MST 10010: Calculus 1

Exercise Set 1

Do only the following problems:

Section 1.1 (pages 22-24): 1 (a)-(f), 19, 21, 23, 29, 31, 33, 35, 37, 39, 47.
Section 1.3 (page 48): 31, 35, 37, 39, 41, 43, 45, 47, 49.

Section 2.2 (pages 99-101): 1, 3, 5, 7, 9, 13, 15, 17, 21, 23, 25.

Section 2.3 (pages 109-111): 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 33, 35, 37, 39, 41.
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O CHAPTER 1 FUNCTIONS AND MODELS

Exercises

1. The graph of a function fis given.

(a) State the value of f(—1).

(b) Estimate the value of f(2).

(c) For what values of x is f(x) = 27

(d) Estimate the values of x such that f(x) = 0.
(e) State the domain and range of f.

(f) On what interval is f increasing?
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The graphs of fand g are given.

(a) State the values of f(—4) and g(3).

(b) For what values of x is f(x) = g(x)?

(c) Estimate the solution of the equation f(x) = —1.
(d) On what interval is f decreasing?

(e) State the domain and range of f.

(f) State the domain and range of g.
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Figures 1, 11, and 12 were recorded by an instrument operated
by the California Department of Mines and Geology at the
University Hospital of the University of Southern California in
Los Angeles. Use them to estimate the ranges of the vertical,
north-south, and east-west ground acceleration functions at
USC during the Northridge earthquake.

In this section we discussed examples of ordinary, everyday
functions: population is a function of time, postage cost is a
function of weight, water temperature is a function of time.
Give three other examples of functions from everyday life that
are described verbally. What can you say about the. domain and
range of each of your functions? If possible, sketch a rough
graph of each function.

5-8 O Determine whether the curve is the graph of a function of x,
If it is, state the domain and range of the function.

5, V4 6. y4

3._ -+

21 2+
:\ - /-\ : — > /—__\‘ —
N/ 9| \f 3 X N0 ok

_"_) L -+

_3 L il

1. ¥4 8. ya

9. The graph shown gives the weight of a certain person as a
function of age. Describe in words how this person’s weight
varies over time. What do you think happened when this per-
son was 30 years old?

200
Weight 1507
d
(pounds) 1004+
50T

O 10 20 30 40 50 60 70 Age

(years)

10. The graph shown gives a salesman’s distance from his home as
a function of time on a certain day. Describe in words what the

graph indicates about his travels on this day.

Distance
from home
(miles)
+ + —I—
8AM. 10 NOON 2 Gpy.  Lime

(hours)
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19.

20

You put some ice cubes in a glass, fill the glass with cold
water, and then let the glass sit on a table. Describe how the
temperature of the water changes as time passes. Then sketch
a rough graph of the temperature of the water as a function of
the elapsed time.

Sketch a rough graph of the number of hours of daylight as a
function of the time of year.

Sketch a rough graph of the outdoor temperature as a function
of time during a typical spring day.

You place a frozen pie in an oven and bake it for an hour. Then
you take it out and let it cool before eating it. Describe how the
temperature of the pie changes as time passes. Then sketch a

rough graph of the temperature of the pie as a function of time.

A homeowner mows the lawn every Wednesday afternoon.
Sketch a rough graph of the height of the grass as a function of
time over the course of a four-week period.

An airplane flies from an airport and lands an hour later at
another airport, 400 miles away. If 7 represents the time in min-
utes since the plane has left the terminal building, let x(z) be
the horizontal distance traveled and y(7) be the altitude of the
plane.

(a) Sketch a possible graph of x(1).

(b) Sketch a possible graph of y(1).

(¢) Sketch a possible graph of the ground speed.

(d) Sketch a possible graph of the vertical velocity.

Temperature readings T (in °F) were recorded every two hours
from midnight to noon in Atlanta, Georgia, on March 18, 1996.
The time ¢ was measured in hours from midnight.

