MST 10010: Calculus I

Exercise Set 3

Do only the following problems:

Section 2.7 (pages 154-155): 17, 19

Section 2.8 (pages 161-162): 7, 9 a), 13, 15, 17, 25.

Section 2.9 (pages 172-173): 19, 21, 23, 25, 27, 29 a), 39.

Section 3.1 (pages 189): 3,5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 43, 45.

Section 3.2 (page 195): 1, 3,5, 7,9, 11, 13, 15, 17, 19, 21, 23, 25, 27 a), 29 a), 30 a), 33, 34.

Section 3.4 (pages 213-214): 1, 3, 5, 9, 11, 13, 21, 23, 25 a), 28 a), 29, 35, 37, 39, 43.
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20,

i« thrown into the air with a velocity of 40 ft/s, its
(in feet) after 1 seconds is given by y = 40 — 1612
e velocity when ¢ = 2.

arrow is shot upward on the moon with a velocity of
s, its height (in meters) after ¢ seconds is given by

g =58 — 0.83r%

Find the velocity of the arrow after one second.
(b) Find the velocity of the arrow when 7 = a.

 (¢) When will the arrow hit the moon?
(&) With what velocity will the arrow hit the moon?

. The displacement (in meters) of a particle moving in a straight

line is given by the equation of motion s == 41> + 61 + 2,

 where ¢ is measured in seconds. Find the velocity of the par-

ticle at times t == a, I = 1,t=2,and t = 3.

The displacement (in meters) of a particle moving in a straight
line is given by s = 1> — 8 + 18, where ¢ is measured in
seconds.

(a) Find the average velocities over the following time
intervals:

@) [3.4] @iy [3.5,4]
(i) [4,5] (iv) [4,45]

(b) Find the instantaneous velocity when ¢ = 4,

(c) Draw the graph of s as a function of t and draw the secant
lines whose slopes are the average velocities in part (a)
and the tangent line whose slope is the instantaneous
velocity in part (b).

A warm can of soda is placed in a cold refrigerator. Sketch the
graph of the temperature of the soda as a function of time. Is
the initial rate of change of temperature greater or less than the
rate of change after an hour?

A roast turkey is taken from an oven when its temperature has
reached 185 °F and is placed on a table in a room where the
temperature is 75 °F. The graph shows how the temperature of
the turkey decreases and eventually approaches room tempera-
ture. (In Section 9.4 we will be able to use Newton’s Law of
Cooling to find an equation for T as a function of time.) By
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measuring the slope of the tangent, estimate the rate of change
of the temperature after an hour.

(a) Use the data in Example 5 to find the average rate of
change of temperature with respect to time
(i) from 8 PM.to 11 PM.
(ii) from 8 P.M. to 10 PM.
(i) from 8 P.M. t0 9 PM.
(b) Estimate the instantaneous rate of change of T with respect
to time at 8 P.M. by measuring the slope of a tangent.

The population P (in thousands) of the city of San Jose, Cali-
fornia, from 1991 to 1997 is given in the table.

1991 1993 1995 1997
P 793 820 839 874

Year

(a) Find the average rate of growth
(i) from 1991 to 1995
(ii) from 1993 to 1995
(i) from 1995 to 1997

In each case, include the units.

(b) Estimate the instantaneous rate of growth in 1995 by
taking the average of two average rates of change. What
are its units?

(c) Estimate the instantaneous rate of growth in 1995 by mea-
suring the slope of a tangent.

The cost (in dollars) of producing x units of a certain commod-

ity is C(x) = 5000 + 10x + 0.05x>.

(a) Find the average rate of change of C with respect to x
when the production level is changed
(i) from x = 100 to x = 103
(ii) from x = 100 1o x = 101

(b) Find the instantaneous rate of change of C with respect to
x when x = 100. (This is called the marginal cost. Is sig-
nificance will be explained in Section 3.3.)

If a cylindrical tank holds 100,000 gallons of water, which can
be drained from the bottom of the tank in an hour, then Torri-

celli’s Law gives the volume V of water remaining in the tank
after + minutes as

0=s:r=60

ZZ
V(5) = 100,000{ 1 — —
@) 1000( 60)

Find the rate at which the water is flowing out of the tank (the
instantaneous rate of change of V with respect to 1) as a func-
tion of z. What are its units? For times ¢ = 0, 10, 20, 30, 40,
50, and 60 min, find the flow rate and the amount of water
remaining in the tank. Summarize your findings in a sentence
or two. At what time is the flow rate the greatest? The least?




change) as follows:

thod is to plot the popu-
and estimate the slope
nt line when 1 = 1992, (See
Section 2.7.)

