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Old strategy for computing (dQ/dX) | .0

Kerr metric I1s invariant under this transformation
(t,7,0,¢) B (—t,r0,—0)

If the resonance Is absent, the geodesic Is also
Invariant with ) — —)

(0) - (0)
P 7 P 7 Constants of motion

This invariance validates the use of radiative field
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VA N VAN /\, In the resonance case,

— the geodesic Is not invariant.

AN = Mg-min — Aremin S.l. et al.,1302.4035

(Pi(O)v A)\) - (sz:(O)a _A)\)

Go back to the original R-part description.
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dx/ 2]\ dx dX 2]\ dA ) I

Radiative part Symmetric part




The Hamiltonian of the geodesic : H := %gaﬁpap,@

A particle moves along the geodesic on a smooth

perturbed space time. Detweiler and Whiting 0202086
el ! ! v (R 0),,,(0 p
5= 5 gl @ pY+ 0 (W
R

g&ﬁpap@ = —u® : “background” geodesics

1 - :
He (1) = — ZhH* (R)(2)(0),(0) :Interaction
int () 2 ()P Py Hamiltonian



Canonical transformation to the “constants of

motion” coordinate (z*,p,.) = (X%, Py)
Carter Phys. Rev. 174 1559

Fo 1= {_”2/2’ EiyPrs E(g)Pu KWPMPV}

(’“"3 {—MQ/Qa E, L., Q}) at the background geodesics

Rewrite the interaction Hamiltonian in (z*, P,)

Hin (2", Py) := Hine (2, p, (2", Py))



Hamilton equation in the transformed coordinate
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Rewrite them In the more familiar form.:
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Mode decomposition of the metric perturbation:

+ 00 00

Symmetry of the Kerr space time admits
at least the separation of variables (¢, ¢)



Gauge transformation

55 int :_M ([5 Ua ™ )

We find that H™

int

IS “gauge invariant” If

v the gauge vector is physically reasonable.
Barack and Sago 1101.3331

Enlz(N)] = & z(A + A)]

v and take the average over one period



Comment 1.

v The averaged change rate of the
constants of motion are also “gauge invariant”.

v ¢mmust be regular at the particle location.



1

Long time average = tlggoﬁ/ d\ -+ & — /d)\...

average over one period

For example, the Carter constant becomes

dQ (R)
dT

) 8I{int (R)

= 2K p0
Po g0

$
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/

dt do

= Vio(0) + Vir(r) o = Veo(0) +Ver(r)  Kerr geodesic equation




Decompose the R-part integrands into the radiative
and symmetric via the “Green functions”

Hing () = /OO dN'E[z(N)] (2, 2") 0= (v)

— OO

I(ZU, CL‘/) = Gaﬁfy’é’ (33, CU/)}??()) (x)p(ﬂo) (m)p?fo) (:C,)p?o) (:C/)

Radiative part
1) (g ) = % [I(ret)(w,a:") — J(adv) (:C,LE‘,)}
Symmetric (and S-part)
1) (g, 2") — I (z,2') = é [I(r“t'}(:x:j z’) + I(ad"')(:r:?ﬁ:"')] — I (z, 2



In the rest of the talk, | will limit my attention to
discuss the symmetric (minus-S) part only.

Radiative part is given our preparing paper or
Falanagan,Hughes and Ruangsri 1208.3906



The translation invariance in the Killing direction

F(t,p;t'¢") AT Y™) (. 2"y = =8, Y™ (g, )

=Ft—t,¢—¢) =

O IY™) (2, 2") = =Dy Y™ (2, ')

The symmetric (minus S-)part is simplified as,

dQ (sym=>5) 1 d (sym—2S)
<a> = T3 2(AN

with the potential function (= averaged g™ z(\) )

Int

5\ .50
B(ANEmS i L / S[2(\) /_xd,vz[z(x)]f(w—@(zm,z(/\’n



Comment 2.

v/ The symmetric (and S-part) “Green function”
diverges at the coincidence limit.

IEv™)( L 2L CROVERCY)

Point splitting regularization into Killing direction

) =N £ €40 €(C) = cos (€l + (U cos( — Qsin€) &



The potential function admits the (m,N)-mode
decomposition with Teukolsky formalism.

(A/\ (S}rm S)_ lim Z Z —iQ(er N+eam) [@E:}’\Tﬂ} (A)\) ‘I)(S) (A/\)—

E—H] mN

(€1,€2) := (ecos(,esin()

The frequency spectrum for the bounded
geodesics Is discretized. Drasco and Hughes 0308479

mN = mf) NQ)
W, N mily + -

Common resonance freq uency



Work in the (half-ingoing) radiation gauge
Chrzanowski Phys. Rev. D11 2042 (1975)
Wald Phys.Rev.Lett. 41 203 (1978)

EphlSIVRG) _ guyhglf{@) —0

Project the potential function onto the Teukolsky
variables (with s=2)

1
Hing () := =5 W0 (2)p) pl))

2 : .
B(AN)Em=S) = % da/=go K" (@) T (a5 2(N)]

a3
= 25 | Sl )Ty D5 {2 e ()] 29 e ()]

2A /o
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Dyt = (£,)™"
Integration in the (in)going null direction




(m ,N) mode decomposition heuristic argument

o™ (AN is finite even at the particle location.

m

A
Z (I)(A)k)sr:iqz_b)g | 1.1}11 \ Z / (f)\E(.‘?H) Eﬁrnﬂr(:ﬂ)(JD{}_il)f-mN {jqjgzj{}) [.’II, Z_(}\)]}
! vz ()5 Jo f
~>"0(z)
-\ ~ (9))

We can treat the symmetric and S-part separately
at the (m,N) mode level.



