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Self-force experienced by a "photon"?

What is the nature of self-force at very high speeds?

Does perturbation theory change?
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Help calibrate semi-analytical merger models   Akcay + (2012)
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Finite size effects at (m/M)4
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For example, ignoring 1/N2 terms and truncating after 4th order:
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Gravitational perturbations & self-force

Easier to compute gravitational perturbations first in a theory with 
only worldline couplings -- a master source                   CRG (2011)
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To derive the master source:

• Use an action that accommodates outgoing boundary conditions
CRG & Tiglio (2009); CRG (2010); CRG (2013) [PRL Editors' Highlight]
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Hamilton’s principle of stationary action lies at the foundation of theoretical physics and is applied in

many other disciplines from pure mathematics to economics. Despite its utility, Hamilton’s principle has a

subtle pitfall that often goes unnoticed in physics: it is formulated as a boundary value problem in time but

is used to derive equations of motion that are solved with initial data. This subtlety can have undesirable

effects. I present a formulation of Hamilton’s principle that is compatible with initial value problems.

Remarkably, this leads to a natural formulation for the Lagrangian and Hamiltonian dynamics of generic

nonconservative systems, thereby filling a long-standing gap in classical mechanics. Thus, dissipative

effects, for example, can be studied with new tools that may have applications in a variety of disciplines.

The new formalism is demonstrated by two examples of nonconservative systems: an object moving in a

fluid with viscous drag forces and a harmonic oscillator coupled to a dissipative environment.

DOI: 10.1103/PhysRevLett.110.174301 PACS numbers: 45.20.!d, 02.30.Xx, 05.20.!y, 47.10.!g

Hamilton’s principle of stationary action [1] is a corner-
stone of physics and is the primary, formulaic way to derive
equations of motion for many systems of varying degrees
of complexity—from the simple harmonic oscillator to
supersymmetric gauge quantum field theories. Hamilton’s
principle relies on a Lagrangian or Hamiltonian formula-
tion of a system, which account for conservative dynamics
but cannot describe generic nonconservative interactions.
For simple dissipation forces local in time and linear in the
velocities, one may use Rayleigh’s dissipation function [1].
However, this function is not sufficiently comprehensive
to describe systems with more general dissipative features
like history dependence, nonlocality, and nonlinearity that
can arise in open systems.

The dynamical evolution and final configuration of
nonconservative systems must be determined from initial
conditions. However, it seems under appreciated that while
initial data may be used to solve equations of motion
derived from Hamilton’s principle, the latter is formulated
with boundary conditions in time, not initial conditions.
This observation may seem innocuous, and it usually is,
except that this subtlety may manifest undesirable features.
Remarkably, resolving this subtlety opens the door to
proper Lagrangian and Hamiltonian formulations of
generic nonconservative systems.

An illustrative example.—To demonstrate the shortcom-
ing of Hamilton’s principle, consider a harmonic oscillator
with amplitude qðtÞ, massm, and frequency! coupled with
strength ! to another harmonic oscillator with amplitude
QðtÞ, massM, and frequency!. The action for this system is

S½q;Q% ¼
Z tf

ti

dt
!
m

2
ð _q2 !!2q2Þ þ !qQ

þM

2
ð _Q2 !!2Q2Þ

"
: (1)

The total system conserves energy and is Hamiltonian but
qðtÞ itself is open to exchange energy with Q and should
thus be nonconservative. For a large number ofQ oscillators
the open (sub)system dynamics for q ought to be dissipative.
Let us account for the effect of the Q oscillator on qðtÞ

by finding solutions only to the equations of motion for Q
and inserting them back into (1), which is called integrat-
ing out. The resulting action,

Seff½q% ¼
Z tf

ti

dt
!
m

2
ð _q2 !!2q2Þ þ !qQðhÞðtÞ

þ !2

2M

Z tf

ti

dt0qðtÞGretðt! t0Þqðt0Þ
"
; (2)

is the effective action for qðtÞ, though it is sometimes called
a Fokker action [2]. QðhÞðtÞ is a homogeneous solution
(from initial data) and Gretðt! t0Þ is the retarded Green
function for the Q oscillator.
The last term in (2) involves two time integrals and the

product qðtÞqðt0Þ. The latter is symmetric in t $ t0 and
couples only to the time-symmetric part of the retarded
Green function. Hence, the last term in (2) equals

!2

2M

Z tf

ti

dtdt0qðtÞ
#
Gretðt! t0Þ þGadvðt! t0Þ

2

$
qðt0Þ (3)

when using the identity Gretðt0 ! tÞ ¼ Gadvðt! t0Þ.
Applying Hamilton’s principle to the effective action (2)
yields the equation of motion for qðtÞ,

m €qþm!2q ¼ !QðhÞðtÞ þ !2

2M

Z tf

ti

dt0½Gretðt! t0Þ

þGadvðt! t0Þ%qðt0Þ: (4)

There are a couple of key points regarding (4). First, the
second term on the right side depends on the advanced

PRL 110, 174301 (2013) P HY S I CA L R EV I EW LE T T E R S
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To derive the master source:

• Use an action that accommodates outgoing boundary conditions
CRG & Tiglio (2009); CRG (2010); CRG (2013) [PRL Editors' Highlight]

• A variational principle consistent with initial data

• Naturally gives definitions of action, Lagrangian, & Hamiltonian for 
general non-conservative (e.g., dissipative) systems

Features of the Causal Action Principle 
CRG (2013) [PRL Editors' Highlight]; CRG & Stein (in prep)

• Applicable to any generic system, including non-conservative ones

• Applies to "non-Hamiltonian" systems

• Can handle non-holonomic constraints

• Consistent quantization of open systems  CRG & Chen (in progress)

• Gives a powerful framework to tackle any real-world problem with 
similar tools learned in courses
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
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use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
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for precise determinations of the parameters of detected EMRI sources.
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Abstract
The motion of a small compact object (SCO) in a background spacetime is
investigated further in the context of a class of model nonlinear scalar field
theories that have a perturbative structure analogous to the general relativistic
description of extreme mass ratio inspirals. We derive regular expressions for
the scalar perturbations generated by the motion of the compact object that
are valid through third order in ε the size of the SCO to the background
curvature length scale. Our results for the field perturbations are compared
to those calculated through second order in ε by Rosenthal (2005 Class.
Quantum Grav. 22 S859) and found to agree. However, our procedure for
regularizing the scalar perturbations is considerably simpler. Following the
Detweiler–Whiting scheme, we use our results for the regular expressions for
the field and derive the regular self-force corrections through third order. We
find agreement with our previous derivation based on a variational principle
of an effective action for the worldline associated with the SCO thereby
demonstrating the internal consistency of our formalism. This also explicitly
demonstrates that the Detweiler–Whiting decomposition of Green’s functions
is a valid and practical method of self-force computation at higher orders in
perturbation theory and more generally, at all orders in perturbation theory, as
we show in an appendix. Finally, we identify a central quantity, which we call a
master source, from which all other physically relevant quantities are derivable.
Specifically, knowing the master source through some order in ε allows one
to construct the waveform measured by an observer, the regular part of the
field and its derivative on the worldline, the regular part of the self-force and
various orbital quantities such as shifts of the innermost stable circular orbit,
etc when restricting to conservative dynamics. The existence of a master source
together with the regularization methods implemented in this series should be
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We study the gravitational self-force using the e↵ective field theory formalism. We show that in
the ultra-relativistic limit � ! 1, with � the boost factor, many simplifications arise. Drawing
parallels with the large N limit in quantum field theory, we introduce the parameter 1/N ⌘ 1/�2

and show that the e↵ective action admits a well defined expansion in powers of � ⌘ N✏ at each
order in 1/N , where ✏ ⌘ Em/M with Em = �m the (kinetic) energy of the small mass. Moreover,
we show that diagrams with nonlinear bulk interactions first enter at O(1/N2) and only diagrams
with nonlinearities in the worldline couplings, which are significantly easier to compute, survive in
the large N/ultra-relativistic limit. As an example we derive the self-force to O(�4/N) and provide
expressions for conservative quantities for circular orbits.