10 | 12
57 | 61

(a) Use the readings to sketch a rough graph of T as a function
of r.
(b) Use the graph to estimate the temperature at 11 A.M.

The population P (in thousands) of San Jose, California, from
1984 to 1994 is shown in the table. (Midyear estimates are
given.)

1986 | 1988 \ 1990 | 1992 | 1994 ‘

| 800 | 817 i

(a) Draw a graph of P as a function of time.
(b) Use the graph to estimate the population in 1991.

If f(x) = 2x> + 3x — 4, find £(0), £2), F(V2), f(1 + V2),
fl=x), f(x + 1), 2f(x), and f(2x).

A spherical balloon with radius r inches has volume

V(r) = % 7r>. Find a function that represents the amount of air
required to inflate the balloon from a radius of r inches to a
radius of r + 1 inches.

SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCTION O

21-22 O Find f(2 + h), f(x + h), <o PAE + BY= Fl)

where h # 0. h )

A, flx) =x—x* 2 ()= i :

23-27 O Find the domain of the function. -
A fo=— 2. f(x) = ﬁ"—:_—ﬁ
25, g(x) = ¥x? — 6x 2. hix) =37 —3x

2. fO=31—-1

28. Find the domain and range and sketch the graph of the

function h(x) = /4 — x%

29-40 O Find the domain and sketch the graph of the function.

29. f(x)=3—2x 0 Flx)=x*+2x—1
3. gx) =+x—35 32. g(x) =6 — 2x
33. Glx) = |x| +x 34. H(x) = |2x]
2 +5x+6
B flx)==x % fx) = ——
flx) = x/| x| f(x) 12
x ifx=<20
31. )=
B {x+1 ifx>0
2x+3 Hx< -1
38. f(x) =
f() {3x ifx= -1
B f(x) = x+2 ifx=s-1
AT >l
=] ifx=< —1
0. f(x)={3x+2 if|x|]<1
7-2x ifx=1

41-46 O Find an expression for the function whose graph is tk
given curve.

41. The line segment joining the points (—2, 1) and (4, —6)
42. The line segment joining the points (—3, —2) and (6, 3)
43. The bottom half of the parabola x + (y — 1)* =10

44. The top half of the circle (x — 1)* + y* =1

45. 1 ] B 46. Cj__—_—
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CHAPTER 1 FUNCTIONS AND MODELS

47-51 O Find a formula for the described function and state its
domain.

4]. A rectangle has perimeter 20 m. Express the area of the rect-
angle as a function of the length of one of its sides.

48. A rectangle has area 16 m’. Express the perimeter of the rect-
angle as a function of the length of one of its sides.

49. Express the area of an equilateral triangle as a function of the
length of a side.

50. Express the surface area of a cube as a function of its volume.

51. An open rectangular box with volume 2 m’ has a square base.
Express the surface area of the box as a function of the length
of a side of the base.

52. A Norman window has the shape of a rectangle surmounted by
a semicircle. If the perimeter of the window is 30 ft, express the
area A of the window as a function of the width x of the
window.

A

x—r-

53. A box with an open top is to be constructed from a rectangular
piece of cardboard with dimensions 12 in. by 20 in. by cutting
out equal squares of side x at each corner and then folding up
the sides as in the figure. Express the volume V of the box as a
function of x.

54. A taxi company charges two dollars for the first mile (or part of
a mile) and 20 cents for each succeeding tenth of a mile (or

part). Express the cost C (in dollars) of a ride as a function of
the distance x traveled (in miles) for 0 < x < 2, and sketch the
graph of this function.

55. In a certain country, income tax is assessed as follows. There is
no tax on income up to $10,000. Any income over $10,000 is
taxed at a rate of 10%, up to an income of $20,000. Any
income over $20,000 is taxed at 15%.

(a) Sketch the graph of the tax rate R as a function of the
income I.

(b) How much tax is assessed on an income of $14,0007?
On $26,000?

(c) Sketch the graph of the total assessed tax T as a function
of the income /.

