
Extraction of very high precision 
post-Newtonian parameters 
from self-force computations

Abhay Shah
John Friedman, 

Bernard Whiting, 
Alexandre Le Tiec, 

Luc Blanchet.

Monday, July 29, 2013



Introduction to Radiation gauge

• We start with the Teukolsky equation 
which has the form,

• From this we want to extract the 
perturbed metric, 

OT (h) = SE(h).

h.
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Newman-Penrose equations (Bianchi identities):

Teukolsky equation

Derivative operators acting on Weyl scalars

= Derivative operators acting on Ricci tensor
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Newman-Penrose equations (Bianchi identities):

Teukolsky equation

Derivative operators acting on Weyl scalars

= Derivative operators acting on Ricci tensor

A combination of them gives us:

Derivative operators acting on ψ0

= Derivative operators acting on Rµν ∝ Tµν
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Newman-Penrose equations (Bianchi identities):

Teukolsky equation

Derivative operators acting on Weyl scalars

= Derivative operators acting on Ricci tensor

A combination of them gives us:

Derivative operators acting on ψ0

= Derivative operators acting on Rµν ∝ Tµν

OT (h) = SE(h).
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Teukolsky equation

OT (h) = SE(h).

perturbed Weyl tensor dotted with

the background null tetrad, i.e., ψ0
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Teukolsky equation

OT (h) = SE(h).

Einstein operator acting on h = 8π Tµν

Monday, July 29, 2013



Teukolsky equation

OT (h) = SE(h).

2nd order derivative operator acting on Tµν
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Teukolsky equation

OT (h) = SE(h).

2nd order derivative operator acting on ψ0
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Suppose SE = OT holds,

and suppose Ψ satisfies O†Ψ = 0.

If E is self-adjoint, then S†Ψ satisfies E(f) = 0.

Theorem:

Finding hren from ψren
0

Chrzanowski-Cohen-Kegeles-Wald
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Taking adjoint of SE = OT , gives us

E
†
S
† = T

†
O

†

ES
† = T

†
O

†

Proof: 

If O†Ψ = 0, then E(S†Ψ) = 0, i.e., h = S
†Ψ

Suppose SE = OT holds,

and suppose Ψ satisfies O†Ψ = 0.

If E is self-adjoint, then S†Ψ satisfies E(f) = 0.

Theorem:

Finding hren from ψren
0
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Wait a minute...

How do we connect the solution to the

Teukolsky equation, ψ0 or T (h), to this Ψ?
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Wait a minute...

How do we connect the solution to the

Teukolsky equation, ψ0 or T (h), to this Ψ?

Lets substitute S†Ψ back into the Teukolsky equation,

SE(S†Ψ) = OT (S†Ψ)

0 = O[T S
†Ψ]
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Wait a minute...

How do we connect the solution to the

Teukolsky equation, ψ0 or T (h), to this Ψ?

Lets substitute S†Ψ back into the Teukolsky equation,

SE(S†Ψ) = OT (S†Ψ)

0 = O[T S
†Ψ]

T S
† maps solutions of O†Ψ = 0 to Oψ = 0.
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Wait a minute...

How do we connect the solution to the

Teukolsky equation, ψ0 or T (h), to this Ψ?

Lets substitute S†Ψ back into the Teukolsky equation,

SE(S†Ψ) = OT (S†Ψ)

0 = O[T S
†Ψ]

T S
† maps solutions of O†Ψ = 0 to Oψ = 0

ψ0 = T S†Ψ

.

h = S†Ψ
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How do we connect the solution to the

Teukolsky equation, ψ0 or T (h), to this Ψ?

Lets substitute S†Ψ back into the Teukolsky equation,

SE(S†Ψ) = OT (S†Ψ)

0 = O[T S
†Ψ]

T S
† maps solutions of O†Ψ = 0 to Oψ = 0

ψ0 = T S†Ψ

.

h = S†Ψ

Intermediate Hertz potential

Finding hren from ψren
0
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Summary

Weyl scalar
ψ0 or T (h)
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Summary

Weyl scalar
ψ0 or T (h) ψ0 = T S†Ψ

invert Hertz Potential

Ψ
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Summary

Weyl scalar
ψ0 or T (h) ψ0 = T S†Ψ

invert Hertz Potential

Ψ
h = S†Ψ Perturbed metric

hαβ
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Summary

Weyl scalar
ψ0 or T (h) ψ0 = T S†Ψ

invert Hertz Potential

Ψ
h = S†Ψ Perturbed metric

hαβ

+
Non-radiative

δm, δJ
contributions to hαβ
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Summary