Introduction. During the last years a new formalism has
emerged, based on e↵ective field theory (EFT) ideas bor-
rowed from particle physics, to study binary systems in
General Relativity. Originally proposed to tackle the
Post-Newtonian approximation for non-spinning [1] and
spinning [2] inspirals, the EFT approach has produced
a breakthrough in our understanding of gravitationally
interacting extended objects within a relatively short pe-
riod of time [1–19]. Meanwhile, EFT ideas were also ap-
plied (besides particle physics) to di↵erent areas, such as
cosmology [20–22], electrodynamics [23], fluid dynamics
[24, 25], and in particular to extreme mass ratio inspirals
(EMRIs) [26–28], which is the subject of this letter.

The study of the self-force problem within the EFT
approach was initiated in [26] where power-counting and
leading order e↵ects were worked out and a proof of the
e↵acement of internal structure for EMRIs was given. As
it is traditional in the EMRI community, perturbative
calculations are performed in powers of q ⌘ m/M where
m represents a small mass object orbiting a much larger
black hole with mass M . To date, only second-order
O(q2) equations of motion are known [29, 30].

In this letter we study the ultra-relativistic limit, i.e.
� ! 1, of the self-force problem. Inspired by an analogy
with the large N limit in quantum field theory [31], we
show that many simplifications arise that are not cap-
tured by the (traditional) m/M power-counting. We
show that, introducing the expansion parameter 1/N ⌘
�

�2 and defining � ⌘ N✏ with ✏ ⌘ E

m

/M and E

m

= �m,
the gravitational e↵ective action (which yields the self-
force) admits an expansion of the type

Se↵ = L/N

�
1 + �+ �

2 + . . .

�
+O(�/N2), (1)

where L ⇠ E

m

M(= �mM) is the angular momentum of
the small mass (in G

N

= c = 1 units used throughout).
A similar expansion applies to the one-point function,
h

µ⌫

(x), which can also be used to compute the self-force.
Our goals here are: to derive the new power-counting
rules in the large N limit, to show that diagrams with
nonlinear bulk interactions are subleading in the 1/N ex-

pansion, to report the gravitational self-force to fourth

order in � at leading order in 1/N , and to provide expres-
sions for conservative quantities for the case of circular
orbits. We conclude on a more formal note with some
comments on the problem of finding the self-force in the
exact massless limit for a photon moving in a black hole
spacetime.

Power-counting rules. Our setup is the same as in
the standard EMRI case except that we consider ultra-
relativistic motion where the boost factor � is large,

� ⌘ 1/
p�g

µ⌫

v

µ

v

⌫ � 1. (2)

Here, v↵ ⌘ dz

↵

/dt, z↵ is the small mass’ worldline co-
ordinates, t is the coordinate time, and g

µ⌫

is the back-
ground metric of the black hole with mass M . In order to
achieve this condition we imagine the mass m in a bound
orbit near the light ring in Schwarzschild spacetime or
moving in a (very) rapid fly-by.

We next find the scaling rules of various leading or-
der quantities. The orbital frequency is related to the
wavelength of the gravitational radiation through !orb =
d�/dt ⇠ 1/�gw. Because �gw ⇠ M it follows that dt ⇠ M

(also dx

i ⇠ M). Hence, the proper time along the ob-
ject’s worldline scales like d⌧ ⇠ dt/� ⇠ M/� and its
four-velocity is u

↵ ⌘ dz

↵

/d⌧ = �v

↵ ⇠ �, for an ultra-
relativistic motion. For the scaling of the metric pertur-
bations h

µ⌫

produced by this ultra-relativistic small mass
m we use the leading order solution

h

µ⌫

(x) ⇠
Z

x

0
G

µ⌫↵

0
�

0(x, x0)T↵�(x0), (3)

with T

↵�(x) / m

R
d⌧ �

4(xµ � z

µ(⌧))u↵

u

�

/

p�g, andR
x

⌘ R
d

4
x

p�g. We find h

µ⌫

⇠ E

m

/M = ✏ where we
used r

↵

⇠ @

↵

⇠ 1/M and G

µ⌫↵

0
�

0 ⇠ 1/M2 for the scal-
ing of the Green function in a curved background (this
follows almost entirely from dimensional analysis). Fi-
nally, the leading order e↵ective action scales like

S

0
pp[z

µ] = �m

Z
d⌧ ⇠ mM/� ⇠ L/N, (4)
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.
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During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e
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ere worked

out and
a proof o

f the
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ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
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f motion are known
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.

In this letter we study the ultra-re
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ective action
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.
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angular

momentum
of

the small mass (in
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= 1 units u
sed through
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on applies

to the one-poi
nt function

,
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ich can also be used

to compute th
e self-fo
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Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
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sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
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order in
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at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
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ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.
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Our setup is the same as in

the standar
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except
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,
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is the back-

ground
metric of
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k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.
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1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.
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I. INTRODUCTION

The advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.

High-accuracy waveforms and source-modeling are also
important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].
In this paper, we calculate the radiation reaction forces

that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.
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PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstract: We address issues with extant formulations of dissipative e↵ects in the e↵ective

field theory (EFT) which describes the post-Newtonian (PN) inspiral of two gravitating

bodies by (re)formulating several parts of the theory. Novel ingredients include gauge in-

variant spherical fields in the radiation zone; a system zone which preserves time reversal

such that its violation arises not from local odd propagation but rather from interaction

with the radiation sector in a way which resembles the balayage method; 2-way multipoles

to perform zone matching within the EFT action; and a double-field radiation-reaction ac-

tion which is the non-quantum version of the Closed Time Path formalism and generalizes

to any theory with directed propagators including theories which are defined by equations

of motion rather than an action. This formulation unifies the treatment of outgoing radia-

tion and its reaction force. We demonstrate the theory in the scalar, electromagnetic and

gravitational cases by economizing the following: the expression for the radiation source

multipoles; the derivation of the leading outgoing radiation and associated reaction force

such that it is maximally reduced to mere multiplication; and the derivation of the gravi-

tational next to leading PN order. In fact we present a novel expression for the +1PN cor-

rection to all mass multipoles. We introduce useful definitions for multi-index summation,

for the normalization of Bessel functions and for the normalization of the gravito-magnetic

vector potential.
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.
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1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstrac
t: We addre

ss issue
s with extant f

ormulations
of dissip

ative e↵
ects in the e↵e

ctive

field theory
(EFT)

which describ
es the post-Ne

wtonian
(PN) inspiral

of two
gravitat

ing

bodies
by (re)form

ulating
several

parts o
f the theory.

Novel i
ngredie

nts incl
ude gauge in-

variant
spheric

al fields
in the radiatio

n zone; a
system

zone which preserv
es time reversa

l

such that its violatio
n arises not from local od

d propaga
tion but rather from interact

ion

with the rad
iation sector i

n a way which resembles the
balayag

e method;
2-way multipole

s

to perform
zone m

atching
within

the EFT
action;

and a double-
field radiatio

n-reacti
on ac-

tion which is the n
on-quan

tum version
of the C

losed Time Path
formalism and general

izes

to any theory
with directed

propaga
tors inc

luding theories
which are defined

by equatio
ns

of motion rather t
han an action.

This for
mulation

unifies
the trea

tment of o
utgoing

radia-

tion and its reac
tion force. W

e demonstrat
e the theory

in the scalar,
electrom

agnetic
and

gravitat
ional ca

ses by econom
izing the followin

g: the express
ion for the radiatio

n source

multipole
s; the derivati

on of the leading
outgoin

g radiatio
n and associat

ed reaction
force

such that it
is maximally reduced

to mere multiplica
tion; an

d the derivati
on of the gravi-

tationa
l next t

o leading
PN order. I

n fact we
present

a novel ex
pression

for the
+1PN cor-

rection
to all mass multipole

s. We introd
uce use

ful defin
itions fo

r multi-ind
ex summation,

for the
normalizatio

n of Besse
l functi

ons and
for the

normalizatio
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o
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.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstrac
t: We addre

ss issue
s with extant f

ormulations
of dissip

ative e↵
ects in the e↵e

ctive

field theory
(EFT)

which describ
es the post-Ne

wtonian
(PN) inspiral

of two
gravitat

ing

bodies
by (re)form

ulating
several

parts o
f the theory.

Novel i
ngredie

nts incl
ude gauge in-

variant
spheric

al fields
in the radiatio

n zone; a
system

zone which preserv
es time reversa

l

such that its violatio
n arises not from local od

d propaga
tion but rather from interact

ion

with the rad
iation sector i

n a way which resembles the
balayag

e method;
2-way multipole

s

to perform
zone m

atching
within

the EFT
action;

and a double-
field radiatio

n-reacti
on ac-

tion which is the n
on-quan

tum version
of the C

losed Time Path
formalism and general

izes

to any theory
with directed

propaga
tors inc

luding theories
which are defined

by equatio
ns

of motion rather t
han an action.

