momentum L,
which ranges from 0° (spin aligned with orbital angular
momentum) to 180° (spin antialigned); ai ¼ jcSi=Gm2

i j is
the (dimensionless) spin magnitude, which ranges from 0 to
1, and i ¼ 1 for the primary black hole and i ¼ 2 for the
secondary. We use the Newtonian angular momentum for
L, such that it is normal to the orbital plane; the total orbital
angular momentum differs from this because of post-
Newtonian corrections. We infer that χeff ¼ −0.12þ0.21

−0.30 .
Similarly to GW150914 [5,37,44], χeff is close to zero with
a preference towards being negative: the probability that
χeff < 0 is 0.82. Our measurements therefore disfavor a
large total spin positively aligned with the orbital angular
momentum, but do not exclude zero spins.
The in-plane components of the spin control the amount

of precession of the orbit [62]. This may be quantified by
the effective precession spin parameter χp which ranges
from 0 (no precession) to 1 (maximal precession) [39].
Figure 3 (top) shows the posterior probability density for
χeff and χp [39]. We gain some information on χeff ,
excluding large positive values, but, as for previous events
[3,5,37], the χp posterior is dominated by the prior (see
Sec. III of the Supplemental Material [11]). No meaningful
constraints can be placed on the magnitudes of the in-plane
spin components and hence precession.
The inferred component spin magnitudes and orienta-

tions are shown in Fig. 3 (bottom). The lack of constraints
on the in-plane spin components means that we learn
almost nothing about the spin magnitudes. The secondary’s
spin is less well constrained as the less massive component
has a smaller impact on the signal. The probability that the
tilt θLSi is less than 45° is 0.04 for the primary black hole
and 0.08 for the secondary, whereas the prior probability is
0.15 for each. Considering the two spins together, the
probability that both tilt angles are less than 90° is 0.05.

FIG. 3. Top: Posterior probability density for the effective
inspiral and precession spin parameters, χeff and χp. The
one-dimensional distributions show the posteriors for the two
waveform models, their average (black), and the prior distribu-
tions (green). The dashed lines mark the 90% credible interval for
the average posterior. The two-dimensional plot shows the 50%
and 90% credible regions plotted over the posterior density
function. Bottom: Posterior probabilities for the dimensionless
component spins, cS1=ðGm2

1Þ and cS2=ðGm2
2Þ, relative to the

normal of the orbital plane L̂. The tilt angles are 0° for spins
aligned with the orbital angular momentum and 180° for spins
antialigned. The probabilities are marginalized over the azimuthal
angles. The pixels have equal prior probability (1.6 × 10−3);
they are spaced linearly in spin magnitudes and the cosine
of the tilt angles. Results are given at a gravitational-wave
frequency of 20 Hz.
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Examples of Parameter Posteriors

low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
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Hierarchical Models
❖ To infer population properties, we can use 

hierarchical models.

❖ Parameter prior for individual events 
depends on further parameters that 
characterise the population.

❖ Construct combined posteriors from which 
inference on either individual events or 
populations can be derived.

❖ Models can quickly get complicated! 
Simplify by imposing conditional 
independence structure, e.g.,                
p(x,y,z) = p(x|z) p(y|z) p(z).

Hierarchical Models

Bayesian models can get complex quickly, with many 
interdependencies between variables.

A hierarchical model is a simplification of the most general 
possible model where all parameters are potentially 
interdependent.

● If p(x,y,z) = p(x|z)p(y|z)p(z) :   x and y are conditionally 
independent given z

● In this sense x and y are lower in the hierarchy than z
● Break problems down into manageable chunks

Networks of conditional independence can be visualised as 
graphs. An aid to comprehension and also calculation (YMMV)

Discussion topics: Applications, implementations, ...