SECTION 2.8 DERIVATIVES 0O 1€

So we compute and tabulate values of the difference quotient (the average rates of

. P(r) — P(1992)

' t — 1992
1988 2,625,750
1990 2,781,000
1994 2,645,000
1996 2,544,250

From this table we see that P'(1992) lies somewhere between 2,781,000 and 2,645,000.
We estimate that the rate of increase of the population of the United States in 1992 was
the average of these two numbers, namely

P'(1992) = 2.7 million people/year P

SRR R

1. On the given graph of f, mark lengths that represent £(2),

f@ + B), f2 + ) = £(2), and h. (Choose / > 0.) What line
fQ+h) - f2) ]

has s}
as slope .

(=]

2. For the function f whose graph is shown in Exercise 1, arrange
the following numbers in increasing order and explain your
reasoning:

0 f@ O -f@ i@ - £@)]

3. For the function g whose graph is given, arrange the following
numbers in increasing order and explain your reasoning:

0 g(=2 40O g@ 4@

=

e

551
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12.

If the tangent line to y = f(x) at (4, 3) passes through the poir
(0, 2), find f(4) and F'(4).

Sketch the graph of a function f for which f(0) = 0, £'(0) = =
F'(1)y =0, and f(2) = —1.

Sketch the graph of a function g for which g(0) = 0, g’(0) = 3 |
g'(1) = 0,and g'(2) = 1.

If f(x) = 3x* — 5x, find f'(2) and use it to find an equation
of the tangent line to the parabola y = 3x* — 5x at the point
(2,2).

If g(x) = 1 — x? find ¢'(0) and use it to find an equation of th
tangent line to the curve y = 1 — x? at the point (0, 1).

(a) If F(x) = x*> — 5x + 1, find F'(1) and use it to find an
equation of the tangent line to the curve y = x> — 5x + |
at the point (1, —3).

(b) Tlustrate part (a) by graphing the curve and the tangent
line on the same screen.

(a) If G(x) = x/(1 + 2x), find G'(a) and use it to find an equa ;

tion of the tangent line to the curve y = x/(1 + 2x) at the

point (—-%, —-%)

(b) Nlustrate part (a) by graphing the curve and the tangent
line on the same screen.

Let f(x) = 3% Estimate the value of f'(1) in two ways:

(a) By using Definition 2 and taking successively smaller
values of .

(b) By zooming in on the graph of y = 3% and estimating the
slope.

Let g(x) = tan x. Estimate the value of g'(7/4) in two ways:
(a) By using Definition 2 and taking successively smaller
values of 4.
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28, The fuel consumption (measured in gallons per hour) of a car
traveling at a speed of v miles per hour is ¢ = f(v).

b) By zooming in on the graph of y = tan x and estimating

o~

the slope. e ) : o
(a) What is the meaning of the derivative f'(¢)? What are its
13-18 0 Find fa). units?
y . N (b) Write a sentence (in layman’s terms) that explains the
Fl) = 1 ¢ — Dx2 ) = x° + 3x . . . :
B f=1+x-2x W fla) = x7 + 3x meaning of the equation f'(20) = —0.05.
15, f(x) = * 8. fly) =— ,x 30. The quantity (in pounds) of a gourmet ground coffee that is
< 1 x =1 sold by a coffee company at a price of p dollars per pound
2 is 0 = f(p).
7= = 18 flx) =+3x+1 (a) What is the meaning of the derivative £'(8)? What are its
units?

a a = B u

18-24 0O Fach limit represents the derivative of some function f at (b) Is £'(8) positive or negative? Explain.