This for
mulation
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the trea

tment of o
utgoing

radia-

tion and its reac
tion force. W

e demonstrat
e the theory

in the scalar,
electrom

agnetic
and

gravitat
ional ca

ses by econom
izing the followin

g: the express
ion for the radiatio

n source

multipole
s; the derivati

on of the leading
outgoin

g radiatio
n and associat

ed reaction
force

such that it
is maximally reduced

to mere multiplica
tion; an

d the derivati
on of the gravi-

tationa
l next t

o leading
PN order. I

n fact we
present

a novel ex
pression

for the
+1PN cor-

rection
to all mass multipole

s. We introd
uce use
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r multi-ind
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n of Besse
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Finite Size Corrections to the Radiation Reaction Force in Classical Electrodynamics

Chad R. Galley,1,2 Adam K. Leibovich,3 and Ira Z. Rothstein4

1Maryland Center for Fundamental Physics, Department of Physics, University of Maryland, College Park, Maryland 20742, USA
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3Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA
4Department of Physics, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213, USA

(Received 20 May 2010; published 27 August 2010)

We introduce an effective field theory approach that describes the motion of finite size objects under the

influence of electromagnetic fields. We prove that leading order effects due to the finite radius R of a

spherically symmetric charge is order R2 rather than order R in any physical model, as widely claimed in

the literature. This scaling arises as a consequence of Poincaré and gauge symmetries, which can be shown

to exclude linear corrections. We use the formalism to calculate the leading order finite size correction to

the Abraham-Lorentz-Dirac force.

DOI: 10.1103/PhysRevLett.105.094802 PACS numbers: 41.60.!m, 03.50.De

Radiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham [1] and Lorentz [2].
The relativistically covariant result was derived some years
later by Dirac [3] (we use naturalized Heaviside-Lorentz
units with c ¼ 1) and is given by the Abraham-Lorentz-
Dirac (ALD) equation

m €x! ¼ F!
ext þ F!

self ¼ F!
ext þ

2

3

e2

4"
ðx:::! ! x

:::# _x# _x
!Þ; (1)

where F!
ext is the external force accelerating the charge.

Corrections to the point-particle limit have been inves-
tigated in the literature in the past. However, as we will
show in this Letter, these corrections have yet to be treated
properly. Worldline reparametrization invariance (RPI) re-
stricts the finite size corrections to have the form

F!
self ¼

X1

n¼0

In!
!#
n

!
@

@$

"
n
€x#; (2)

where the In are coefficients that depend on the charge
distribution of the object. The tensors!!#

n ensure orthogo-
nality of the equation with _x! and will in general depend
on proper time derivatives of x! leading to nonlinear
powers of the acceleration and its derivatives. For a given
charge distribution, the above equation can be expanded in
a power series in R, the size of the object,

F!
self ¼ F!

0 þ RF!
1 þ R2F!

2 þ & & & þ RnF!
n þ & & & : (3)

A calculation of the nonrelativistic self-force, neglecting
the nonlinear powers of the acceleration and its derivatives,
can be found in the classic text by Jackson [4] where the
force for an arbitrary spherical charge distribution is given
by

F self ¼ ! 2

3

X1

n¼0

ð!1Þn
n!

In

!
@

@t

"
n
€x; (4)

with

In ¼
Z

d3x0
Z

d3x%ðx0Þjx! x0jn!1%ðxÞ: (5)

For a charged shell, the sum can be done explicitly, giving

Fself ¼
2

3

e2

2R2 vðt! 2RÞ ½vð0Þ ¼ 0(

¼ 2

3
e2
!
! 1

R
€xþ x

:::! 2

3
Rxð4Þ þ & & &

"
: (6)

The first term is the usual infinite self-energy of the point
particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first finite
size correction proportional to the size R of the object. This
result was covariantized in Refs. [5–7] for relativistic
motions, which exhibits a similar expansion in powers of
R. In this Letter, we utilize the worldline formalism devel-
oped in Ref. [8] to show that symmetries prohibit linear
corrections in Eq. (6) and its generalization in Refs. [5–7],
or more generally in Eq. (3), for a spherically symmetric
charge distribution.
The method used in this Letter to calculate the radiation

reaction is based on an effective field theory (EFT) ap-
proach developed in Ref. [8]. The worldline action for a
point particle

Sð0Þ ¼ !m
Z

d$þ e
Z

d$v!A! (7)

is systematically augmented by interactions with increas-
ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincaré, gauge, and RPI) are included.
The additional terms, in the augmented point-particle ac-
tion, have coefficients that encapsulate the structure of the
charged object, including finite size effects, susceptibility,
etc. Given some model for the charged object, these co-
efficients can be fixed by a matching calculation.
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Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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field theory
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(PN) inspiral
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f the theory.
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nts incl
ude gauge in-
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n zone; a
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d propaga
tion but rather from interact
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tationa
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Applications of Causal Action Principle
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive

0264-9381/12/015010+37$33.00 © 2012 IOP Publishing Ltd Printed in the UK & the USA 1
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be

0264-9381/12/015011+25$33.00 © 2012 IOP Publishing Ltd Printed in the UK & the USA
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U

S

A

We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Finite Size Corrections to the Radiation Reaction Force in Classical Electrodynamics
Chad R. Galley,1,2 Adam K. Leibovich,3 and Ira Z. Rothstein4

1Maryland Center for Fundamental Physics, Department of Physics, University of Maryland, College Park, Maryland 20742, USA

2Center for Scientific Computation and Mathematical Modeling, University of Maryland, College Park, Maryland 20742, USA

3Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA

4Department of Physics, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213, USA

(Received 20 May 2010; published 27 August 2010)
We introduce an effective field theory approach that describes the motion of finite size objects under the

influence of electromagnetic fields. We prove that leading order effects due to the finite radius R of a

spherically symmetric charge is order R2 rather than order R in any physical model, as widely claimed in

the literature. This scaling arises as a consequence of Poincaré and gauge symmetries, which can be shown

to exclude linear corrections. We use the formalism to calculate the leading order finite size correction to

the Abraham-Lorentz-Dirac force.
DOI: 10.1103/PhysRevLett.105.094802

PACS numbers: 41.60.!m, 03.50.DeRadiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham [1] and Lorentz [2].
The relativistically covariant result was derived some years
later by Dirac [3] (we use naturalized Heaviside-Lorentz
units with c ¼ 1) and is given by the Abraham-Lorentz-
Dirac (ALD) equation

m €x! ¼ F!
ext þ F!

self ¼ F!
ext þ 2

3
e2

4"
ðx:::! ! x

:::# _x# _x!Þ; (1)where F!
ext is the external force accelerating the charge.

Corrections to the point-particle limit have been inves-
tigated in the literature in the past. However, as we will
show in this Letter, these corrections have yet to be treated
properly. Worldline reparametrization invariance (RPI) re-
stricts the finite size corrections to have the form

F!
self ¼

X1

n¼0

In!
!#
n

!
@

@$

"
n
€x#; (2)

where the In are coefficients that depend on the charge
distribution of the object. The tensors!!#

n ensure orthogo-
nality of the equation with _x! and will in general depend
on proper time derivatives of x! leading to nonlinear
powers of the acceleration and its derivatives. For a given
charge distribution, the above equation can be expanded in
a power series in R, the size of the object,F!

self ¼ F!
0 þ RF!

1 þ R2F!
2 þ & & & þ RnF!

n þ & & & : (3)A calculation of the nonrelativistic self-force, neglecting
the nonlinear powers of the acceleration and its derivatives,
can be found in the classic text by Jackson [4] where the
force for an arbitrary spherical charge distribution is given
by

F self ¼ ! 2

3

X1

n¼0

ð!1Þn
n!