“In solving a problem of this sort, the grand thing is to be able to reason 
backwards…. Most people, if you describe a train of events to them, will 
tell you what the result would be. They can put those events together in 
their minds, and argue from them that something will come to pass. 
There are few people, however, who, if you told them a result, would be 
able to evolve from their own inner consciousness what the steps were 
which led up to that result.” --- Sherlock Holmes, A Study in Scarlet
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FIG. 9. The posterior density on the rate of GW150914-like BBH,
LVT151012-like BBH, and GW151226-like BBH mergers. The
event based rate is the sum of these. The median and 90% credi-
ble levels are given in Table II.
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FIG. 10. The posterior density on the rate of BBH mergers. The
curves represent the posterior assuming that BBH masses are dis-
tributed flat in log(m1)-log(m2) (Flat), match the properties of the
observed events (Event Based), or are distributed as a power law in
m1 (Power Law). The posterior median rates and symmetric 90%
symmetric credible intervals are given in Table II.

signals (rather than two) in three times as much data. Further-

FIG. 11. The posterior distribution for a in Eq. (7) using the in-
ferred masses for our three most significant triggers, GW150914,
LVT151012, and GW151226. The vertical line indicates the value of
a = 2.35 that corresponds to the power law mass distribution used to
infer the rate of BBH coalescence. This value is fully consistent with
the posterior, which allows a broad range of possible values with a
median and 90% credible interval of a = 2.5+1.5

�1.6.

more, due to the observation of an additional highly signifi-
cant signal GW151226, the uncertainty in rates has reduced.
In particular, the 90% range of allowed rates has been updated
to 9–240Gpc�3 yr�1, where the lower limit comes from the
flat in log mass population and the upper limit from the power
law population distribution.

With three significant triggers, GW150914, LVT151012,
and GW151226, all of astrophysical origin to high probabil-
ity, we can begin to constrain the mass distribution of coa-
lescing BBHs. Here we present a simple, parametrized fit to
the mass distribution using these triggers; a non-parametric
method that can fit general mass distributions will be pre-
sented in future work. Our methodology is described more
fully in Appendix D.

We assume that the distribution of black hole masses in co-
alescing binaries follows

p(m1) µ m�a

1 , (7)

with Mmin  m2  m1 and m1 +m2  100M�, and a uniform
distribution on the secondary mass between Mmin = 5M� and
m1. With a = 2.35, this mass distribution is the power law
distribution used in our rate estimation. Our choice of Mmin
is driven by a desire to incorporate nearly all the posterior
samples from GW151226 and because there is some evidence
from electromagnetic observations for a minimum black hole
(BH) mass near 5M� [82, 141] (but see [84]).

We use a hierarchical analysis [141–144] to infer a from
the properties of the three significant events — GW150914,
GW151226 and LVT151012 — where all three are treated
equally and we properly incorporate parameter-estimation un-
certainty on the masses of each system. Our inferred posterior
on a is shown in Fig. 11. The value a = 2.35, corresponding
to the power law mass distribution used above to infer rates
lies near the peak of the posterior, and the median and broad
90% credible interval is

a = 2.5+1.5
�1.6 . (8)

LVC, Astrophys. J. Lett. 833, 1 (2016)



Reversible Jump MCMC
❖ Often the number of sources in the data set is also unknown. 

❖ Reversible Jump Markov Chain Monte Carlo is a technique applied in such 
situations, by periodically proposing jumps between models. In GW 
applications these normally correspond to different numbers of events.

❖ Represent a proposed move by tuples (x, u) and (x’, u’). Here x and x’ 
denote the parameters of the current and proposed state (which may 
have different numbers of dimensions) and u, u’ are sets of random 
numbers that lead to a proposed move from x to x’ and back.

❖ Generalisation of acceptance ratio is

↵ = min

✓
1,

p(x0)q(u0)

p(x)q(u)

����
@(x0,u0)

@(x,u)

����

◆
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Product Space MCMC
❖ An alternative to RJMCMC is to use 

standard MCMC but with an extended 
parameter space

❖ K is the current parameter space 
dimension, i.e., number of sources.

❖ Parameter values with k > K are varied but 
do not contribute to the likelihood.

❖ Method can be more efficient than 
RJMCMC.

n

~�1,~�2, . . . ,~�k . . . ,~�M ,K
o
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Figure 3. Submodel Bayes factors B

m
0 (B0

0 = 0 by definition) for regular and product-space nested sampling with sinusoidal toy data x0000 (SNR ⇢ = 10).
Both methods have Nlive = 2500; regular nested sampling takes 4.2 ⇥ 107 likelihood calls in total, while product-space nested sampling takes 2.7 ⇥ 106 calls.

two methods to achieve the same�
P

. The other P���C���� runtime
parameter is set as Nrep = 30, which has been chosen empirically
to ensure the convergence of regular evidence estimates.