some number a. State f and a in each case. 31. Let C(?) be the amount of U.S. cash per capita in circulation at
CJTFRE-1 2+ h -8 time . The table, supplied by the Treasury Department, gives
18. 1111_13) T 20. /111—]3) T values of C(z) as of June 30 of the specified year. Interpret and
estimate the value of C'(1980).
CoxP =1 . cosx + 1
21. Iim 22. lim ————
=1 x — 1 a=3w x = 3w t 1960 1970 1980 1990
sin(—; + t> -1 1 C(H | $177 | $265 | $571 | $1063
23. lim 24, lim . . . .
=0 t 0 X 32. Life expectancy has improved dramatically in the 20th century.
. . . . . . . . . . . . . The table gives values of E(z), the life expectancy at birth (in
25-26 O A particle moves along a straight line with equation of years) of a male born in the year ¢ in the United States. Inter-
motion s = f{), where s is measured in meters and ¢ in seconds. pret and estimate the values of E'(1910) and E'(1950).
Find the velocity when ¢ = 2.
% fH=t*—6t—5 2%, fy=2—1t+1 i E(r) t E@)
: y ° ) : ° : ) ) ) ° : : 1900 48.3 1950 65.6
27. The cost of producing x ounces of gold from a new gold mine 1910 S11 1960 66.6
is C = f(x) dollars. 1920 | 552 || 1970 | 67.1
(a) What is the meaning of the derivative f'(x)? What are its 1930 574 1080 70.0
units? 1940 | 625 | 1990 | 718

(b) What does the statement f'(800) = 17 mean?
(c) Do you think the values of f'(x) will increase or decrease

in the short term? What about the long term? Explain. 33-34 O Determine whether or not f'(0) exists.

28. The number of bacteria after + hours in a controlled laboratory xsin 1 ifx#0

experiment is n = f(1). 3. flx) =

(a) What is the meaning of the derivative f'(5)? What are its 0 ifx=20
units? 1

(b) Suppose there is an unlimited amount of space and nutri- xisin— ifx#0
ents for the bacteria. Which do you think is larger, f'(5) or B )= *
F(10)? If the supply of nutrients is limited, would that - 0 ifx=20
affect your conclusion? Explain. . . . . . - . . . . . . .

The first person to formulate explicitly the ideas of limits and derivatives was Sir Isaac Newton in
the 1660s. But Newton acknowledged that “If I have seen farther than other men, it is because I
have stood on the shoulders of giants.” Two of those giants were Pierre Fermat (1601-1665) and
Newton’s teacher at Cambridge, Isaac Barrow (1630-1677). Newton was familiar with the meth-
ods that these men used to find tangent lines, and their methods played a role in Newton’s even-
tnal formulation of calculus. .
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5 (a) I f(x) = x ~ (2/x), find F'(x).

39 ¥ P
/ (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of f and f'.
. (a) IF F(0) = 6/(1 + %), find F'(5).
, (b) Check o see that your answer to part (a) is reasonable by
/f‘” ¢ x comparing the graphs of f and f'.

31. The unemployment rate U(r) varies with time. The table (from

%LWWH o h/;ake a= carei;ul skétch 0} the ;raphzof f z:nd beulow i; ) the Bureau of Labor Statistics) gives the percentage of unem-
" ~ = &

sketch the graph of f' in the same manner as in Exercises 5-13. ployed in the U. 8. labor force from 1988 to 1997.

Can you guess a formula for f'(x) from its graph?

14, f(x) = sin x 1B f(x) =e" ! o) ! o)
1988 55 1993 6.9
18 flx) =inx 1989 | 53 1994 | 6.1
o T 1990 | 5.6 1995 | 5.6
417 Let f(x) = x™ 1991 | 68 1996 | 54
(a) Estimate the values of £'(0), £'(3), £/(1), and F'(2) by 1992 75 1997 | 4.9
using a graphing device to zoom in on the graph of f.
(b) Use symmetry to deduce the values of f'(~3), f'(~1), and (a) What is the meaning of U’()? What are its units?
F(=2). (b) Construct a table of values for U'(z).
(c) Use the results from parts (a) and (b) to guess a formula . i ) .
for (). 32. Let the smoking rate among high-school seniors at time ¢ be

S(1). The table (from the Institute of Social Research, Univer-
sity of Michigan) gives the percentage of seniors who reported
e that they had smoked one or more cigarettes per day during the
2018 Let f(x) = x°. past 30 days.
(a) Estimate the values of £'(0), '(3), £'(1), £'(2), and f'(3)
by using a graphing device to zoom in on the graph of f.

(d) Use the definition of a derivative to prove that your guess
in part {c) is correct.