In

!
@

@t

"
n
€x; (4)

with

In ¼
Z
d3x0

Z
d3x%ðx0Þjx! x0jn!1%ðxÞ: (5)For a charged shell, the sum can be done explicitly, giving

Fself ¼ 2

3
e2

2R2 vðt! 2RÞ ½vð0Þ ¼ 0(
¼ 2

3
e2
!
! 1

R
€xþ x

:::! 2

3
Rxð4Þ þ & & &

"
: (6)The first term is the usual infinite self-energy of the point

particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first finite
size correction proportional to the size R of the object. This
result was covariantized in Refs. [5–7] for relativistic
motions, which exhibits a similar expansion in powers of
R. In this Letter, we utilize the worldline formalism devel-
oped in Ref. [8] to show that symmetries prohibit linear
corrections in Eq. (6) and its generalization in Refs. [5–7],
or more generally in Eq. (3), for a spherically symmetric
charge distribution.
The method used in this Letter to calculate the radiation

reaction is based on an effective field theory (EFT) ap-
proach developed in Ref. [8]. The worldline action for a
point particle

Sð0Þ ¼ !m
Z
d$þ e

Z
d$v!A! (7)is systematically augmented by interactions with increas-

ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincaré, gauge, and RPI) are included.
The additional terms, in the augmented point-particle ac-
tion, have coefficients that encapsulate the structure of the
charged object, including finite size effects, susceptibility,
etc. Given some model for the charged object, these co-
efficients can be fixed by a matching calculation.

PRL 105, 094802 (2010) P HY S I CA L R EV I EW LE T T E R S week ending27 AUGUST 2010
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Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA, and Theoretical Astrophysics,

California Institute of Technology, Pasadena, California 91125, USA
Adam K. Leibovich

Pittsburgh Particle Physics Astrophysics and Cosmology Center (PITT PACC), Department of Physics and Astronomy,

University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA
(Received 6 June 2012; published 17 August 2012)

We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Applications of Causal Action Principle
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be

0264-9381/12/015011+25$33.00 © 2012 IOP Publishing Ltd Printed in the UK & the USA
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U

S

A

We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Finite Size Corrections to the Radiation Reaction Force in Classical Electrodynamics
Chad R. Galley,1,2 Adam K. Leibovich,3 and Ira Z. Rothstein4

1Maryland Center for Fundamental Physics, Department of Physics, University of Maryland, College Park, Maryland 20742, USA
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3Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA

4Department of Physics, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213, USA

(Received 20 May 2010; published 27 August 2010)
We introduce an effective field theory approach that describes the motion of finite size objects under the

influence of electromagnetic fields. We prove that leading order effects due to the finite radius R of a

spherically symmetric charge is order R2 rather than order R in any physical model, as widely claimed in

the literature. This scaling arises as a consequence of Poincaré and gauge symmetries, which can be shown

to exclude linear corrections. We use the formalism to calculate the leading order finite size correction to

the Abraham-Lorentz-Dirac force.
DOI: 10.1103/PhysRevLett.105.094802

PACS numbers: 41.60.!m, 03.50.DeRadiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham [1] and Lorentz [2].
The relativistically covariant result was derived some years
later by Dirac [3] (we use naturalized Heaviside-Lorentz
units with c ¼ 1) and is given by the Abraham-Lorentz-
Dirac (ALD) equation

m €x! ¼ F!
ext þ F!

self ¼ F!
ext þ 2

3
e2

4"
ðx:::! ! x

:::# _x# _x!Þ; (1)where F!
ext is the external force accelerating the charge.

Corrections to the point-particle limit have been inves-
tigated in the literature in the past. However, as we will
show in this Letter, these corrections have yet to be treated
properly. Worldline reparametrization invariance (RPI) re-
stricts the finite size corrections to have the form

F!
self ¼

X1

n¼0

In!
!#
n

!
@

@$

"
n
€x#; (2)

where the In are coefficients that depend on the charge
distribution of the object. The tensors!!#

n ensure orthogo-
nality of the equation with _x! and will in general depend
on proper time derivatives of x! leading to nonlinear
powers of the acceleration and its derivatives. For a given
charge distribution, the above equation can be expanded in
a power series in R, the size of the object,F!

self ¼ F!
0 þ RF!

1 þ R2F!
2 þ & & & þ RnF!

n þ & & & : (3)A calculation of the nonrelativistic self-force, neglecting
the nonlinear powers of the acceleration and its derivatives,
can be found in the classic text by Jackson [4] where the
force for an arbitrary spherical charge distribution is given
by

F self ¼ ! 2

3

X1

n¼0

ð!1Þn
n!

In

!
@

@t

"
n
€x; (4)

with

In ¼
Z
d3x0

Z
d3x%ðx0Þjx! x0jn!1%ðxÞ: (5)For a charged shell, the sum can be done explicitly, giving

Fself ¼ 2

3
e2

2R2 vðt! 2RÞ ½vð0Þ ¼ 0(
¼ 2

3
e2
!
! 1

R
€xþ x

:::! 2

3
Rxð4Þ þ & & &

"
: (6)The first term is the usual infinite self-energy of the point

particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first finite
size correction proportional to the size R of the object. This
result was covariantized in Refs. [5–7] for relativistic
motions, which exhibits a similar expansion in powers of
R. In this Letter, we utilize the worldline formalism devel-
oped in Ref. [8] to show that symmetries prohibit linear
corrections in Eq. (6) and its generalization in Refs. [5–7],
or more generally in Eq. (3), for a spherically symmetric
charge distribution.
The method used in this Letter to calculate the radiation

reaction is based on an effective field theory (EFT) ap-
proach developed in Ref. [8]. The worldline action for a
point particle

Sð0Þ ¼ !m
Z
d$þ e

Z
d$v!A! (7)is systematically augmented by interactions with increas-

ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincaré, gauge, and RPI) are included.
The additional terms, in the augmented point-particle ac-
tion, have coefficients that encapsulate the structure of the
charged object, including finite size effects, susceptibility,
etc. Given some model for the charged object, these co-
efficients can be fixed by a matching calculation.

PRL 105, 094802 (2010) P HY S I CA L R EV I EW LE T T E R S week ending27 AUGUST 2010

0031-9007=10=105(9)=094802(4)
094802-1 ! 2010 The American Physical Society

Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA, and Theoretical Astrophysics,

California Institute of Technology, Pasadena, California 91125, USA
Adam K. Leibovich

Pittsburgh Particle Physics Astrophysics and Cosmology Center (PITT PACC), Department of Physics and Astronomy,

University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA
(Received 6 June 2012; published 17 August 2012)

We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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s with extant f
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of dissip
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field theory
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(PN) inspiral
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gravitat
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f the theory.
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d propaga
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with the rad
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d the derivati
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...and viscous hydrodynamics



electrodynamics...

Applications of Causal Action Principle
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be

0264-9381/12/015011+25$33.00 © 2012 IOP Publishing Ltd Printed in the UK & the USA
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,

U

S

A

We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Finite Size Corrections to the Radiation Reaction Force in Classical Electrodynamics
Chad R. Galley,1,2 Adam K. Leibovich,3 and Ira Z. Rothstein4
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2Center for Scientific Computation and Mathematical Modeling, University of Maryland, College Park, Maryland 20742, USA
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4Department of Physics, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213, USA

(Received 20 May 2010; published 27 August 2010)
We introduce an effective field theory approach that describes the motion of finite size objects under the

influence of electromagnetic fields. We prove that leading order effects due to the finite radius R of a

spherically symmetric charge is order R2 rather than order R in any physical model, as widely claimed in

the literature. This scaling arises as a consequence of Poincaré and gauge symmetries, which can be shown

to exclude linear corrections. We use the formalism to calculate the leading order finite size correction to

the Abraham-Lorentz-Dirac force.
DOI: 10.1103/PhysRevLett.105.094802

PACS numbers: 41.60.!m, 03.50.DeRadiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham [1] and Lorentz [2].
The relativistically covariant result was derived some years
later by Dirac [3] (we use naturalized Heaviside-Lorentz
units with c ¼ 1) and is given by the Abraham-Lorentz-
Dirac (ALD) equation

m €x! ¼ F!
ext þ F!

self ¼ F!
ext þ 2

3
e2

4"
ðx:::! ! x

:::# _x# _x!Þ; (1)where F!
ext is the external force accelerating the charge.

Corrections to the point-particle limit have been inves-
tigated in the literature in the past. However, as we will
show in this Letter, these corrections have yet to be treated
properly. Worldline reparametrization invariance (RPI) re-
stricts the finite size corrections to have the form

F!
self ¼

X1

n¼0

In!
!#
n

!
@

@$

"
n
€x#; (2)

where the In are coefficients that depend on the charge
distribution of the object. The tensors!!#

n ensure orthogo-
nality of the equation with _x! and will in general depend
on proper time derivatives of x! leading to nonlinear
powers of the acceleration and its derivatives. For a given
charge distribution, the above equation can be expanded in
a power series in R, the size of the object,F!

self ¼ F!
0 þ RF!