It is also instructive to study how regular and product-space
nested sampling perform on the penultimate step in the evaluation
of PmodGR

GR , i.e. the individual submodel Bayes factors Bm

0 . Figure
3 shows the Bm

0 and associated errors that are obtained from the
two methods with Nlive = 2500, for the GR data x0000. The Occam
penalty on model complexity is clearly observed in both sets of
results, as the relative evidence for each submodel decreases with
the number of parameters it contains. However, the product-space
method appears to systematically give Bayes factors that are more
pronounced (negative), and in tension with the regular results. This
is likely because the entire hypermodel space is explored with the
same number of live points allocated to each submodel space in the
regular method, leading to a slight degree of sampling bias. The
Bayes factor errors for both methods are nevertheless comparable,
since the errors on a posterior over m are smaller than those on
submodel evidence evaluations (as discussed in Section 3.5).

In Figure 4, the error �
P

of PmodGR
GR for the two data sets

x0000 and x0010 is plotted against the number of likelihood calls
for a sequence of regular and product-space nested-sampling runs
with 100 6 Nlive 6 2500. Both the rethreading and repetition
error estimates for the product-space method are included; they are
seen to agree well, with the latter showing more scatter (since they
are computed from only 50 evaluations of PmodGR

GR , as opposed
to 103 realisations in the rethreading technique). The rethreading
error estimates are further validated through a reduced chi-squared
test against the sample mean µ of PmodGR

GR in Figure 5, where �2 =Õ
i

(P
i

�µ)2/(12�2
P

) ⇡ 1 for both data sets. We also find µ0000 ⇠ �1
in the GR case and µ0010 ⇠ 1 in the B3 case, which is by design
from our choices of SNR and ✏3 for the synthetic data.

For both data sets, it is clear that product-space nested sampling
is e�ective at reducing the computational cost required to reach
a given level of precision (or alternatively, at providing greater
precision with a given number of likelihood calls). In the GR case,
the average gain in e�ciency (i.e. the mean horizontal distance
between the blue and green curves in Figure 4) is a factor of around
24. Furthermore, as the likelihood surface over the hypermodel
space is less complex for x0000, nested sampling explores it nearly
as e�ciently as each of the 16 submodel spaces. This is seen by

(a) Data x0000

(b) Data x0010

Figure 4. Error �P of PmodGR
GR for (a) GR data x0000 and (b) B3 data

x0010. Regular nested sampling (blue) is compared to product-space nested
sampling with error estimates from single-run rethreading (green) and 50
repeated runs (red, dashed). Grey dotted lines indicate regular and product-
space (rethreading) runs of equal Nlive, ranging from 100 to 2500.
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Bayesian Evidence Calculation
❖ The denominator in Bayes’ theorem is the Bayesian Evidence.

❖ This is the probability that the observed data d would be generated by 
model M. If we have competing models we can use the evidence for 
model selection by computing the posterior odds.

p(~✓|d,M) =
p(d|~✓,M)p(~✓|M)

p(d|M)

p(M1|d)
p(M2|d)

=
p(d|M1)

p(d|M2)

p(M1)

p(M2)
=

Z1

Z2

p(M1)

p(M2)
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Bayesian Evidence Calculation
❖ The Bayesian Evidence is an integral over the model parameter space

❖ This can be rewritten as

❖ which is an integral over the posterior and so can be calculated from 
MCMC samples via

❖ This is very unstable numerically, due to low number of samples in tails.

1

Zi
=

Z
1

pi(d|~�)
pi(~�)pi(d|~�)

Zi
d~�
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Zi = p(d|Mi) =

Z
pi(~�)pi(d|~�) d~�
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1

Zi
=

X

k

1

pi(d|~�k)
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Nested Sampling
❖ Nested Sampling (Skilling 04) provides an efficient way to compute evidences, 

using a 1D integral over the prior

❖ Use N ‘live points’, initially chosen at random from the prior. At step i, the point 
of lowest likelihood,     , is replaced by a new point with likelihood               . The 
prior volume is reduced by a factor   , drawn from                             , at each step. 
We climb through nested contours of increasing likelihood as the algorithm 
proceeds.

Z =
�
L(�)⇥(�)dN� =

� 1

0
L(X)dX, where X(�) =

�

L(�)>�
⇥(�)dN�

Li L > Li
t p(t) = NtN�1



❖ The trick is to sample efficiently from the prior within the hard constraint 
that               . MultiNest achieves this using an ellipsoidal rejection 
sampling scheme. The live point set is partitioned into a number of 
(possibly overlapping) ellipsoids.

