MST 10010: Calculus 1
Exercise Set 4
Do only the following problems:

Section 3.5 (pages 221-222): 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 37,
39, 41, 43, 45, 47 (a), 49 (a).

Section 3.6 (pages 230-231): 1, 3, 5, 7, 9, 11, 13, 15, 17, 25, 27, 29, 31 (a).
Section 3.7 (pages 237-238): 5, 7, 9, 11, 13, 15, 17, 19, 23, 25, 29, 31, 39.

Section 3.8 (pages 245-246): 3, 5, 7, 9, 11, 13, 15, 19, 21, 23, 25, 27, 29, 31, 35, 37, 39, 41, 43,
45, 47.
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So if we denote by e the difference between the difference quotient and the derivative,

we obtain
fim & = lim (<X - f'(a) ) = f'a) — fa) = 0
A.\1-§08—m1§,0 Ax fla) | =fla) = fla) =
Ay
But s=—“—§-f'(a) = Ay = f'(a) Ax + & Ax

Thus, for a differentiable function f, we can write
Ay = f'(a) Ax + & Ax where e — 0 as Ax—0
This property of differentiable functions is what enables us to prove the Chain Rule.

Proof of the Chain Rule Suppose u = g(x) is differentiable at @ and y = f(u) is differen-
tiable at b = g(a). If Ax is an increment in x and Au and Ay are the corresponding incre-
ments in u and y, then we can use Equation 7 to write

Au = g'(a) Ax + &, Ax = [g'(a) + &,] Ax
where £, — 0 as Ax — 0. Similarly
[9] Ay = f'(b) Au + & Au = [f'(b) + &,] Au

where &; — 0 as Au —> 0. If we now substitute the expression for Ax from Equation 8
into Equation 9, we get

Ay =[f'(b) + e:][g'(a) + &1] Ax

' Ay )
s0 = [10) + elg@ + =]
X
As Ax — 0, Equation 8 shows that Au — 0. So both &, — 0 and &, — 0 as Ax — 0.
Therefore
dy Ay
—= = lim — = lim [f'(b) + "(a) +
T Am o= lim [f'(B) + e][g'(a) + &]
= f(b)g'(a) = f'(g(a))g'(a)
This proves the Chain Rule. o
==Y Exercises
111;6 .D Write the composite function in the form f(g(x)). [Identify 7-42 0 Find the derivative of the function.
€ nner function y = g(x) and the outer function y = f(u).] Then 3 4 2 3
ﬁ,ﬁd the derivative iy dx. 1. Flx) = (x*+ 4x) 8 Fx)=@Gx*—x+1)
QL‘: Resourceg / Module 4 / Trigonometric Models / Chain Rule Practice 1
Ly=(244y+ 6)° 2. y = tan 3x 5. g) = Vx* = Tx 0. = -2 - 5)°
dy= cos(tan x) 4 y=Y1 +x?
5 y= ok 3/2
. ). € 6. y = sin(e”) M. A = <t - %) 12. f() = Y1 + tant
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13. y = cos(a® + x°) 14, y = a® + cos’x 5. Find all points on the graph of the function

15, y=e™ 16. y = 4sec 5v flx) =2sinx + sin®x at which the tangent line is horizontal.

17. Glx) = GBx — 2)19(5x2 — x + )2 52. Find t.he x-coordi.nates of a.l.l points on the c_urv§ .
y =sin2x — 2sin x at which the tangent line 18 horizontal.

18. g9 = 6+ =7 53, Suppose that F(x) = f(g(x)) and g3) = 6.93) = 4,

19. y=@x— 5@ =57 0y (x> + DYx>+ 2 £/(3) = 2, and £'(6) = 7. Find F'(3).
2 s
21. y=~xe- 2. y=ecos3x 54, Suppose thatw = u°?v and u(0) = 1, 2(0) = 2, u'(0) =3,
-6\ £+l W(2) = 4, v'(0) = 5, and y'(2) = 6. Find w'(0).
2. F(y) = ( Y 6> . s() = |5 @) ©
y+1 £ -1 5. A table of values for f, g, f ' and g’ is given.
- 1 x

2. f(z) = == 26. el
21. y = tan(cos x) 28 y= S

cos x
29, y=5" 30, y =41+ 2tanx
3.y = sinx + cosx 32y = sin’(cos k) (a) I hx) = F(g(x), fnd K'(1).