1 þ R2F!
2 þ & & & þ RnF!

n þ & & & : (3)A calculation of the nonrelativistic self-force, neglecting
the nonlinear powers of the acceleration and its derivatives,
can be found in the classic text by Jackson [4] where the
force for an arbitrary spherical charge distribution is given
by

F self ¼ ! 2

3

X1

n¼0

ð!1Þn
n!

In

!
@

@t

"
n
€x; (4)

with

In ¼
Z
d3x0

Z
d3x%ðx0Þjx! x0jn!1%ðxÞ: (5)For a charged shell, the sum can be done explicitly, giving

Fself ¼ 2

3
e2

2R2 vðt! 2RÞ ½vð0Þ ¼ 0(
¼ 2

3
e2
!
! 1

R
€xþ x

:::! 2

3
Rxð4Þ þ & & &

"
: (6)The first term is the usual infinite self-energy of the point

particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first finite
size correction proportional to the size R of the object. This
result was covariantized in Refs. [5–7] for relativistic
motions, which exhibits a similar expansion in powers of
R. In this Letter, we utilize the worldline formalism devel-
oped in Ref. [8] to show that symmetries prohibit linear
corrections in Eq. (6) and its generalization in Refs. [5–7],
or more generally in Eq. (3), for a spherically symmetric
charge distribution.
The method used in this Letter to calculate the radiation

reaction is based on an effective field theory (EFT) ap-
proach developed in Ref. [8]. The worldline action for a
point particle

Sð0Þ ¼ !m
Z
d$þ e

Z
d$v!A! (7)is systematically augmented by interactions with increas-

ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincaré, gauge, and RPI) are included.
The additional terms, in the augmented point-particle ac-
tion, have coefficients that encapsulate the structure of the
charged object, including finite size effects, susceptibility,
etc. Given some model for the charged object, these co-
efficients can be fixed by a matching calculation.

PRL 105, 094802 (2010) P HY S I CA L R EV I EW LE T T E R S week ending27 AUGUST 2010

0031-9007=10=105(9)=094802(4)
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Viscosity and dissipative hydrodynamics from effective field theory

Sašo Grozdanov1 and Janos Polonyi2

1Rudolf Peierls Centre for Theoretical Physics, University of Oxford, 1 Keble Road, Oxford OX1 3NP, U.K.
2Strasbourg University, CNRS-IPHC, 23 rue du Loess, BP28 67037 Strasbourg Cedex 2, France

(Dated: May 16, 2013)

Using the action principle for open systems, inspired by Schwinger’s Closed-Time-Path method,
we construct the energy-momentum balance equation and the non-conserved first-order dissipative
stress-energy tensor with the form predicted by phenomenological hydrodynamics. Hydrodynamical
coefficients are shown to be field-dependent quantities, determined by the form of the effective CTP
Goldstone action. An example reproducing a conformal field theory at the KSS bound is given.

Introduction — Effective theories of Goldstone modes
are the appropriate framework to systematically derive
hydrodynamics [1–3]. The equations of non-dissipative
hydrodynamics have previously been generated using this
description at zeroth order in the gradient expansion
for relativistic fluids that are insensitive to static, non-
compressional deformations [1, 2] and at second order by
[4]. A serious limitation of this scheme is that dissipative
forces cannot be derived from the variational principle.
Our goal is, however, to develop a systematic scheme
for the construction of hydrodynamics at all orders - in-
cluding dissipation. One approach to this problem is to
rely on linear response theory [5]. In this work, we will
report on another method that describes dissipative flu-
ids. By considering the effective action that emerges in
the Closed-Time-Path (CTP) formalism introduced by
Schwinger [6], the dissipative hydrodynamical equations
of motion will be derived as variational equations at a
phenomenological level directly in terms of an effective
classical CTP field theory without a microscopic deriva-
tion. By varying the fields on only one of the two CTP
time axes, we will obtain the energy-momentum balance
equation containing a stress-energy tensor. However, this
tensor will not be conserved due to interactions with the
environment. Viscosity and other hydrodynamical coef-
ficients will depend on the field profiles. We will end our
discussion by giving an explicit example of a conformal
field theory at the holographic KSS bound [7].
Closed systems —We begin with a classical field theory

for an isolated system, described by the field ψ(x), which
is invariant under time inversion. To maintain initial con-
ditions for the equations of motion and to have the possi-
bility of introducing effective interactions with dissipative
forces into the Lagrangian formalism, we follow the CTP
formalism in classical physics [8]. This is done by dou-
bling the degrees of freedom [9], ψ → ψ̂ = (ψ+,ψ−), in
such a manner that both members of the CTP doublet
satisfy the same equation of motion, initial conditions
and the relation ψ+(tf ,x) = ψ−(tf ,x) at the final time.
The action describing the dynamics of the CTP dou-

blet fields is defined as

SCTP [ψ̂] =

∫ tf

ti

dd+1x
{

Ls

[

ψ+
]

− L∗
s

[

ψ−
]}

, (1)

where Ls [ψ] = L [ψ, ∂ψ] + iεψ2 differs from the original
Lagrangian in that it splits the degeneracy of the CTP
action for ψ+(x) = ψ−(x). The action (1) possesses a
CTP symmetry related to the exchange of the two time
axes, ψ+ ↔ ψ−, SCTP [ψ+,ψ−] = −S∗

CTP [ψ
−,ψ+].

Open systems — It may be difficult or not instructive
to observe all fundamental fields ψ. Instead, one may be
interested in the effective dynamics of only φ, which is a
subset or a certain combination of the elementary vari-
ables ψ. The effective dynamics of φ can be obtained by
eliminating the remaining degrees of freedom - namely
the environment - by using their equations of motion.
The resulting effective action has a more involved struc-
ture than (1), namely

Seff [φ̂] = Ss[φ
+]− S∗

s [φ
−] + Si[φ̂], (2)

where single-axis Ss is made well-defined by imposing
the condition δ2Si/δφ+δφ− $= 0 on the influence func-
tional Si. The imaginary part of the effective action,
obtained by eliminating the environment variables using
their equations of motion, remains infinitesimal as in the
case of an isolated system and will be ignored below.
Let us assume that the gradient expansion in terms

of space-time derivatives is applicable in the effective ac-
tion (2). We impose identical initial conditions on the
two time axes, ∂nt φ

+(ti,x) = ∂nt φ
−(ti,x), together with

the auxiliary conditions ∂nt φ
+(tf ,x) = ∂nt φ

−(tf ,x) for
all orders of derivatives labeled by n ≥ 0. Variational
equations can thus still be derived in the CTP theory
because the boundary contributions arising from partial
integration cancel, due the above conditions. Further-
more, the solutions of the open system’s Euler-Lagrange
equations of motion give φ+ = φ−.
As an example of this formalism, it is instructive

to consider a non-relativistic one-dimensional particle
whose effective theory is defined by the Lagrangians

Ls =
1

2

(

mẋ2−mω2x2
)

, Li =
γ

2

(

x−ẋ+− x+ẋ−
)

. (3)

The corresponding equations of motion describe a
damped harmonic oscillator,

mẍ± + γẋ∓ +mω2x± = 0 =⇒ x+ = x−. (4)

The conservation of energy is obviously violated by Li.

Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA, and Theoretical Astrophysics,

California Institute of Technology, Pasadena, California 91125, USA
Adam K. Leibovich

Pittsburgh Particle Physics Astrophysics and Cosmology Center (PITT PACC), Department of Physics and Astronomy,

University of Pittsburgh, Pittsburgh, Pennsylvania 15260, USA
(Received 6 June 2012; published 17 August 2012)

We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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Abstrac
t: We addre

ss issue
s with extant f

ormulations
of dissip

ative e↵
ects in the e↵e

ctive

field theory
(EFT)

which describ
es the post-Ne

wtonian
(PN) inspiral

of two
gravitat

ing

bodies
by (re)form

ulating
several

parts o
f the theory.