❖ The algorithm is well suited to exploring likelihoods with multiple modes.

❖ Although designed to compute the evidence, MultiNest also returns the 
posterior probability distribution.

MultiNest
L > Li



MultiNest



MultiNest for GWs
❖ MultiNest widely used in 

astrophysics and other fields.

❖ There have been a number of 
applications to gravitational wave 
detection. For example, cosmic 
string detection in the Mock LISA 
Data Challenges.

❖ Identified correct number of signals 
(3), and recovered waveforms with 
better than 99% overlap in all cases.
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MultiNest for GWs
❖ MultiNest widely used in 

astrophysics and other fields.

❖ There have been a number of 
applications to gravitational wave 
detection. For example, cosmic 
string detection in the Mock LISA 
Data Challenges.

❖ Identified correct number of signals 
(3), and recovered waveforms with 
better than 99% overlap in all cases.

❖ Evidence ratio identifies burst 
origin as cosmic string versus 
generic sine-Gaussian alternative.
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PolyChord
❖ An alternative nested sampling 

algorithm is PolyChord (Handley et 
al. 2015). It uses slice sampling to 
sample within the likelihood 
constraint, and affine transformations 
to make contours more spherical.6 W.J. Handley et. al
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Figure 4. Slice sampling in D dimensions. We begin by “whitening” the unit hypercube by making a linear transformation which turns

a degenerate contour into one with dimensions ⇠ O(1) in all directions. This is a linear skew transformation defined by the inverse of the

Cholesky decomposition of the live points’ covariance matrix. We term this whitened space the sampling space. Starting from a randomly
chosen live point x

0

, we pick a random direction and perform one-dimensional slice sampling in that direction (Figure 3), using w = 1

in the sampling space. This generates a new point x

1

in ⇠ O(a few) likelihood evaluations. This process is repeated ⇠ O(n
dims

) times

to generate a new uniformly sampled point xN which is decorrelated from x

0

.

The choice of n
repeats

is slightly harder to justify. We
find that for distributions with roughly convex contours
n

repeats

⇠ O(n
dims

) is su�cient, with the constant of propor-
tionality being 2—6. For more complicated contour shapes,
one may require much larger values of n

repeats

.
This procedure has the advantage of being dynamically

adaptive, and requires no tuning parameters. However, this
“whitening” process is ine↵ective for pronounced curving
degeneracies. This will be discussed in detail in Section 6.4.

5.3 Clustering

Multi-modal posteriors are a challenging problem for any
sampling algorithm. “Perfect” nested sampling (i.e. the en-
tire prior volume enclosed by the iso-likelihood contour is
sampled uniformly) in theory solves multi-modal problems
as easily as uni-modal ones. In practice however, there are
two issues.

First, one is limited by the resolution of the live points.
If a given mode is not populated by enough live points, it
runs the risk of “dying out”. Indeed, a mode may be entirely
missed if the density of live points is too low. In many cases,
this problem can be alleviated by increasing the number of
live points.

Second, and more importantly for PolyChord, the
sampling procedure may not be appropriate for multi-modal
problems. We “whiten” the unit hypercube using the co-
variance matrix of live points. For far-separated modes, the
covariance matrix will not approximate the dimensions of
the contours, but instead falsely indicate a high degree of
correlation. It is therefore essential for our purposes to have
PolyChord recognise and treat modes appropriately.

This methodology splits into two distinct parts: (i)

recognising that clusters are there, and (ii) evolving the clus-
ters semi-independently.

5.3.1 Cluster recognition

Any cluster recognition algorithm can be substituted at this
point. One must take care that this is not run too often, or
one runs the risk of adding a large overhead to the calcu-
lation. In practice, checking for clustering every ⇠ O(n

live

)
iterations is su�cient, since the prior will have only com-
pressed by a factor e. We encourage users of PolyChord
to experiment with their own preferred cluster recognition,
in addition to that provided and described below.

It should be noted that the live points of nested sam-
pling are amenable to most cluster recognition algorithms
for two reasons. First, all clusters should have the same den-
sity of live points in the unit hypercube. Second, there is no
noise (i.e. outside of the likelihood contour there will be no
live points). Many clustering algorithms struggle when ei-
ther of these two conditions is not satisfied.