(m ,N) mode decomposition heuristic argument

Derive the S-part in the Lorentz gauge at first.

O(AX;e, )OS bor) /d’g‘:r:\/—gg iaé‘%_Lor)(:I:)T“ﬁ[m;z+()\)]

_ _JO Lo

€

Decompose it via inverse Fourier transformation.

S—Lo
o5 EOr (A N) =

02 [9 0 o
472/ dﬁl/ d62€aﬂ(£1N+Ezm)(I)(S—Lor)(A)\)

o” FY (AN Is also finite at the particle location.



Intermediate gauge approach heuristic argument

Formal gauge transformation at (m,N)-modes

I)(ﬁ)\)(‘:&m S) _ ;E}% Z Z ,—i2(e1 N +eam)

[ —— oo m=—o0

{(I)m [h(‘:vm—IRf‘)] — D, N F?(‘a Lor) Qvé—(LorﬁlRG} [h_{S—Lur)]-‘ }

/

Contribution from gauge transformation vanishes

B o(AN)E™S) = Z Z [@ﬁ%m (AN) — @&f}v(m)}

N=—oo m=—o0

S-part can be subtracted mode-by—mode thanks to
the “gauge invariance” at (m,N)-modes level.



Comment 3.

v &9 dtself has string-like singularity begins
at the particle, and diverges logarithmically.

(m,N) mode decomposition is crucial.

v [ = 0,1 modes on the metric perturbation give
rise only the phase errors that scales as O ((u/M)°)

Irrelevant here.






The leading orbital evolution in the adiabatic regime:

Tanaka 0508144
Hinderer and Falanagan 0805.3337

1) Pl = {E) L=(0), Q) } B P'(\) :={EN), L.(\),Q(\)}

: Common resonance
Long time average. TR T Yo

| \ | frequencymMmotlme\jr =T
dP" dP*
i — iINY A
) d\ <d)\> +ZIN[(O)]
;
Accumulate for long time Not accumulate

The averaged value dominates the whole evolution.



Tricks for the simplification:

lim — / d\---= lim — / d\g / AN 0(A. — Ag + AN) ...
J—T T —-T J —o00

T—oc 2T T—00 2

Eliminate the r-derivative terms with the identity
that holds at the particle’s location.

, dr(h dAL (N, dAG, (\,
T EEOa) = | ([T | 4L 5 dAGA) 5 ) by
dA; dA, r=2(Ar\Ao)

N, N,

dAL, (A, . .
p )\(_ ) Virlr(Ar)] = (Vir)  r-oscillatory part of the motion
T in the t-direction




After integrating by parts, the radiative inTakahiro's talk

Sago et al. 0506092
parts becomes e
Falanagan,Hughes and Ruangsri 1208.3906

<f:§>mi} [ stz /m INS[)] [((Vird@e + (Ver) B ) 1059 (2, (X))

z=z(A]
L / (rad; /
| / dA/ N’ [ A {SEOIED (1), 2 )}erzm
‘ Teukolsky formalism
<dQ>:2<(r2+aZ)P(r)><dE>_2<aP(r)><dL>+2 y N nQ, 2
dt A dt A dt I,m,n,,n,
>
Q 2 Z A| nBinn Amplitude of the partial waves
I,m,N
Amn = Z A1,m,nr,n9 By = Z nrAI,m,nr,ng Q= S-lr = S-lr

N Q,+ngQy=NQ N +NyQp =NQ Jr J@

Sum for the same frequency is to be taken first.



Harmonic structure

[Schmidt(2002),Drasco+ (2004), Fujita+ (2009)]
= Both radial and polar motions are periodic

*Time and axial motion are linear + doubly-periodic
)

) = to + Ted +[AL (V) H[Atg ()
6(N) = o + TuA Has, (V| +age (V)

r-oscillation B-oscillation

* Only three parameters are needed in general.

. A ,
v’ Reparameterization. ), = A90+39T‘9 A=A

{Ea Lza Qa‘t()a ¢O,a ATO? )\90}

Translation sym. Periodicity.  [Xy— .| <e




Evolution of the resonant orbit

[ Flanagan and Hinderer (2010), SI+ (2012) ]

A also evolves during resonance with const. of motion.

: Y =350, — 5. Xy Y =7/(jrJ
Master equation o /Urdo)

( AN O(YTIAY) <df“'(m) >;: H (AN, I'[AN]) ]

d\? o017 d\

1) Transient resonance H(A\) # 0
# A varies slowly and leaves the resonance.

2) Sustained resonance H(AX:) =0

d2AN , ,L. | |
ne | (I')(AX—AX(I'))  Harmonic oscillator

‘ Resonance can last for whole adiabatic regime.
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