(b) Use symmetry to deduce the values of f'(—1), £'(~1), ! 5@ ! 5@
f(=2), and f'(-3). 1978 | 275 || 1988 | 18.1
(c) Use the values from parts (a) and (b) to graph f'. 1980 214 1990 19.1
(d) Guess a formula for f'(x). 1982 21.0 1992 17.2
(e) Use the definition of a derivative to prove that your guess 1984 18.7 1994 194
in part {d) is correct. 1986 18.7 1996 22.2

19-27 0 Find the derivative of the given function using the defini-
tion of derivative. State the domain of the function and the domain
of its derivative.

(a) What is the meaning of S'(z)? What are its units?
(b) Construct a table of values for §'(z).
(¢) Graph S and §'.

19. f(x) =35x+3 20. f(x) =5 —4x + 327 (d) How would it be possible to get more accurate values
21 f(x) =x° — x* + 2x 2 ) =x+Jx for §°(2)?

J— x+1 33. The graph of f is given. State, with reasons, the numbers at
2. gl =1+ 2x % f)=_""7 which £ is not differentiable.

4 — 3x 1

= = y

25. G(x) T 25. g(x) e

a

28. (a) Sketch the graph of f(x) = /6 — x by starting with the

27. f(xy=x /
AV

graph of y = /x and using the transformations of Sec- V 7 x
tion 1.3. -
(b) Use the graph from part (a) to sketch the graph of f'.
(c) Use the definition of a derivative to find f'(x). What are
the domains of fand f'? 34. The graph of g is given.
B (d) Use a graphing device to graph f’ and compare with your (a) At what numbers is g discontinuous? Why?

sketch in part (b). (b) At what numbers is g not differentiable? Why?
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. Graph the function f(x) = x + /| x|. Zoom in repeatedly,

first toward the point (—1, 0) and then toward the origin.

What is different about the behavior of f in the vicinity of these
two points? What do you conclude about the differentiability
of f?7

Zoom in toward the points (1, 0), (0, 1), and (~1, 0) on the
graph of the function g(x) = (x> — 1)**. What do you notice?
Account for what you see in terms of the differentiability of g.

Let f(x) = ¥x.

(a) If a 5 0, use Equation 2.8.3 to find f'(a).

(b) Show that f'(0) does not exist.

(c) Show that y = ¥/x has a vertical tangent line at (0, 0).
(Recall the shape of the graph of f. See Figure 13 in Sec-
tion 1.2.)

(a) If g(x) = x**, show that g’(0) does not exist.

() Ifa = 0, find ¢'(a).

(c) Show that y = x** has a vertical tangent line at (0, 0).
(d) Mustrate part (c) by graphing y = x*>.

Show that the function f(x) = |x — 6| is not differentiable
at 6. Find a formula for f' and sketch its graph.

Where is the greatest integer function f(x) = [x] not differen-
tiable? Find a formula for f’ and sketch its graph.

(a) Sketch the graph of the function f(x) = x| x]|.
(b) For what values of x is f differentiable?
(c) Find a formula for f'.

42,

43.

44,

45.

SECTION 2.9 THE DERIVATIVE AS A FUNCTION O
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The left-hand and right-hand derivatives of f at a are
defined by

) = fim L9 =S

=0 h

fla+h) — fla)

and fila) = /,l—jfglﬂ‘ h

if these limits exist. Then f'{a) exists if and only if these one-
sided derivatives exist and are equal.
(a) Find f.(4) andf’(4) for the function

0 ifx=0

5—x fO0<x<4
flx) =

5> ifx=4

(b) Sketch the graph of f.
(c) Where is f discontinuous?
(d) Where is f not differentiable?

Recall that a function f is called even if f(—x) = f(x) for all x
in its domain and odd if f(~x) = —f(x) for all such x. Prove
each of the following.

(a) The derivative of an even function is an odd function.

(b) The derivative of an odd function is an even function.

‘When you turn on a hot-water faucet, the temperature T of the

water depends on how long the water has been running.

(a) Sketch a possible graph of T as a function of the time ¢
that has elapsed since the faucet was turned on.

(b) Describe how the rate of change of T with respect to r
varies as ¢ increases.

(c) Sketch a graph of the derivative of T.

Let € be the tangent line to the parabola y = x* at the point

(1, 1). The angle of inclination of € is the angle ¢ that € makes
with the positive direction of the x-axis. Calculate ¢ correct to
the nearest degree.
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Exercises

1.

2

(a) How is the number e defined?
(b) Use a calculator to estimate the values of the limits

27" — 1 28 -1
lim — and lim ——————
=0 h h—0 h

correct to two decimal places. What can you conclude
about the value of e?