We therefore choose a relatively simple variant of the k-
nearest neighbours algorithm to perform cluster recognition.
If two points are within one another’s k-nearest neighbours,
then these two points belong to the same cluster. We iter-
ate k from 2 upwards until the clustering becomes stable
(the cluster decomposition does not change from one k to
the next). If sub-clusters are identified, then this process is
repeated on the new sub-clusters.

5.3.2 Cluster evolution

An important novel feature comes from what one does once
clusters are identified.

First, when spawning from an existing live point, the

c� 2015 RAS, MNRAS 000, 1–15
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Figure 3. Slice sampling in one dimension. Given a probability
level (or slice) P

0

, slice sampling samples within the horizontal

region defined by P > P
0

. From an initial point x

0

within the

slice (P(x
0

) > P
0

), a new point x

1

is generated within the slice
with a distribution P (x

1

|x
0

). External bounds are first set on

the slice L̂ < x

0

< R̂ by uniformly expanding a random initial

bound of width w until they lie outside the slice (Neal terms this
the stepping out procedure). x

1

is then sampled uniformly within

these bounds. If x

1

is not in the slice, then L̂ or R̂ is replaced

with x

1

, ensuring that x

0

is still within the slice. This procedure
is guaranteed to generate a new point x

1

, and satisfies detailed

balance P (x
0

|x
1

) = P (x
1

|x
0

). Thus, if x
0

is drawn from a uniform

distribution within the slice, so is x

1

.

each one-dimensional slice requires ⇠ O(a few) likelihood
calculations, the number of likelihood calculations required
scales linearly with dimensionality. Multi-dimensional slice
sampling has many of the benefits of a traditional MH ap-
proach, and uses a proposal distribution which is much more
e�cient at sampling a hard likelihood constraint.

Aitken & Akman (2013) have already applied this pro-
cedure to nested sampling. This works exceptionally well for
cases in which the parameters are non-degenerate. However,
this becomes ine�cient in the case of correlated parameters,
or curving degeneracies.

5 THE PolyChord ALGORITHM

PolyChord implements several novel features compared
to Aitken & Akman’s (2013) slice-based nested sampling. It
utilises slice sampling in a manner that uses the information
present in the live and phantom points to deal with corre-
lated posteriors. PolyChord also uses a general clustering
algorithm that identifies and evolves separate modes of the
posterior semi-independently, and infers local evidence val-
ues. In addition, it has the option of implementing fast-slow
parameters, which is extremely e↵ective in its combination
with CosmoMC (Lewis & Bridle 2002). This is termed Cos-
moChord, which may be downloaded from the link at the
end of the paper.

The algorithm is written in FORTRAN95 and paral-
lelised using openMPI. It is optimised for the case where the
dominant cost is the generation of a new live point. This is
frequently the case in astrophysical applications, either due
to high dimensionality, or to costly likelihood evaluation.

5.1 Multi-dimensional slice sampling

At each iteration i of nested sampling, we generate a new
randomly sampled point within the iso-likelihood contour Li

by our variant of D-dimensional slice sampling. Slice sam-
pling is performed in the unit hypercube with hypercube
coordinates denoted in bold (x).

At each iteration i of the nested sampling algorithm, one
of the live points is chosen at random as a start point for a
new chain with hypercube coordinate x

0

. We then make a
one-dimensional slice sampling step (Figure 3) with initial
width w in a random direction n̂

0

chosen from a probability
distribution P(n̂). This generates a new point x

1

which is
uniformly sampled in the unit hypercube, but is correlated
to x

0

. This process is repeated n

repeats

times, with xj�1

forming the start point for a slice along n̂j�1

to produce
xj . This procedure is illustrated in the right hand half of
Figure 4.

Since the probability of drawing xj from xj�1

is the
same as the probability of drawing xj�1

from xj , this pro-
cedure satisfies detailed balance. Thus, the resulting chain
will ergodically be uniformly distributed within the iso-
likelihood contour. This also applies to multi-modal poste-
riors, with the chance of jumping out a mode being equal to
the chance of jumping back in.

The length of the chain n

repeats

should be large enough
so that the final point of the chain is decorrelated from the
start point. This final point may now be considered to be
a new uniformly sampled point from the prior distribution
subject to the hard likelihood constraint. The intermedi-
ate points are saved and stored as phantom points. Whilst
phantom points are correlated, they are useful in providing
additional information and posterior points.

There are several elements of this which are left un-
determined, namely the probability distribution P(n̂), the
initial width w, and the chain length n

repeats

. These issues
are addressed in the next section.