Novel i
ngredie

nts incl
ude gauge in-

variant
spheric

al fields
in the radiatio

n zone; a
system

zone which preserv
es time reversa

l

such that its violatio
n arises not from local od

d propaga
tion but rather from interact

ion

with the rad
iation sector i

n a way which resembles the
balayag

e method;
2-way multipole

s

to perform
zone m

atching
within

the EFT
action;

and a double-
field radiatio

n-reacti
on ac-

tion which is the n
on-quan

tum version
of the C

losed Time Path
formalism and general

izes

to any theory
with directed

propaga
tors inc

luding theories
which are defined

by equatio
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of motion rather t
han an action.

This for
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utgoing
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n source
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g radiatio
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ed reaction
force

such that it
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to mere multiplica
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d the derivati
on of the gravi-

tationa
l next t

o leading
PN order. I

n fact we
present

a novel ex
pression

for the
+1PN cor-

rection
to all mass multipole
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uce use

ful defin
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r multi-ind
ex summation,
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normalizatio

n of Besse
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...and viscous hydrodynamics
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Applications of Causal Action Principle

Successfully applied in black hole binaries...
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Abstract
The motion of a small compact object in a background spacetime is investigated
in the context of a model nonlinear scalar field theory. This model is constructed
to have a perturbative structure analogous to the general relativistic description
of extreme mass ratio inspirals (EMRIs). We apply the effective field theory
approach to this model and calculate the finite part of the self-force on the
small compact object through third order in the ratio of the size of the compact
object to the curvature scale of the background (e.g. black hole) spacetime. We
use well-known renormalization methods and demonstrate the consistency of
the formalism in rendering the self-force finite at higher orders within a point
particle prescription for the small compact object. This nonlinear scalar model
should be useful for studying various aspects of higher-order self-force effects
in EMRIs but within a comparatively simpler context than the full gravitational
case. These aspects include developing practical schemes for higher-order self-
force numerical computations, quantifying the effects of transient resonances on
EMRI waveforms and accurately modeling the small compact object’s motion
for precise determinations of the parameters of detected EMRI sources.

PACS numbers: 04.25.Wx, 04.30.Db, 11.27.+d

1. Introduction

The Laser Interferometer Space Antenna (LISA) [1] is expected to see thousands of low-
frequency gravitational wave sources when it is launched around 2025 LISA’s detection
of extreme mass ratio inspirals (EMRIs)—a white dwarf, neutron star or small black hole
(collectively referred to as a small compact object, SCO) inspiraling toward a supermassive
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AbstractThe motion of a small compact object (SCO) in a background spacetime is

investigated further in the context of a class of model nonlinear scalar field

theories that have a perturbative structure analogous to the general relativistic

description of extreme mass ratio inspirals. We derive regular expressions for

the scalar perturbations generated by the motion of the compact object that

are valid through third order in ε the size of the SCO to the background

curvature length scale. Our results for the field perturbations are compared

to those calculated through second order in ε by Rosenthal (2005 Class.

Quantum Grav. 22 S859) and found to agree. However, our procedure for

regularizing the scalar perturbations is considerably simpler. Following the

Detweiler–Whiting scheme, we use our results for the regular expressions for

the field and derive the regular self-force corrections through third order. We

find agreement with our previous derivation based on a variational principle

of an effective action for the worldline associated with the SCO thereby

demonstrating the internal consistency of our formalism. This also explicitly

demonstrates that the Detweiler–Whiting decomposition of Green’s functions

is a valid and practical method of self-force computation at higher orders in

perturbation theory and more generally, at all orders in perturbation theory, as

we show in an appendix. Finally, we identify a central quantity, which we call a

master source, from which all other physically relevant quantities are derivable.

Specifically, knowing the master source through some order in ε allows one

to construct the waveform measured by an observer, the regular part of the

field and its derivative on the worldline, the regular part of the self-force and

various orbital quantities such as shifts of the innermost stable circular orbit,

etc when restricting to conservative dynamics. The existence of a master source

together with the regularization methods implemented in this series should be
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0
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U

S

A

We study the gravita
tional

self-for
ce using the e↵ectiv

e field theory
formalism. We show that in

the ultra-r
elativis

tic limit � ! 1, with
� the boost

factor,
many simplificat

ions arise.
Drawing

paralle
ls with the large N limit in quantu

m field theory,
we introdu

ce the parameter 1/N ⌘ 1/�
2

and show that the e↵ectiv
e action

admits a well de
fined expans

ion in powers
of � ⌘ N✏ at each

order in 1/N , where
✏ ⌘ Em/M with Em = �m the (kineti

c) energy
of the

small mass. Moreover
,

we show that diagram
s with nonline

ar bulk interac
tions first enter at O(1/N

2 ) and only diagram
s

with nonline
arities

in the worldli
ne couplin

gs, wh
ich are signific

antly easier
to compute, s

urvive
in

the large N/ultra-
relativ

istic limit. As an example we derive
the self-for

ce to O(�
4/N) and provide

express
ions fo

r conse
rvative

quantit
ies for

circula
r orbit

s.

I

n

t

r

o

d

u

c

t

i

o

n

.

During the last yea
rs a new formalism has

emerged, b
ased on e↵ectiv

e field theory
(EFT)

ideas bo
r-

rowed from particle
physics

, to study binary
systems in

General
Relativ

ity. Originally
propose

d to tackle
the

Post-Ne
wtonian

approxi
mation for non

-spinnin
g [1] and

spinnin
g [2] insp

irals, th
e EFT approac

h has produce
d

a breakth
rough in our underst

anding
of grav

itationa
lly

interact
ing extende

d objects
within a relative

ly short p
e-

riod of time [1–19].
Meanwhil

e, EFT
ideas w

ere also ap-

plied (beside
s partic

le physi
cs) to di↵eren

t areas,
such as

cosmology [20–22],
electrod

ynamics [23], flu
id dynamics

[24, 25]
, and in particu

lar to extreme mass rati
o inspiral

s

(EMRIs) [26
–28], w

hich is the subject
of this

letter.

The study of the
self-forc

e problem
within

the EFT

approac
h was init

iated in [26] wh
ere pow

er-coun
ting and

leading
order e

↵ects w
ere worked

out and
a proof o

f the

e↵acem
ent of in

ternal s
tructur

e for EM
RIs was

given. A
s

it is traditio
nal in

the EMRI community, perturb
ative

calculat
ions are

perform
ed in powers

of q ⌘ m

/

M

where

m

represe
nts a small mass obje

ct orbit
ing a much larger

black hole with mass M

. To date, only second-
order

O(q2) equ
ations o

f motion are known
[29, 30]

.

In this letter we study the ultra-re
lativisti

c limit, i.e.

�

! 1, of the
self-forc

e proble
m. Inspir

ed by an analogy

with the large N

limit in quantum
field theory

[31], we

show that many simplificati
ons arise that are not cap-

tured by the (traditi
onal) m

/

M

power-c
ounting

. We

show that, in
troduci

ng the expansi
on parameter 1/N

⌘

�

�2 and defining
�

⌘ N

✏

with ✏

⌘ E

m

/

M

and E

m

= �

m

,

the gravitat
ional e↵

ective action
(which

yields the self-

force) a
dmits an expansi

on of the type

Se↵
= L

/

N

�
1 + �

+ �

2 + .

.

.

�
+O(�/N

2 ), (1)

where L

⇠ E

m

M

(= �

m

M

) is the
angular

momentum
of

the small mass (in
G

N

= c

= 1 units u
sed through

out).

A similar expansi
on applies

to the one-poi
nt function

,

h

µ

⌫

(x), wh
ich can also be used

to compute th
e self-fo

rce.

Our goals here are: to derive
the new power-c

ounting

rules in the large N

limit, to show that diagram
s with

nonline
ar bulk

interact
ions are

sublead
ing in the 1/N

ex-

pansion
, to report

the gravitat
ional se

lf-force
to f

o

u

r

t

h

order in
�

at leadi
ng orde

r in 1/N , and to prov
ide expr

es-

sions for conserv
ative quantit

ies for the case of circu
lar

orbits.
We conclud

e on a more formal note
with some

comments on
the problem

of findi
ng the self-forc

e in the

exact m
assless

limit for a
photon

moving in a black hole

spacetim
e.

P

o

w

e

r

-

c

o

u

n

t

i

n

g

r

u

l

e

s

.