(2) Sketch, by hand, the graph of the function f(x) = e*, pay-

ing particular attention to how the graph crosses the y-axis.

What fact allows you to do this?

(b) What types of functions are f(x) = e* and g{x) = x°?
Compare the differentiation formulas for fand g.

(c) Which of the two functions in part (b) grows more rapidly
when x is large?

3-28 00 Differentiate the function.

3
5

15.

17,

18.
21.

23,

25,

z
22830

4 T Find f'(x). Compare the graphs of fand ' and use them

flxy=15x—1 4, F(x) = —4x1
flx)=x>+3x -4 6. glx) =52 - 2x° + 6
Ly =y 8 y=15e"+3
V() =3ar? 10. R(r) = 517>
10
Y =6 12Ruy=J:
x
F(x) = (16x)° 14 y=3x
o) =+ 6. £) =i~ —
x? Vi
\y=\‘+4x+3 18 _xTm 24x
. »\/K . Y x
y=3x + 2e* 20, y=+x(x—1)
y =4’ 2. y=x"? - x¥
5 B
y=ax"+ bx+ ¢ 24. )>=A+———+—C;
x  x?
y=ux+ Y2 26. u= 312 +2J8
b=y x4 — 28 y=¢""'+1

®

10 explain why your answer is reasonable.

28,

i,

o
<&

ok

Jx) =257 — x* 30. f(x) = 3x> — 20x7 + 50x
SEN a5 o a o 1
Fle) =3x8 —5x3 + 3 32 flx)=x+—
x
Jlx) = x — 3513 24, flx) = x>+ 2¢*

7 35. (a) By zooming in on the graph of f(x) = x*/*, estimate the
value of f'(2).
(b) Use the Power Rule to find the exact value of f'(2) and
compare with your estimate in part (a).
% 36. (a) By zooming in on the graph of f(x) = x> — 2¢*, estimate
the value of f'(1).
(b) Find the exact value of f'(1) and compare with your esti-

mate in part (a).

37-40 O Find an equation of the tangent line to the curve at the
given point. Illastrate by graphing the curve and the tangent line on
the same screen.

4
37 y=x+— (2,4
X

38 y=x" (4,32
3 y=x++x (1,2
40. y=x*+ 2¢%, (0,2)

72 11, (a) Use a graphing calculator or computer to graph the func-

tion f(x) = x* — 3x® — 6x? + 7x + 30 in the viewing
rectangle [—3, 5] by [~ 10, 50].

(b) Using the graph in part (a) to estimate slopes, make a
rough sketch, by hand, of the graph of f'. (See Example 1
in Section 2.9.)

(c) Caleulate f'(x) and use this expression, with a graphing
device, to graph f'. Compare with your sketch in part (b).

sy |

g
£
N

. (a) Use a graphing calculator or computer to graph the func-

tion g(x) = e* — 3x?in the viewing rectangle [~1, 4] by
[~8, 8].

(b) Using the graph in part (a) to estimate slopes, make a
rough sketch, by hand, of the graph of g’. (See Example 1
in Section 2.9.)

(c) Calculate g'(x) and use this expression, with a graphing
device, to graph g'. Compare with your sketch in part (b).

3

43. Find the poinis on the curve y = x> — x> — x -+ 1 where the

tangent is horizontal.

44. For what values of x does the graph of
f(x) = 2x* — 3x* — 6x + 87 have a horizontal tangent?

45. Show that the curve y = 6x° + 5x — 3 has no tangent line
with slope 4.

E%f 48. At what point on the curve y = 1 + 2¢* — 3x is the tangent

line parallel to the line 3x — y = 57 Hlustrate by graphing the
curve and both lines.

47. Draw a diagram to show that there are two tangent lines to the
parabola y = x” that pass through the point (0, —4). Find the
coordinates of the points where these tangent lines intersect
the parabola.
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Exercises

nd the derivative of y = (x* + D{x* 4+ 1) in two ways: by
o the Product Rule and by performing the multiplication
0 your answers agree?

7 Fmd the derivative of the function

Flx) = 27 INE -—j;\/fc

i two ways: by using the Quotient Rule and by simplifying
first. Show that your answers are equivalent. Which method do
you prefer?