5.2 Contour whitening

In order to determine an optimal P(n̂) and w, an algorithm
will need some knowledge of the contour in which the chain
is progressing. This information can be supplied by the set
of live and phantom points which are already uniformly dis-
tributed within the contour. We use the sample covariance
matrix of the live and phantom points as a proxy for the
size and shape of the contour.

Uniformly sampled points remain uniformly sampled
under an a�ne transformation. The covariance matrix is
used to construct an a�ne transformation which “whitens”
the contour. Sampling is then performed in this whitened
space, which we term the sampling space. In the sampling
space, the contour has size ⇠ O(1) in every direction. This
means that one may choose the initial step size as w = 1.

To transform from x in the unit hypercube to y in the
sampling space we use the relation:

L�1x = y, (19)

where L is the Cholesky decomposition of the covariance
matrix ⌃ = LLT . This is illustrated further in Figure 4.

Working in the sampling space our choice of P(n̂) is
inspired by the default choice of CosmoMC (Lewis 2013).
Here, a randomly oriented orthonormal basis is chosen, and
these directions are chosen in a random order. Once a basis
is exhausted, a new basis is chosen. This approach satisfies
detailed balance, and mixes rapidly.
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PolyChord
❖ PolyChord outperforms MultiNest in large numbers of dimensions.
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Figure 7. Comparing PolyChord with MultiNest using a

Gaussian likelihood for di↵erent dimensionalities. PolyChord

has at worst NL⇠ O�
D

3

�
, whereas MultiNest has an exponen-

tial scaling that emerges at high dimensions.

logLlogL

Figure 8. The two-dimensional Rastrigin log-likelihood in the

range [�1.5, 1.5]2. Within this region there are 8 local maxima,
and one global maximum at (0, 0). The clustered samples pro-

duced by PolyChord are plotted on the log-likelihood surface,

with colours that indicating the separate clusters identified.

mixture of two spherical Gaussians, separated by a distance
of 10�.

PolyChord correctly identifies these clusters in arbi-
trary dimensions (tested up to D = 100), providing that
n

live

and n

repeats

are scaled in proportion to D. It calculates
a global evidence that agrees with the analytic results. In
addition, the local evidences correctly divide the peaks in
proportion to their evidence contribution.

The results for a twin peaks likelihood are of an identical
character to Figures 6 & 7, and hence not included.

6.2.2 Rastrigin function

PolyChord’s clustering capacity is very e↵ective on com-
plicated clustering problems as well. The n-dimensional Ras-
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Figure 9. PolyChord cluster identification for the Rastrigin

function. PolyChord identifies posterior modes and computes

their local evidences, expressed here as a logarithmic fraction of
the total evidence in the mode. Dashed lines indicate the analytic

results computed by a saddle point approximation at each of the
peaks. As can be seen, PolyChord reliably identifies the inner

21 modes with increasing accuracy.

trigin test function is defined by:

f(✓) = An+
nX

i=1

⇥
✓

2

i �A cos(2⇡✓i)
⇤
, (21)

A = 10, ✓i 2 [�5.12, 5.12].

This is the industry standard “bunch of grapes”, the two-
dimensional version of which is illustrated in Figure 8. For
our purposes, we will treat (21) as the negative log-likelihood
so that L(✓) / exp[�f(✓)]. This is a stereotypically hard
problem to solve, as many algorithms get stuck in local max-
ima.

We ran PolyChord on a two-dimensional Rastrigin
log-likelihood with n

live

= 1000 and n

repeats

= 6. With
these settings, PolyChord calculates accurate evidence and
posterior samples (Figure 8), and in addition correctly iso-
lates and computes local evidences for the inner 21 modes.
Additional outer modes are also found, but these are com-
binations of lower modes due to their very low posterior
fraction. Increasing the resolution parameter n

live

further
increases the number of modes identified. Examples of clus-
tered posterior samples are indicated in Figure 9, coloured
using Green’s (2011) ‘cubehelix’.

6.3 Rosenbrock function

PolyChord is also capable of navigating moderate curving
degeneracies.