1 b) If Hx) = x)), find H'(1).

33, y = (1 + cos’x)’ M. y=xsin— ® () = glf () )

56. Letfand g be the functions in Exercise 55.
_ e %, v = ¢%0? (a) If F(x) = F(f()), find F'2).
Y T i (b) I G() = g(g(x)), find G'C).

35.

37, y =" 38, y = sin(sin(sin x)) 57. If f and g are the functions whose graphs are shown, let

0 3= T P sy ey = 49 = Flg(), o(x) = g(f (), and wlx) = g(g(x). Find s

derivative, if it exists. If it does not exist, explain why.

1. y = sin(tan /sin x) g2 y=2% (a) w'(1) (b) »'(1) (c) w'(1)
43-46 O Find an equation of the tangent line to the curve at the
given point.

8

4

A ¢
44, y = sin x + cos 2x, (n/6, 1)
45. y = sin(sin %), (m0)
8. y=10% (1, 10)

43. y=

47. (a) Find an equation of

the tangent line to the curve

y=2/(1 +e™)atthe point (0, 1). 5. If fis the function whose graph is shown, let h(x) = f(fG
(b) Tllustrate part (a) by graphing the curve and the tangent and g(x) = f (x?). Use the graph of f to estimate the value
line on the same SCI€EN. each derivative.

‘ "2 "
43, (a) The curvey = |x|/v2 — x*is called a bullet-nose curve. (2) ) ®) g @)

Find an equation of the tangent line to this curve at the
point (1, 1.

Vi) (b) Tlustrate part (a) by graphing the curve and the tangent
line on the same screen.

89. (a) If f(x) =1 — x*/x, find f'(x).
Vi (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of fand f'.
50. (a) If f(x) =1/ (cos?mx + 9 sin*mx), find f(x).
ZZ (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of fand f.
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1
EXAMPLE 5 o Differentiate (a) y = prmT and (b) f(x) = x tan~'/x.

SOLUTION
d
@) % = fx“' (sin™'x)™' = —(sin"'x) ™ = (sin"'x)
_ 1
(sin™'%)*/1 — x2
1
(b) flx) = tan—lﬁ + x_________(%xﬂ/z)

L+ (Vxf
= tan"'/x + _¥x

2(1 + x) f

The inverse trigonometric functions that occur most frequently are the ones that we
have just discussed. The derivatives of the remaining four are given in the following table,
The proofs of the formulas are left as exercises.

Derivatives of Inverse Trigonometric Functions

d (sin"1x) 1 d (csc-x) 1
— (81N 'X) = —F————— -~ (cs¢7lx) = — =
dx V1 = x? dx x/x%— 1
O The formulas for the derivatives of
csc”'x and sec”'x depend on the defini-
tions that are used for these functions. d 1 d 1

See Exercise 54. dx (cos™lx) = ~ 1 — %2 dx (sec™ix) = xd/x? — 1
1 d 1
— (tan"'x) = — (cot™lx) = —

1+ x? dx 1+ x?

Exercises
1-4 O Y s / o
(a) Find y’ by implicit differentiation. n. —= y +1 2 Vxty+ V=
(®) tse?;: (t)f;exequation explicitly for y and differentiate to get y’ in B V5= 1+ 2 1, JTT75 = 21y
(c) Check that your solutions to parts (a) and (b) are consistent by 15. 4cosxsiny =1 16. xsiny + cos2y = cosy
substituting the expression for y into your solution for part (a). 17. cos(x — y) = xe* 18. xcosy + ycosx =1
2 2 2
1oxy+2x+ 3" = 2. 4x™+ 9y" =36 19. xy = cot(xy) 20. sinx + cosy = sinxcosy
1 1 . . . . . . . . . . .
L 4 Jr+y=4 2. K x[f(0)P + xf(x) = 6 and £(3) = 1, find £/(3).

. . . . P . . 22, If [g(x)]* + 12x = x’g(x) and g(4) = 12, find g'(4).

5-20 O Find dy/dx by implicit differentiation.