3-72 0 Differentiate.

g%; Resources / Module 4/ Polynomial Models / Problems and Tests

3 flx) = xe® 4 g(x) = Jx et
5 X 6 e.Y
e . Y=
> %2 Y 1+ x
- x+2 1 — y?
1. hix) = 8. ) =
1(x) x =1 fu) 1+ u?

8 Gls) = (s> + s+ D2 +2) 10 glx) =1+ J/x)x—x?
MoH® = (P —x + D2+ 2x7)
12, Hi) = e'(1 + 312 + 5¢%)

13, .\,=__71f_“_2_.__ 1 y= 4r+ 5
=4 51— 4 2 -3t
x* 4+ 4x -
18 y= x___’\.ji 16. y= i}.__i
Vx Vr+1
2 2 - 2
oy = (=2 T —
% u+1
2 19 y= _h]ﬁ_ 20 __
ot at Tt
2 fly) = —2 2. f)=2FP
¢ cx +d
X+ —
X
5-2% T Find an equation of the tangent line to the curve at the

given point,

”- "
23, o= —;\_ ) = -\/;

Ty WD 2oy=oye (04
Boy=2xe" (0,0) % y=", (1,e)

21 (a) The curve y=1/(1 + x?) is called a witch of Maria
Agnesi. Find an equation of the tangent line to this curve
at the point (— 1, %)

() Mustrate part (a) by graphing the curve and the tangent
line on the same screen.

28. (a) The curve y = x/(1 + x?) is called a serpentine. Find
an equation of the tangent line to this curve at the point
(3,0.3).
e (b) Mlustrate part (a) by graphing the curve and the tangent
line on the same screen.

28, (a) If f(x) = e*/x> find f'(x).

e (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of f and f'.
30. (a) If f(x) = x/(x* — 1), find f'(x).
% (b) Check to see that your answer to part (a) is reasonable by

comparing the graphs of f and f'.

31. Suppose that f(5) = 1, f'(5) = 6, g(5) = —3, and g'(5) = 2.
Find the values of (a) (f5)'(5), (b) (f/9)'(5), and (c) (g/f)(5)-

32. If F(3) = 4, g(3) = 2, f'(3) = —6, and ¢'(3) = 5, find the fol-
lowing numbers:

(@ (f+9)(3)
(e) (f9)'(3)

(b) (f9)'(3)

I\
@ (f— g> ®

33. If f(x) = e%g(x), where g(0) = 2 and ¢'(0) = 5, find f(0).
34, ¥ h(2) =4and h'(2) = —3, find

_4_(11
dx X

35. If f and g are the functions whose graphs are shown, let

u(x) = f(x)g(x) and v(x) = f(x)/g(x).

ye=2

(a) Find u'(1). (b) Find v'(5).
¥y
~
f
, B g
- 0 X

36. If f is a differentiable function, find an expression for the
derivative of each of the following functions.

(a) y = x*f(x) ®) y = fJ\(;\)
x L+ /()

) == I e —————

(©) ) ) (@ y \/;

37. In this exercise we estimate the rate at which the total persona
income is rising in the Miami-Ft. Lauderdale metropolitan
area. In July, 1993, the population of this area was 3,354,000,
and the population was increasing at roughly 45,000 people pe
year. The average annual income was $21,107 per capita, and
this average was increasing at about $1900 per year (well
above the national average of about $660 yearly). Use the
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SECTION 3.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS @

SOLUTION In order to apply Equation 2, we first rewrite the function by multiplying and
dividing by 7:
sin7x 7

sin 7x
Tx

dx 4

Notice that as x — 0, we have 7x — 0, and so, by Equation 2 with § = 7x,

. sinTx sin(7x)
lim ——— = [im ——— =1
x—0 X x—=0  Tx
in 7x 7 7
Thus im s lim — S X
w0 dx x—0 4 Tx
7 m sin 7x 7 ! 7
= — i f=end ® -
4 x—0 Tx 4 4

EXAMPLE 5 0 Calculate hr% xcot x.