The n-dimensional Rosenbrock function is defined by:

f(x) =
n�1X

i=1

(a� xi)
2 + b(xi+1

� x

2

i )
2

, (22)

a = 1, b = 100, xi 2 [�5, 5], (23)

the two-dimensional version of which is plotted in Figure 10.
This is the industry standard “banana”, as it exhibits an ex-
tremely long and flat curving degeneracy. We consider n = 4,
in which there is a global maximum at (1, 1, 1, 1) and a local
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Reduced Order Modelling
❖ Most waveform models are too 

expensive for parameter 
estimation. Use reduced order 
modelling to develop 
computationally more efficient 
waveforms.

❖ Either interpolation of waveforms 
(Puerrer et al.).

❖ Or build a basis for the waveform 
space using a greedy algorithm 
(Field, Tiglio, Galley, …)

❖ Typically get order of magnitude 
computational saving.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

(1)

(2) (3) (4) (5)(6)(7)

(8)

(9)

(10)

Greedy points for sine−gaussian waveforms

α

f0

0 0.5 10

0.5

1

1.5

2

10 20 30 40 5010−12

10−9

10−6

10−3

100

# RB

m
ax

 e
rro

rs

representation errors

 

 
RB error

Canizares, JG et al. (2013)



❖ Final step - construct a quadrature rule to 
approximate overlap

❖ Reduced order quadrature (ROQ) is state 
of the art for LIGO PE. Still need 
SEOBNRv4-ROQ and IMRPhenomP-ROQ.

❖ Models not yet good enough for LISA!

Reduced Order Modelling
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Background Mapping



Representing the GW sky
❖ Standard approach to background detection assumes a suitable form for 

the statistical properties of the background. Alternative: try to produce a 
phase-coherent map of the sky (JG et al. 2014, 2015).

❖ Represent arbitrary “skies” using spin-weighted spherical harmonics. A 
spin-weighted function                  maps a point    and an orthonormal 
basis             on the sphere onto     and has the property

❖ where s is the spin weight.

❖ Under such a rotation

❖ so the quantities                         for                               have spin-weight      . 

C
f(k̂, l̂, m̂) k̂

(l̂, m̂)

ma
±m

b
±hab(k̂)

f(ˆk, cos ˆl � sin m̂, sin ˆl + cos m̂) = e

is f(ˆk, ˆl, m̂)

h+ ! h+ cos 2 + h⇥ sin 2 

m̂a
± = l̂a ± im̂a ±2

h⇥ ! �h+ sin 2 + h⇥ cos 2 



GW polarisation states
❖ GR admits two transverse and 

traceless (TT) polarisations

❖ In other metric theories of gravity, 
can have up to four additional states

e+
ij =

0

@
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GW polarisation states
❖ A spin-weight s function can be expanded in terms of 

❖ We expand tensor (+,x) modes in spin-weight 2 spherical harmonics.

❖ For scalar modes (B,L), the quantities                        and                        
have spin-weight 0 - expand in standard spherical harmonics.

❖ For the vector modes (X,Y), the quantities                          ,                  
transform like spin-weight +/-1 objects.

❖ For tensor and vector modes there is an alternative grad/curl (G/C) 
representation which we will use here.

sYlm(✓,�) =

s
(l � s)!

(l + s)!
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Example: Pulsar timing
❖ A plane gravitational wave induces a redshift in a pulsar signal

❖ The redshift induced by a GW background can be written as

❖ where the response functions for individual modes are given by

❖ Will simplify notation elsewhere by writing 

z(t, k̂) ⌘ �v(t)

⌫0
=

1

2

ûaûb

1 + k̂ · û
�hab(t, k̂)
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Z 1

�1
df
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S

2

d2⌦
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1

2

ûaûb

1 + k̂ · û
h
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(f, k̂)
h
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i
ei2⇡f(t�k̂·~x/c)

=

Z 1
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X
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Y P
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i
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Computing response functions
❖ Compute response in computational frame, in which pulsar is in the 

z-direction. Expansion coefficients transform under a rotation in a 
similar way to spherical harmonic coefficients.