B x4 yl=] B 52— 2= 23-24 0 Regard y as the independent variable and x as the depen-
FETY T R dent variable and use implicit differentiation to find dx/dy.

3 2 27— 2 3o 212 2
1. X"+ xy +dy 6 8 x 2xy +y ¢ 23 Y+ xt=y+ 1 24, (x*+ y?) = ax?y

9. x*y + xy* = 3x 10, Y5+ xP =1+ ye©
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45-30 O Find an equation of the tangent line to the curve at the (c) Find the exact r-coordinates of the points in part (a).
given point. (d) Create even more fanciful curves by modifying the equa-
A 2 tion in part (a).
¥ Y 4, (-5,3) (hyperbola) :
B /1’6— 9 ’ >4 yP . (a) The curve with equation
2 2 ?.y3+y2~-y5==x4—-?.x3+x2
g =1 (~1,4VZ) (ellipse) . ,
=9 36 has been likened to a bouncing wagon. Use a computer
2 = 32 = %) 28, 1 + y> 54 algebra system to graph this curve and discover why.
1.y L 1) ) ’(~3 \/gy 1) (b) At how many points does this curve have horizontal
ip’iriforrrﬁ (astroi d’) tangent lines? Find the x-coordinates of these points.

35. Find the points on the lemniscate in Exercise 29 where the tan-

74 Y gent is horizontal.
36. Show by implicit differentiation that the tangent to the ellipse
VS ’ “

at the point (xo, yo) i8

XoX Yoy _
20+ =250 =y W Xy =0 1% - ¥%) at b
G.D ©, —2) . : :
(leraniscate) (conchoid of Nicomedes) 37. Find an equation of the tangent line to the hyperbola

2 2

, y y x Y
el
a® b
; /\ at the point (%o, yo)-
; W x ﬁrx 38. Show that the sum of the x- and y-intercepts of any tangent

line to the curve \/} + \/§ = \/E is equal to c.

39. Show, using implicit differentiation, that any tangent line at
a point P to a circle with center O is perpendicular to the
e . . . . . radius OP.
31, (a) The curve with equation y? = 5x* — x*iscalleda kampyle
of Eudoxus. Find an equation of the tangent line to this
curve at the point (1, 2).
(b) Niustrate part (a) by graphing the curve and the tangent
line on a common screen. (If your graphing device will

40. The Power Rule can be proved using implicit differentiation
for the case where n is a rational number, n = p/q, and
y=f(x)=x"1s assumed beforehand to be a differentiable
function. If y = %P7, then y? = xP. Use implicit differentiatic

graph implicitly defined curves, then use that capability. to show that

If not, you can still graph this curve by graphing its upper P (oo~
y' = -t x plgy-1

and lower halves separately.) q

32 (a) The curve with equation y2 = x* + 3xis called the

Tschirnhausen cubic. Find an equation of the tangent line 41-50 O Find the derivative of the function. Simplify where

to this curve at the point (1, —=2). possible.
(b) At what points does this curve have a horizontal tangent? M. y =sin"'(x?) 12 y= (sin”'x)*
(c) Mlustrate parts (a) and (b) by graphing the curve and the 5. y = tan"'(e*) 4. h(x) =T — arcsin

tangent lines on a common SCreen.
ﬁ _ ) o ) 45. H(x) = (1 + x*)arctan x 6. y = tan"(x — V1 + %
53, Fanciful shapes can be created by using the implicit plotting L : o
capabilities of computer algebra systems. 41 g(t) = sin”'(4/1) 4. y=xcosx— VI~
(a) Graph the curve with equation 89, y= x%cot™1(3x) 50, y= arctan(cos 6)

Y(yz“l)(y—2)=x(x~1)(x-—2) } . e e e

ZZ51-52 0 Find f (x). Check that your answer is reasonable by ¢¢
paring the graphs of fand f'.

At how many points does this curve have horizontal

tangents? Estimate the y-coordinates of these points.
(b) Find equations of the tangent lines at the points (0, 1) 51. f(x) = e* — x*arctan x 52. f(x) = xarcsin(l — %

and (0, 2). L.