SOLUTION Here we divide numerator and denominator by x:

. . XCOoSx
lim xcot x = lim ——
x—0 =0 Sin Xx
. Cosx ,l(l_r,r(l, cos x
= lim — = -
0 §In X . Slnx
Ii
X =0 X
cos 0 k
= 1 (by the continuity of cosine and Equation 2)
=1
Exercises
1-16 T Differentiate d
) 17. Prove that — (csc x) = —csc x cot x.
Resources / Module 4/ Trigonometric Models / Derivatives of Trig dx
Functions and Quiz d
- oo . . Prove that — (sec x) = sec x tan x.
Lfx)=x~3sinx 2. f(x) = xsinx 18. Prove th dx (sec x) = sec x tan x
3 y=sinx+ cos x 4, y=-—cosx — 2tan x d
— 2.
5. (1) = 1 cog 1 6. 1) = 4 sect + tan 7 19. Prove that = (cot x) = —cscx.
7. /](6):.—C A ,0 TR P -
s¢ 6+ eeot 0 8. y=e'sinx 20. Prove, using the definition of derivative, that if f{x) = cos x,
g = fADX 0, y= sin x then f'(x) = —sin x.
X o 1+ cos x v
i . on x — 1 £1-24 O Find an equation of the tangent line to the given curve at
S 12, y = ——n the specified point.
SN X - cos x ! Sec X P P »
1, _ Sinx ) N 2. y=tanx, (w/4,1) 22. y=2sinx, (7/6,1)
= T 14, y = tan 8 (sin @ + cos 6) )
[ ; . 2%, y=x-+cosx, (0.1) 24, y= e (0, 1)
LTS xcot x i6. y=xsinxcosxy ’ simx + cosx
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[lustrate part (a) by graphing the curve and the tangent
line on the same screen.
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(a) Find an equation of the tangent line to the curve
= gec x — 2 cos x at the point (7/3, 1).
(b) Mustrate part (a) by graphing the curve and the tangent
line on the same screen.

(a) If f(x) = 2x + cot x, find f'(x).
(b) Check to see that your answer to part (a) is reasonable by
graphing both f and f' for 0 < x < 7.

(a) If f(x) = Vxsin x, find f'(x).
(b) Check to see that your answer to part (a) is reasonable by
graphing both fand f' for 0 < x < 21,

. For what values of x does the graph of f{x) = x + 2sin x

have a horizontal tangent?

Find the points on the curve y = (cos x)/(2 + sin x) at which
the tangent is horizontal.

A mass on a spring vibrates horizontally on a smooth level
surface (see the figure). Its equation of motion is x(f) = 8sin ¢,
where 1 is in seconds and x in centimeters.
(a) Find the velocity at time ¢.
(b) Find the position and velocity of the mass at time

¢t = 27/3. In what direction is it moving at that time?

equilibrium
position

An elastic band is hung on a hook and a mass is hung on the

lower end of the band. When the mass is pulled downward and

then released, it vibrates vertically. The equation of motion is

s=2cost+ 3sint t = 0, where s is measured in centi-

meters and ¢ in seconds. (We take the positive direction to be

downward.)

(a) Find the velocity at time 2.

(b) Graph the velocity and position functions.

(c) When does the mass pass through the equilibrium position
for the first time?

(d) How far from its equilibrium position does the mass
travel?

(e} When is the speed the greatest?

A ladder 10 ft long rests against a vertical wall. Let 6 be the
angle between the top of the ladder and the wall and let x be
the distance from the bottom of the ladder to the wall. If the
bottom of the ladder slides away from the wall, how fast does
x change with respect to 6 when 0 = 77/3?
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An object with weight W is dragged along a horizontal play
by a force acting along a rope attached to the object. If the
rope makes an angle @ with the plane, then the magnitude of
the force is

_ W
wsin 8 + cos 6

where 1 is a constant called the coefficient of friction.

(a) Find the rate of change of F with respect to 6.

{b) When is this rate of change equal to 07

(c) If W=3501band pu = 0.6, draw the graph of F as a
function of # and use it to locate the value of 8 for whic
dF/d6 = 0. Is the value consistent with your answer to
part (b)?

35-44 O Find the limit.

35,

36.

37.

38.

38.

40.

41,

42,

44,

45,

46.

. s8in 8¢

lim —

r—0 sin 9t
sin{cos 6)

im ———————

6—0  sec 0

sin x — coS x
cos 2x

X fd
sin 0

im ——

§—0 @ -+ tan 6

. sin{x — 1)

im ————

=l xr A+ x—2

Differentiate each trigonometric identity to obtain a new
(or familiar) identity.

sin x
(a) tan x =
COS X
1
(b) sec x =
cos x
. 1+ cotx
(¢) sin x + cos x = ———
CsSC X

A semicircle with diameter PQ sits on an isosceles triangle
POR to form a region shaped like an ice-cream cone, -as sho'