Weyl scalar
ψ0 or T (h) ψ0 = T S†Ψ

invert Hertz Potential

Ψ
h = S†Ψ Perturbed metric

hαβ

+
Non-radiative

δm, δJ

||

u
α
u
β(gαβ + hαβ) = 1

u
α = [ut

0 + u
t
1 +O(µ2)]kα

∆U = u
t
1 = u

t
0 H

ut
1

contributions to hαβ

H :=
1

2
h
R
αβu

α
0u

β
0
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Blanchet et al

24 Luc Blanchet, Steven Detweiler, Alexandre Le Tiec and Bernard F. Whiting

source coeff. estimate accuracy exact result
Paper I α3 −27.677(5) → (11) −27.6879 · · ·
Table 2 a3 −32.5008069(7) → (15) −32.50080538 · · ·
Table 3 b4 −25.612(2) → (12) −25.6
Table 3 b5 +55.7(2) → (9) +56.6095 · · ·

Table 4 Comparing the analytically known PN coefficients (column 5) with their numerically
determined counterparts (column 3), and comparing the numerically determined error estimates
(column 3) with the apparent accuracy (column 4). The source of the data is given in column 1.

8.4 Determining higher order PN terms numerically

In this Section we make maximum use of the coefficients which are already known.
We find that in our best fit analysis we can use a set of five basis functions corre-
sponding to the unknown coefficients a4, a5, a6, b6 and a7.

coeff. value coeff. value
a4 −121.30310(10) α4 −114.34747(5)
a5 −42.89(2) α5 −245.53(1)
a6 −215(4) α6 −695(2)
b6 +680(1) β6 +339.3(5)
a7 −8279(25) α7 −5837(16)

Table 5 The numerically determined values of higher-order PN coefficients for ūα ūβ ĥR
αβ (left) and

for uT
SF (right). The uncertainty in the last digit or two is in parentheses. The range runs from r = 40

to r = 700, with 261 data points being fit. The χ2 statistic is 259. We believe that a contribution
from a b7 confounds the a7 coefficient. Both terms fall off rapidly and have influence over the fit
only at small r. And the radial dependence of these two terms only differ by a factor of lnr [or
possibly (lnr)2] which changes slowly over their limited range of significance.

In Table 5, we describe the numerical fit of our data over a range in r from 40
to 700. The χ2 statistic is 259 and slightly larger than the degrees of freedom, 256,
which denotes a good fit. Further, we expect that a good fit would be insensitive to
changes in the boundaries of the range of data being fit, and we find, indeed, that if
the outer boundary of the range decreases to 300 then essentially none of the data
in the Table changes, except for χ2 and the degrees of freedom which decrease in
a consistent fashion. Figure 2 shows that in the outer part of the range ūα ūβ ĥR

αβ is
heavily dominated by only a few lower order terms in the PN expansion — those
above the lower black double-dashed line in the figure.

The inner edge of the range is more troublesome. The importance of a given
higher order PN term decreases rapidly with increasing r. Moving the inner bound-
ary of the range outward might move a currently well determined term into insignif-
icance. This could actually lead to a smaller χ2, but it would also lead to an increase
in the Σ j of every coefficient. Moving the inner edge of the range inward might re-
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How its done?

MST (Mano-Suzuki-Takasugi) algorithm for the radial harmonics
as a sum over known analytic functions with good convergence

Analytical form of the angular harmonics, sY�m(π2 , 0)

We use Mathematica which can handle very high precision computations

The accuracy is

about 1 part in 10227 for r = 1020M
about 1 part in 10242 for r = 1025M
about 1 part in 10252 for r = 1030M
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(Expected) pN expansion of ut
1

Notice the absence of 5.5-pN term

no α5.5
r6.5
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Analytically known pN coefficients

Bini & Damour ’13*

(from literature)

* Thanks to Alexandre Le Tiec
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Again read off α4 to 30 
decimal places
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pN theory didn’t expect n.5-pN terms.

Puzzle?
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pN theory didn’t expect n.5-pN terms.                   

And we got those terms starting at 5.5 pN
in our numerical matching. 