Exercises

SECTION 3.7 HIGHER DERIVATIVES O 2

D*cos x = cos x

D%cosx = —sinx

We see that the successive derivatives occur in a cycle of length 4 and, in particular,
D"cos x = cos x whenever n is a multiple of 4. Therefore

D¥cos x = cos x

and, differentiating three more times, we have

D cos x = sin x

We have seen that one application of second and third derivatives occurs in analyzi
the motion of objects using acceleration and jerk. We will investigate another applicati
of second derivatives in Exercise 62 and in Section 4.3, where we show how knowledge
f" gives us information about the shape of the graph of f. In Chapter 11 we will see he
second and higher derivatives enable us to represent functions as sums of infinite series

1. The figure shows the graphs of f, f', and f". Identify each
curve, and explain your choices.

2. The figure shows graphs of f, f', f”, and f". Identify each
curve, and explain your choices. '

y

3, . .
The' figure shows the graphs of three functions. One is the
Position function of a car, one is the velocity of the car, and

0;1% is its acceleration. Identify each curve, and explain your
Choiceg

4. The figure shows the graphs of four functions. One is the
position function of a car, one is the velocity of the car, one
‘its acceleration, and one is its jerk. Identify each curve, and

explain your choices.

4

5-20 O Find the first and second derivatives of the function.
5. f(x)=x>+6x"—x 6. F() =18 — 715 + 21
8 y=0sind

10. G(r) = r+r

1. y=cos 28

9. hix) = vxr+1

M. F(s) = (3s + 5)® 12. g(u) =

1—u
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13 y= 14 y=xe™
y 1 X y xe

15, y = (1 — x2) 16, y=—1
y=( ) Y=

17. H(t) = tan 3¢ 18. g(s) == s*cos s

19. g(1) = te™ 20. A(x) = tan~'(x?)

21. (a) If f(x) = 2 cos x + sin’x, find f'(x) and f"(x).
(b) Check to see that your answers to part (a) are reasonable
" by comparing the graphs of f, f', and f".

22. (a) If f(x) = e* — x*, find f'(x) and f"(x).
(b) Check to see that your answers to part (a) are reasonable
by comparing the graphs of f, f', and f".

23-24 O Find y".

23 y=.2x+3

1 —x

24 y=
Y 1+x

2. If f(x) = (2 — 39" find £(0), £10), £"(0), and f"(0).
2. If () = (2 — 1%)%, find g(0), g'(0), g"(0), and g"(0).

21. If f(6) = cot 6, find f"(m/6).

28. If g(x) = sec x, find g" (m/4).

29-32 O Find y” by implicit differentiation.
2. *+y*=1 30, Vx+y=1

2 y?
32, — - = ]
a® b°

N P+ ay+yi=1

33-37 O Find a formula for f®(x).

3. flx) =x"
1
i flx)= -(—1—-“—_;)?
B flx) =e*
. fx) =+x
3. flo) = 31—3

38-40 O Find the given derivative by finding the first few deriva-
tives and observing the pattern that occurs.

38. D*gin x
39. D¥cos 2x
20, D'"™xe

#1. A car starts from rest and the graph of its position functiop jg
shown in the figure, where s is measured in feet and ¢ in
seconds. Use it to graph the velocity and estimate the acceler;.
tion at ¢ = 2 seconds from the velocity graph. Then sketch 4
graph of the acceleration function.

42. (a) The graph of a position function of a car is shown, where
s is measured in feet and ¢ in seconds. Use it to graph the
velocity and acceleration of the car. What is the accelera-
tion at ¢t = 10 seconds?

N

100 +

0 10 20 !

(b) Use the acceleration curve from part (a) to estimate the
jerk at t = 10 seconds. What are the units for jerk?

43~-46 O The equation of motion is given for a particle, where s s
in meters and ¢ is in seconds. Find (a) the velocity and acceleration
as functions of ¢, (b) the acceleration after 1 second, and (c) the
acceleration at the instants when the velocity is O.

43, s=1 -3t
M, s=r—r+1
45. s = sin 2t

46. s =20 —Tt* + 4t + 1

47-48 © An equation of motion is given, where s is in meters and
t in seconds. Find (a) the times at which the acceleration is 0 and
(b) the displacement and velocity at these times.