❖ Deduce that the response functions in the cosmic frame for a pulsar 
in direction                                                                         takes the form

❖ for all polarisation states. Similarly, for the astrometric response

Y P
(lm)ab(✓,�) =

lX

m0=�l

⇥
Dl

mm0(�I , ⇣I , 0)
⇤⇤

Y P
(lm0)āb̄(✓̄, �̄)R(�I , ⇣I , 0)

ā
aR(�I , ⇣I , 0)

b̄
b

ûa
I = (sin ⇣I cos�I , sin ⇣I sin�I , cos ⇣I)

RP
I(lm)(f) = Ylm(ûI)RP

l (yI)

1R
P
I(lm) = 1Ylm(ûI)1RP

l (yI) �1R
P
I(lm) = �1Ylm(ûI)�1RP

l (yI)



Results: PTAs
❖ The full set of response functions for PTAs are

RG

l

(y) = ⇡ (2)N
l

(�i)le�iy


(2� 2iy + y2)j

l

(y)� i(6 + 4iy + y2)
dj

l

dy
� (6iy � y2)

d2j
l

dy2
� iy2

d3j
l

dy3

�

RC

l

(y) = 0

RB

l

(y) = 2⇡
1p
2

⇢
�
l0 �

1

3
�
l1 � (�i)le�iy

✓
1� i

l

y

◆
j
l

(y) + ij
l+1(y)

��

RL

l

(y) = 2⇡

⇢
��

l0 +
1

3
�
l1 + (�i)le�iy

✓
1� i

l

y

◆
j
l

(y) + ij
l+1(y)

�
+

1

2
H

l

(y)

�

H
l

(y) =

Z 1

�1
dx

1

(1 + x)
P
l

(x)
⇣
1� e�iy(1+x)

⌘

RVG
l

(y) = ⇡ (1)N
l

⇢
4

3
�
l1 + 2(�i)le�iy

✓
1� il

y

◆
(l + 1)j

l

(y)� (y � i(2l + 3))j
l+1(y)� iyj

l+2(y)

��

RVC
l

(y) = 0



PTA response to tensor modes



PTA response to breathing modes



PTA response to vector modes



PTA response to scalar-longitudinal modes



Background mapping: theory
❖ The total response of a pulsar in direction      is

❖ If we have pulsars all over the sky, can decompose “pulsar 
response” map into spherical harmonic basis. Coefficients are linear 
combinations of different polarisations.

❖ No confusion between B and G modes due to range of l. Confusion 
with VG and L possible unless have pulsars at several distances, i.e., 
several y’s.

❖ Addition of astrometric measurements provides higher accuracy 
and an additional mechanism for breaking degeneracies.

ûI

RI(f) =
X

lm

⇣
aB(lm)(f)RB

l (yI) + aL(lm)(f)RL
l (yI)

+aVG

(lm)(f)R
VG
l (yI) + aG(lm)(f)RG

l (yI)
⌘
Ylm(ûI)



Background mapping: in practice

p(s|F,~a) / exp


�1

2

(~s�H~a)
†
F�1

(~s�H~a)

�

H = U⌃V †

⌃

U = [HrangeHnull] Hrange

❖ We can use observed timing residuals, s, to infer the coefficients, a, of the 
background. The likelihood takes the form

❖ At a given frequency we make only 2Np measurements - an amplitude and 
phase for each of the Np pulsars. Can only hope to recover Np combinations 
of the (complex) aG

(lm)’s. 

❖ This shows up in a singular-value decomposition of H, 

❖ The rectangular matrix      has at most Np non-zero elements on the 
diagonal.

❖ We can write                                      where the Np columns of                span 
the range of H. 



Background mapping: in practice
❖ In a search we can replace         by                in the likelihood. The 

value of    corresponding to a given value of     is given in terms of 
the pseudo-inverse of    ,     , by                   .

❖ Which components do we expect to be able to measure? Since

❖ we expect to measure the low-l modes more precisely. To reach an 
angular resolution of lmax we therefore need an array of

❖ Need                pulsars to reach lmax=4 required for an isotropic 
background;                   to reach single source resolution at lmax=10.

Np ⇡ 21

Np ⇡ 100

Np ⇡ (l
max

+ 1)2 � 4

RG
I(lm) ⇠

1

l
3
2

as l ! 1

Hrange
~bH~a

~a ~b

~a = V ⌃+~b⌃+⌃



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Injected background



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=1 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=2 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=5 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=10 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=20 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=50 



Background mapping: in practice
❖ Gradient piece of background behaves as expected. Adding more 

pulsars increases resolution of map and reduces residual.

Residual Np=100 



Isotropic uncorrelated backgrounds
❖ An isotropic, uncorrelated and unpolarised background is described 

by the two-point functions

❖ or in terms of the grad and curl expansion coefficients

❖ The expected correlation between the response of two pulsars for 
such a background is
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Overlap reduction function: PTAs
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