Puzzle?
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pN theory didn’t expect n.5-pN terms.
And we got those terms starting at 5.5 pN.                    

5.5pN comes from � = 2 multipole,

6.5pN comes from � = 2, 3 multipole,

7.5pN comes from � = 2, 3, 4 multipole · · ·

Puzzle?
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pN theory didn’t expect n.5-pN terms.
And we got those terms starting at 5.5 pN.                    

5.5pN comes from � = 2 multipole,

6.5pN comes from � = 2, 3 multipole,

7.5pN comes from � = 2, 3, 4 multipole · · ·

5.5pN comes from � = 2,m = ±2 multipole,

6.5pN comes from � = 2,m = ±1,±2 and

� = 3,m = ±1,±3 multipoles.

Specifically,

Puzzle?
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This was very puzzling!!

pN theory didn’t expect n.5-pN terms.
And we got those terms starting at 5.5 pN.                    

Puzzle?
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To confirm its presence, we performed the whole calculation 
in the RWZ gauge which agreed with the radiation gauge.  

Puzzle?
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To confirm its presence, we performed the whole calculation 
in the RWZ gauge which agreed with the radiation gauge.  

A successful comparison with the UC-Dublin group
(compared the source, l=2 multipole, of 5.5pN term):

23-24 digits of agreement at r = 103M
43 digits of agreement at r = 106M

Puzzle?
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To confirm its presence, we performed the whole calculation 
in the RWZ gauge which agreed with the radiation gauge.  

A successful comparison with the UC-Dublin group
(compared the source, l=2 multipole, of 5.5pN term):

23-24 digits of agreement at r = 103M
43 digits of agreement at r = 106M

To further confirm its presence, we computed analytical value of 
the 5.5pN coefficient using the self-force recipe in a radiation 
gauge, and found that the numerically extracted value agrees 

with it to 113 significant digits!!

Puzzle?

Monday, July 29, 2013



pN theory didn’t expect n.5-pN terms.
And we got those terms starting at 5.5 pN.                    

About a month ago, it was understood that the origin of 
these n.5pN terms come from the “tails-of-tails” terms in 

pN theory (Luc Blanchet).

Puzzle?
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Revised pN-series
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Analytical value of other terms possible 
from high precision number?
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Analytical value of other terms possible 
from high precision number?
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What about other terms?
If possible, it will save us a number of long, 

tedious, analytical calculations, and help extract 
further terms with higher accuracy.
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Analytical value of other terms possible 
from high precision number?
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YES!! INDEED!!

What about other terms?
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r8
+

γ7 log
2(r)

r8
+ · · ·

Lets look at the value of the 6-pN log term
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β6 = −90.398589065255731922398589065255731922

398589065255731922398589065255731922

3985890652557319223985890485251879955 · · ·

Numerically extracted value
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β6 = −90.398589065255731922398589065255731922

398589065255731922398589065255731922

3985890652557319223985890485251879955 · · ·

Numerically extracted value
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β6 = −90.398589065255731922398589065255731922

398589065255731922398589065255731922

3985890652557319223985890485251879955 · · ·

Numerically extracted value

β6 =
−51256

567

More than 5 repetition cycles
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Another example

ut
1 =

α0

r
+

α1
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+

α2
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+

α3
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+

α4
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+

β4 log(r)
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+
α5
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+

β5 log(r)

r6
+

α5.5

r6.5
+

α6

r7
+

β6 log(r)

r7

+
α6.5

r7.5
+

α7

r8
+

β7 log(r)

r8
+

γ7 log
2(r)

r8
+ · · ·
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Numerically extracted value

γ7 = 52.17523809523809523809523809523809

523809523809523809523809523809

5238095237538043489164331 · · ·
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Numerically extracted value

γ7 = 52.17523809523809523809523809523809

523809523809523809523809523809

5238095237538043489164331 · · ·
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Numerically extracted value

γ7 = 52.17523809523809523809523809523809

523809523809523809523809523809

5238095237538043489164331 · · ·

More than 11 repetition cycles

γ7 =
27392

525
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6.5-pN term

α6.5 = 69.30909049662575956322060886698020553525276282

80640692917511789688546478292427121038828291

6578039346534682043068130080764 · · ·
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6.5-pN term

α6.5 = 69.30909049662575956322060886698020553525276282

80640692917511789688546478292427121038828291

6578039346534682043068130080764 · · ·

α6.5

π
= 22.06176870748299319727891156462585034013605442

1768707482993197278911564625850340136054787080 · · ·
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6.5-pN term

α6.5 = 69.30909049662575956322060886698020553525276282

80640692917511789688546478292427121038828291

6578039346534682043068130080764 · · ·

α6.5

π
= 22.06176870748299319727891156462585034013605442

1768707482993197278911564625850340136054787080 · · ·

Almost 2 repetition cycles here

α6.5 =
81077π

3675
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One is not always lucky to have such 
repetition cycles...

