CHAPTER 23: INVERSE TRIGONOMETRIC FUNCTIONS

1. THE INVERSE OF THE sin FUNCTION

The sine function is neither strictly increasing nor strictly decreasing on
R. Furthermore, it takes the value 1 (or any other number in [—1,1]) at
infinitely many different inputs. Thus, it certainly does not have an inverse,
unless we restrict its domain.

To obtain a function which has an inverse, we restrict the domain of the
sine function to an interval on which it is strictly increasing. The Inverse
Function Theorem then guarantees us the existence of an inverse function.
Thus,

T
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is continuous and strictly increasing.

Thus, by the Inverse Function Theorem, there is an inverse function
T

)
Using the principle that the graph of the inverse of a function is just the

mirror image of the graph of the function through the line y = z, we can
graph this function:

S| | —[-1,1]

sin™': [—1,1] — |

+ /2 7
y=arcsin(x)/_:_\§| R
£ y=sin(x)
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(sin™! is also called ‘arcsin’ in some texts).

= csc z!

[Caution: Don’t confuse sin™! z with
sin
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1.1. Some values of sin~'. Recall that if sin(a) = b then sin™*(b) = a.
Thus:

sin(0) =0 = sin"'(0) =
sin(r/2) =1 = sin (1) /2

sin~'(—1) = —7/2

sin™*(1/2) = /6

sin™H(1/v2) = 7/4

..and so on

S| o

sin~!(x) is differentiable on (—1,1) by the Inverse Function Theorem.
To find a formula for the inverse, we proceed as for the exponential function.

y=sin"'(z) <= sin(y)=z
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= = 1
cos(y) Iy
d_y B 1
dx N cos Yy

We would like to express this in terms of x. Thus, we wish to express cosy
in terms of x = siny.

Now
cos’y =1 —sin’y
—> cosy = /1 —sin’y
=1 - 22
So
d 1 1
—sin" T = —— e(—1,1
Jo s @ Vit re(—1,1)
Hence

1
/ 7mdl’ = Sin_l x -+ C
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1.2. Some Related integrals.
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(Let u=2/3 , du= %dx)

= /#du
i

= sintu+C

= sin"'(z/3)+C

Similarly

dx = sin™! L +C
a

| o=

Example 1.1. Find

1
——— dx
/\/7—952

Solution: Here a = /7, so the integral equals

sin~! (\%) +C

2. THE INVERSE OF tanzx

Consider the tan function, but with its domain restricted to the interval

(_W/Qa 71'/2)
tan : (—7m/2,7/2) — R is differentiable and strictly increasing.
So, by the Inverse Function Theorem again, there is a differentiable inverse

tan~' = arctan : R — (—7/2,7/2)

It’s graph looks like:



4 First Science MATH1200 Calculus
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Some values of tan™!:

tan(7/4) =1 = tan™ (
tan™'(0
tan~!(

. etc

The lines © = +7/2 are vertical asymptotes of tanz. Thus, the lines y =
+7/2 are horizontal asymptotes of y = tan™!(z) ( this means, of course,
that lim, . tan™tz = 7/2 ).

Next, we differentiate tan™!(x):

1

y = tan "z
tany = x
dy
2
secy— = 1
4 dx
dy 1
dx sec? y

We must express sec? y in terms of = tany. Now

1
cos?y

secly =

cos?y + sin’y
cos?y

_ 14 sin’y

cos?y
= 1+tan’y
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Thus
dy 1
de 1+ tan’y
B 1
1422
—tan"tz = 1
dx 1+ 22
Thus

1
/ dr =tan 'z + C
1+ a2

2.1. Some Related integrals.

1
de = 7
/x2+4 o

_ 1/# iz
4 ) (z/2)24+1
, du = 1al:z:, ldl&zldx
2 2 4

1 1
N §/u2+1du

1
= étan_lu—FC’

1
= gt (5)+C

Let u =

In general

1 1
/ﬁdm‘: ~tan~* <£> +C
T4+ a a a

Example 2.1. Find

1
/2 dx
x4+ 5

Solution: Here, a = v/5. The answer is

%tanl (%) +C