Our setup is the same as in

the standar
d EMRI case

except
that we conside

r ultra-

relativi
stic motion where the boost fa

ctor � is large
,

�

⌘ 1/
p�g

µ

⌫

v

µ

v

⌫ � 1.
(2)

Here, v
↵ ⌘ d

z

↵

/

d

t

, z
↵ is the small mass’ wo

rldline
co-

ordinat
es, t is

the coordin
ate time, and g

µ

⌫

is the back-

ground
metric of

the blac
k hole wit

h mass M . In order to

achieve
this con

dition we imagine th
e mass m in a bound

orbit near the light ring in Schwar
zschild

spacetim
e or

moving in a (very) r
apid fly-by.

We next find the scaling
rules of vario

us leading
or-

der quantit
ies. The orbital

frequen
cy is related

to the

wavelen
gth of the g

ravitati
onal rad

iation through
!orb

=

d

�

/

d

t

⇠ 1/�gw. B
ecause �gw

⇠ M

it follow
s that d

t

⇠ M

(also d

x

i ⇠ M

). Hence,
the proper

time along the ob-

ject’s worldlin
e scales like d

⌧

⇠ d

t

/

�

⇠ M

/

�

and its

four-vel
ocity is u

↵ ⌘ d

z

↵

/

d

⌧

= �

v

↵ ⇠ �

, for an ultra-

relativi
stic motion. F

or the scaling
of the metric pertur-

bations
h

µ

⌫

produce
d by this ult

ra-relat
ivistic s

mall mass

m

we use the leading
order so

lution

h

µ

⌫

(x) ⇠
Z

x

0
G

µ

⌫

↵

0
�

0(x, x
0 )T

↵

� (x
0 ),

(3)

with T

↵

� (x) / m

R
d

⌧

�

4(xµ � z

µ(⌧))u
↵

u

�

/

p�g

, and

R
x

⌘
R
d

4
x

p�g

. We find h

µ

⌫

⇠ E

m

/

M

= ✏

where we

used r↵

⇠ @

↵

⇠ 1/M and G

µ

⌫

↵

0
�

0 ⇠ 1/M
2 for the

scal-

ing of the Green function
in a curved

backgro
und (this

follows
almost entirely

from dimensiona
l analy

sis). Fi-

nally, th
e leading

order e↵
ective action scales l

ike

S

0
pp
[z

µ ] = �m

Z
d

⌧

⇠ m

M

/

�

⇠ L

/

N

,

(4)
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Finite Size Corrections to the Radiation Reaction Force in Classical Electrodynamics
Chad R. Galley,1,2 Adam K. Leibovich,3 and Ira Z. Rothstein4
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(Received 20 May 2010; published 27 August 2010)
We introduce an effective field theory approach that describes the motion of finite size objects under the

influence of electromagnetic fields. We prove that leading order effects due to the finite radius R of a

spherically symmetric charge is order R2 rather than order R in any physical model, as widely claimed in

the literature. This scaling arises as a consequence of Poincaré and gauge symmetries, which can be shown

to exclude linear corrections. We use the formalism to calculate the leading order finite size correction to

the Abraham-Lorentz-Dirac force.
DOI: 10.1103/PhysRevLett.105.094802

PACS numbers: 41.60.!m, 03.50.DeRadiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham [1] and Lorentz [2].
The relativistically covariant result was derived some years
later by Dirac [3] (we use naturalized Heaviside-Lorentz
units with c ¼ 1) and is given by the Abraham-Lorentz-
Dirac (ALD) equation

m €x! ¼ F!
ext þ F!

self ¼ F!
ext þ 2

3
e2

4"
ðx:::! ! x

:::# _x# _x!Þ; (1)where F!
ext is the external force accelerating the charge.

Corrections to the point-particle limit have been inves-
tigated in the literature in the past. However, as we will
show in this Letter, these corrections have yet to be treated
properly. Worldline reparametrization invariance (RPI) re-
stricts the finite size corrections to have the form

F!
self ¼

X1

n¼0

In!
!#
n

!
@

@$

"
n
€x#; (2)

where the In are coefficients that depend on the charge
distribution of the object. The tensors!!#

n ensure orthogo-
nality of the equation with _x! and will in general depend
on proper time derivatives of x! leading to nonlinear
powers of the acceleration and its derivatives. For a given
charge distribution, the above equation can be expanded in
a power series in R, the size of the object,F!

self ¼ F!
0 þ RF!

1 þ R2F!
2 þ & & & þ RnF!

n þ & & & : (3)A calculation of the nonrelativistic self-force, neglecting
the nonlinear powers of the acceleration and its derivatives,
can be found in the classic text by Jackson [4] where the
force for an arbitrary spherical charge distribution is given
by

F self ¼ ! 2

3

X1

n¼0

ð!1Þn
n!

In

!
@

@t

"
n
€x; (4)

with

In ¼
Z
d3x0

Z
d3x%ðx0Þjx! x0jn!1%ðxÞ: (5)For a charged shell, the sum can be done explicitly, giving

Fself ¼ 2

3
e2

2R2 vðt! 2RÞ ½vð0Þ ¼ 0(
¼ 2

3
e2
!
! 1

R
€xþ x

:::! 2

3
Rxð4Þ þ & & &

"
: (6)The first term is the usual infinite self-energy of the point

particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first finite
size correction proportional to the size R of the object. This
result was covariantized in Refs. [5–7] for relativistic
motions, which exhibits a similar expansion in powers of
R. In this Letter, we utilize the worldline formalism devel-
oped in Ref. [8] to show that symmetries prohibit linear
corrections in Eq. (6) and its generalization in Refs. [5–7],
or more generally in Eq. (3), for a spherically symmetric
charge distribution.
The method used in this Letter to calculate the radiation

reaction is based on an effective field theory (EFT) ap-
proach developed in Ref. [8]. The worldline action for a
point particle

Sð0Þ ¼ !m
Z
d$þ e

Z
d$v!A! (7)is systematically augmented by interactions with increas-

ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincaré, gauge, and RPI) are included.
The additional terms, in the augmented point-particle ac-
tion, have coefficients that encapsulate the structure of the
charged object, including finite size effects, susceptibility,
etc. Given some model for the charged object, these co-
efficients can be fixed by a matching calculation.

PRL 105, 094802 (2010) P HY S I CA L R EV I EW LE T T E R S week ending27 AUGUST 2010
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Viscosity and dissipative hydrodynamics from effective field theory

Sašo Grozdanov1 and Janos Polonyi2
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Using the action principle for open systems, inspired by Schwinger’s Closed-Time-Path method,

we construct the energy-momentum balance equation and the non-conserved first-order dissipative

stress-energy tensor with the form predicted by phenomenological hydrodynamics. Hydrodynamical

coefficients are shown to be field-dependent quantities, determined by the form of the effective CTP

Goldstone action. An example reproducing a conformal field theory at the KSS bound is given.

Introduction — Effective theories of Goldstone modes

are the appropriate framework to systematically derive

hydrodynamics [1–3]. The equations of non-dissipative

hydrodynamics have previously been generated using this

description at zeroth order in the gradient expansion

for relativistic fluids that are insensitive to static, non-

compressional deformations [1, 2] and at second order by

[4]. A serious limitation of this scheme is that dissipative

forces cannot be derived from the variational principle.

Our goal is, however, to develop a systematic scheme

for the construction of hydrodynamics at all orders - in-

cluding dissipation. One approach to this problem is to

rely on linear response theory [5]. In this work, we will

report on another method that describes dissipative flu-

ids. By considering the effective action that emerges in

the Closed-Time-Path (CTP) formalism introduced by

Schwinger [6], the dissipative hydrodynamical equations

of motion will be derived as variational equations at a

phenomenological level directly in terms of an effective

classical CTP field theory without a microscopic deriva-

tion. By varying the fields on only one of the two CTP

time axes, we will obtain the energy-momentum balance

equation containing a stress-energy tensor. However, this

tensor will not be conserved due to interactions with the

environment. Viscosity and other hydrodynamical coef-

ficients will depend on the field profiles. We will end our

discussion by giving an explicit example of a conformal

field theory at the holographic KSS bound [7].

Closed systems —We begin with a classical field theory

for an isolated system, described by the field ψ(x), which

is invariant under time inversion. To maintain initial con-

ditions for the equations of motion and to have the possi-

bility of introducing effective interactions with dissipative

forces into the Lagrangian formalism, we follow the CTP

formalism in classical physics [8]. This is done by dou-

bling the degrees of freedom [9], ψ → ψ̂ = (ψ+,ψ−), in

such a manner that both members of the CTP doublet

satisfy the same equation of motion, initial conditions

and the relation ψ+(tf ,x) = ψ−(tf ,x) at the final time.