47. s=1"—4r +2

48, 5 =21 — 92




Therefore

[5]

places,

SECTION 3.8 DERIVATIVES OF LOGARITHMIC FUNCTIONS 0O 24§

111’1(1) (1+x)*=e

e =~ 2.7182818

Formula 5 is illustrated by the graph of the function y = (1 + x)* in Figure 4 and :
table of values for small values of x. This illustrates the fact that, correct to seven decima

X

(1 + 0™

0.1

0.01
0.001
0.0001
0.00001

FIGURE 4

sion for e 1s

(6]

Exercises

0.000001
0.0000001

0.00000001

2.59374246
2.70481383
2.71692393
2.71814593
2.71826824
2.71828047
2.71828169
2.71828181

If we put n = 1/x in Formula 5, then n — © as x — 0% and so an alternative expret

1. Explain why the natural logarithmic function y = In x is used
much more frequently in calculus than the other logarithmic
 functions y = log, x.

20 O Differentiate the function.

2 f(x) =@ - x

3 £(6) = In(cos 6) 5. f(x) = cos(in x)

5. £(x) = logs(x2 — 4) 6. f(x) = 1og,0<x E 1)

;7' F(x) = In /% 8. G(x) = YInx

9 )= Vrnx 0. F() = %{-i—g—
Mgy =y 22 2. 1) = In(x + V27 = 1)

13.

15.

17.

19.

F(x) = e‘Inx
_ Inx
Y 1 +x

y =1In|x>— x?|

y =In(e™ + xe™)

21-24 O Find y' and y".

21,
22,
23.
24,

y=xlnx
y =1In(1 + x?)
y= 10g1ox

y = In(sec x + tan x)

14.

16.

18.

20.

h(y) = In(y® sin y)
y = (In tan x)*

3u+ 2
Gu) =1 E——
(u) n\/3u-—2

y = In(x + In x)
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25-28 0 Differentiate f and find the domain of f. i tanx T

i 37-y=(—7—;r“1‘)7 8. y= 5 -

X~ - x2 =
25. f(x) =In(2x + 1) 2%. f(x) = ——o
1+ 1Inx 39. y = x* 40. y =x‘/"

21. f(x) = x*In(l — x%) 28 f(x)=Ihnlnlnx a1, y=x" 82. y = (sin x)*
Co e e e e B y= (0
29. If f(x) = Ep find f'(e). "y
30. If f(x) = x*In x, find £'(1). 5. y=x

i i ) 46. y = (In x)*™*
31-32 O Find an equation of the tangent line to the curve at the

given point. 47. Find y' if y = In(x* + y?).
31 y = Inln X, (e, 0) 32. y= 111()62 + 1), (l, In 2) 48. Find y! if x¥ = yx.

. . . . . . . . . . . . . i Do _ B
% 33. If f(x) = sin x + In x, find f'(x). Check that your answer is 43. Find a formula for f*(x) if f(x) = In(x — 1).
reasonable by comparing the graphs of fand f'. 50. Find d° (x*In %) ‘

) dx’® )

¥ 34. Find equations of the tangent lines to the curve y = (In x)/x at
the points (1, 0) and (e, 1/e). Illustrate by graphing the curve 51. Use the definition of derivative to prove that

and its tangent lines. o In(1 +x)
lim ——— =

35-46 0 Use logarithmic differentiation to find the derivative of x>0 X
the function.

1

x n
2 . t 1i + o] =" > 0.
B. y=(2x + 1Y(x* - 3)f 3. y=Jxe (x? + 1)° 52. Show that lim <1 n> ¢* forany x> 0

Hyperbolic Functions

Certain combinations of the exponential functions e* and e™* arise so frequently in math-
ematics and its applications that they deserve to be given special names. In many ways they
are analogous to the trigonometric functions, and they have the same relationship to the
hyperbola that the trigonometric functions have to the circle. For this reason they are col-
lectively called hyperbolic functions and individually called hyperbolic sine, hyperbolic
cosine, and so on.

Definition of the Hyperbolic Functions
sinhx‘——ﬁi%-i csch x = sinlhx
coshx = -ﬁ—é——e—i sech x == coslh B
-

The graphs of hyperbolic sine and cosine can be sketched using graphical addition &
in Figures 1 and 2.