α7.5

π
= 176.4975875153652931430709208486986264764042541820319598

0973759881572859646496135482085019945242682178 · · ·
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One is not always lucky to have such 
repetition cycles...

Multiplying it with appropriate powers of the first few 
prime numbers clear things up

α7.5

π
= 176.4975875153652931430709208486986264764042541820319598

0973759881572859646496135482085019945242682178 · · ·

α7.5

π
× 52 × 35 × 7× 11 =

82561159.000000000000000000000000000000000000000000000000000005286027 · · ·
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One is not always lucky to have such 
repetition cycles...

Multiplying it with appropriate powers of the first few 
prime numbers clears things up

α7.5

π
= 176.4975875153652931430709208486986264764042541820319598

0973759881572859646496135482085019945242682178 · · ·

α7.5

π
× 52 × 35 × 7× 11 =

82561159.000000000000000000000000000000000000000000000000000005286027 · · ·

Consistent with the accuracy with which we extracted this 
number
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Final list of analytically known pN terms

−1

r
+

−2

r2
+

−5

r3
+

−121
3 + 41π2

32

r4

+
−592384− 196608γ + 10155π2 − 393216 log(2)

7680 r5

+
64

5

log(r)

r5
+

−956

105

log(r)

r6
+

−13696π

525r6.5
+

−51256

567

log(r)

r7

+
81077π

3675 r7.5
+

27392

525

log2(r)

r8
+

82561159π

467775 r8.5
+

−27016

2205

log2(r)

r9

+
−11723776π

55125

log(r)

r9.5
+

−4027582708

9823275

log2(r)

r10
+

99186502π

1157625

log(r)

r10.5

+
23447552

165375

log3(r)

r11
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Final list of analytically known pN terms
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Bini & Damour ’13*

* Thanks to Alexandre Le Tiec
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Final list of analytically known pN terms

−1

r
+

−2

r2
+

−5

r3
+

−121
3 + 41π2

32

r4

+
−592384− 196608γ + 10155π2 − 393216 log(2)

7680 r5

+
64

5

log(r)

r5
+

−956

105

log(r)

r6
+

−13696π

525r6.5
+

−51256

567

log(r)

r7

+
81077π

3675 r7.5
+

27392

525

log2(r)

r8
+

82561159π

467775 r8.5
+

−27016

2205

log2(r)

r9

+
−11723776π

55125

log(r)

r9.5
+

−4027582708

9823275

log2(r)

r10
+

99186502π

1157625

log(r)

r10.5

+
23447552

165375

log3(r)

r11

Monday, July 29, 2013



Flux at future horizon

Recent work by Fujita calculated the pN series of flux at 
future null infinity to 22pN order!

Tagoshi et al calculated the pN series of flux at future 
horizon to 6pN order. 

Using
Flux lost = Flux at infinity + Flux at horizon

we extract the 7,8,9,10-pN orders of flux at horizon
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Flux lost = Flux at infinity + Flux at horizon 

pN order Lost by particle

1 0
2 0
3 0
4
5
6
7 ?
8 ?
9 ?
10 ?

r+∞

Green tick-marks show what we know from literature and that our result agrees with previous work
Red question marks show what is unknown and how we extract the unknown coefficients. 
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pN order Lost by particle

1 0
2 0
3 0
4
5
6
7
8
9
10

r+∞

Green tick-marks show what we know from literature and that our result agrees with previous work
Red question marks show what is unknown and how we extract the unknown coefficients. 

Flux lost = Flux at infinity + Flux at horizon 
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f1(r) = A / r5/2 + B / r7/2 + C / r9/2

A = 2.33296 (0.004%)
B = 15.3517 (0.09%)
C = 80.0758 (0.5%)

Exact
Best Fit

Matching in Kerr

χ =
a

M

7/3
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