The action describing the dynamics of the CTP dou-

blet fields is defined as
SCTP [ψ̂] =

∫

tf

ti
dd+1x

{

Ls
[

ψ+]

− L∗
s

[

ψ−]
}

, (1)

where Ls [ψ] = L [ψ, ∂ψ] + iεψ2 differs from the original

Lagrangian in that it splits the degeneracy of the CTP

action for ψ+(x) = ψ−(x). The action (1) possesses a

CTP symmetry related to the exchange of the two time

axes, ψ+ ↔ ψ−, SCTP [ψ+,ψ−] = −S ∗
CTP [ψ−,ψ+].

Open systems — It may be difficult or not instructive

to observe all fundamental fields ψ. Instead, one may be

interested in the effective dynamics of only φ, which is a

subset or a certain combination of the elementary vari-

ables ψ. The effective dynamics of φ can be obtained by

eliminating the remaining degrees of freedom - namely

the environment - by using their equations of motion.

The resulting effective action has a more involved struc-

ture than (1), namely
Seff [φ̂] = Ss[φ+]− S ∗

s [φ−] + Si[φ̂],
(2)

where single-axis Ss is made well-defined by imposing

the condition δ2Si/δφ+δφ−
$= 0 on the influence func-

tional Si. The imaginary part of the effective action,

obtained by eliminating the environment variables using

their equations of motion, remains infinitesimal as in the

case of an isolated system and will be ignored below.

Let us assume that the gradient expansion in terms

of space-time derivatives is applicable in the effective ac-

tion (2). We impose identical initial conditions on the

two time axes, ∂n
t φ+(ti,x) = ∂n

t φ−(ti,x), together with

the auxiliary conditions ∂n
t φ+(tf ,x) = ∂n

t φ−(tf ,x) for

all orders of derivatives labeled by n ≥ 0. Variational

equations can thus still be derived in the CTP theory

because the boundary contributions arising from partial

integration cancel, due the above conditions. Further-

more, the solutions of the open system’s Euler-Lagrange

equations of motion give φ+
= φ−.

As an example of this formalism, it is instructive

to consider a non-relativistic one-dimensional particle

whose effective theory is defined by the Lagrangians

Ls = 1

2

(

mẋ2−mω2x2)
, Li = γ

2
(

x−ẋ+− x+ẋ−)

. (3)

The corresponding equations of motion describe a

damped harmonic oscillator,mẍ±
+ γẋ∓

+mω2x±
= 0 =⇒ x+

= x−. (4)

The conservation of energy is obviously violated by Li.

Radiation reaction at 3.5 post-Newtonian order in effective field theoryChad R. Galley
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Adam K. Leibovich

Pittsburgh Particle Physics Astrophysics and Cosmology Center (PITT PACC), Department of Physics and Astronomy,
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We derive the radiation reaction forces on a compact binary inspiral through 3.5 order in the post-

Newtonian expansion using the effective field theory approach. We utilize a recent formulation of

Hamilton’s variational principle that rigorously extends the usual Lagrangian and Hamiltonian formalisms

to dissipative systems, including the inspiral of a compact binary from the emission of gravitational

waves. We find agreement with previous results, which thus provides a non-trivial confirmation of the

extended variational principle. The results from this work nearly complete the equations of motion for the

generic inspiral of a compact binary with spinning constituents through 3.5 post-Newtonian order, as

derived entirely with effective field theory, with only the spin-orbit corrections to the potential at 3.5 post-

Newtonian remaining.

DOI: 10.1103/PhysRevD.86.044029

PACS numbers: 04.25.Nx, 04.30.DbI. INTRODUCTIONThe advent of advanced ground-based gravitational
wave (GW) interferometer detectors (i.e., advanced Laser
Interferometer Gravitational Wave Observatory (LIGO)
and advanced VIRGO) brings an increasing demand for
more accurate waveform templates to be used for detecting
gravitational waves and for extracting information about
the parameters associated with a source, such as themasses,
spins, distance, and sky location. Currently, a goal of the
GW source-modeling community is to produce inspiral
waveforms accurate through at least 3.5 post-Newtonian
(PN) order. The PN expansion is a perturbation theory for
the gravitational field and the binary’s motion in the weak-
field and slow-motion limits (see [1] for a review). The
equations for the relative motion of the binary are known
already through 3.5PN order, even when including the spin
angular momenta of the binary’s constituents (see, e.g.,
[1–5] and references therein). However, the gravitational
wave flux and the waveform, especially, are not yet known
to such a high order for spinning binary inspiral sources.
High-accuracy waveforms and source-modeling are also

important for matching post-Newtonian inspiral wave-
forms to numerical simulations of binary mergers for
purposes of parameter estimation (see e.g., [6]) and for
accurately calibrating phenomenological models like
effective-one-body [7] and hybrid models [8–11]. These
phenomenological models may be used to construct
relatively cheap template banks without having to run a
prohibitively large number of expensive numerical simu-
lations of binary mergers. This is especially true if com-
bined with an efficient template bank compression and
representation scheme such as provided by the reduced
basis method [12].

The effective field theory (EFT) approach [13] offers an
efficient and algorithmic computational framework com-
pared to traditional methods [1,14] and has rapidly made
useful contributions towards the goal of 3.5PN-accurate
inspiral waveforms. To date, this includes the calculation
of the PN corrections to the binding potential, including
spin angular momenta of the binary’s component masses,
through 3PN order [2,3,13,15–22], the spin1-spin2 terms
computed at 4PN [23], the leading order radiation reaction
force at 2.5PN [24], the multipole moments needed for
calculating the gravitational wave flux through 3PN [25],
and the moments needed for calculating the waveform
amplitude corrections through 2.5PN [26].In this paper, we calculate the radiation reaction forces
that appear at 3.5PN order (spin effects do not enter radia-
tion reaction until 4PN). In doing so, we nearly complete
the PN equations of motion for the generic inspiral of a
compact binary with spinning constituents as computed
entirely in the EFT framework. Only the spin-orbit correc-
tion to the potential at 3.5PN order is remaining to be
computed in EFT. This is a rather remarkable achievement
given that the EFT approach was introduced almost eight
years ago [13].
Computing radiative effects in the EFT approach

presents a unique challenge since the formalism makes
heavy use of an action formulation of the binary system.
More specifically, it is well-known that Lagrangians and
Hamiltonians are not generally applicable to dissipative
systems, which would make computing the PN radiation
reaction forces in EFT very difficult. In [24], it was
indicated how this might be overcome using a language
and notation from quantum field theory, but was not given a
rigorous foundation within a purely classical mechanical
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To derive the self-force:  CRG (2011)
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Example: Circular orbits in Schwarzschild 

For ultra-relativistic circular orbits in a Schwarzschild background 
IR is a constant on a given orbital radius
Barack & Sago (2007); Detweiler (2008)
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Need to compute IR numerically in ultra-relativistic regime to 
make predictions
Akcay + (2013)
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Conclusion & Outlook

In the ultra-relativistic regime:

• There exists a master source from which all other self-force quantities 
are derivable 

• Perturbation theory reorganizes itself and drastically simplifies 

• Master source, waveform, self-force,... derived explicitly through 
NNNLO in CRG & Porto (2013)

� � 1 � = �3m/M = constant

Are the massless limit and massless case equal???
• If so, worldline diagrams are somehow dual to certain bulk diagrams 

(would aid self-force calculations for EMRIs, etc.)

In the ultra-relativistic limit:
� ! 1
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• Generalization of Aichelburg-Sexl solution in a curved background

m ! 0
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Real part of Feynman Green function in flat spacetime

GS
↵��0�0(z

µ, zµ
0
) = 4P↵��0�0(z

µ, zµ
0
)�1/2(zµ, zµ

0
) Re

Z
d4k

(2⇡)4
e�ik0s

(k0)2 � ~k 2 + i✏

GS
↵��0�0(z

µ, zµ
0
) = 4P↵��0�0(z

µ, zµ
0
)�1/2(zµ, zµ

0
) Re

Z
ddk

(2⇡)d
e�ik0s

(k0)2 � ~k 2 + i✏

Finally, in d spacetime dimensions (for dimensional regularization):