56. The functions in Example 10 and Exercises 54 and 55(a) are
called step functions because their graphs look like stairs. Give
two other examples of step functions that arise in everyday life.

57. (a) If the point (5, 3) is on the graph of an even function, what
other point must also be on the graph?

(b) If the point (5, 3) is on the graph of an odd function, what
other point must also be on the graph?

58. A function fhas domain [—5, 5] and a portion of its graph is
shown.
(a) Complete the graph of fif it is known that fis even.
(b) Complete the graph of fif it is known that fis odd.

59-64 7 Determine whether f is even, odd, or neither. If f is even
or odd, use symmetry to sketch its graph.

59. f(x) =x71 60. f(x)=x""
6. f(x) =x>+x 62. f(x) =x*— 4x*
63. flx)=x—x 64 f(x) =3x*+2x>+ 1

NN Mathematical Models

A T 0 S KRR

A mathematical model is a mathematical description (often by means of a function or an
equation) of a real-world phenomenon such as the size of a population, the demand for a
product, the speed of a falling object, the concentration of a product in a chemical reac-




48 0O CHAPTER 1 FUNCTIONS AND MODELS

23-30 O Use graphical addition to sketch the graph of f + g.

o
P

30. y

NEDPZ AN
=

:‘31—32.5 Fi-nd i + g, f — g,. fa. a.nd f/g.; and -statc ;heir c-iomai'ns.
M. f(x)=x*4+2x2 gx) =3x2-1

R f@)=Vi+x g6)=vI-=x

233—34. a U-se the. grapim of f and.g anc; the r.nethold of g:;raphi.cal
addition to sketch the graph of f + g.

B. f)=x gkx)=1/x M f(x)=x° gx)=—x?
‘35—40. O F;nd th:: func.tions‘fc g,-g cf: foi and g °g f.md th.eir
domains.

B f)=2x"—x, glx)=3x+2

3%, fxX)=vx—1, gx)=x?

3. f(x)=1/x, gx) =x*+ 2x

x =il
b i, ol |

B f)=——, g(x) =

—1
3. f(x) =sinx, g(x)=1- %
N f=vx2—1, glx)=1—x
:31414.[1 Fi-nd f°g ° h : ; :
. f)=x—-1, g)=+x, hx)=x—-1
2 f() ==, g =x hx)=x+2
B. fx)=x*+1, gx)=x-5, hx)=x

“ S0 =Vr g =—"=, hx) =%

45-50 © Express the function in the form fo g.

8. F(x) = (x — 9)° 8. F(x) = sin(/x)

.2 l
7. G(x) = — 8. G(x) = ——
x% 4+ 4 b
49. u(r) = /cost 80. u(r) = tan 7t

51-53 O Express the function in the form fo g s h.
51. H(x) =1 -3 8. H(x)=3Vx -1
53. H(x) = sec(y/x)

54. Use the table to evaluate each expression.

(a) f(g(1))
(d) g(g(1))

(b) g(f(1)
(e (g°f)(3)

(¢) F(fF(1))
(f) (feg)(6)

2‘3

=~
.
o

x I“
‘1.4!:l:|5

fx) 3

g(.\'}6‘3|2112
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55. Use the given graphs of fand g to evaluate each expression, or
explain why it is undefined.
(a) f(g(2)) (b) g(£(0))
(d (g°1)(6) (e) (9°9)(-2)

(c) (fog)(0)
(£) (fef)(4)

[35]
S

56. Use the given graphs of fand g to estimate the value of flg(x)
forx = —5, —4, =3, ..., 5. Use these estimates to sketch a
rough graph of feog.
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FIGURE 16
y=tanx
g
! - —>
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FIGURE 17

The y-axis is a vertical asymptote of
the natural logarithmic function.
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1. Explain in your own words what is meant by the equation

lim f(x) = 5

Is it possible for this statement to be true and yet f(2) =137

Explain.

SECTION 2.2 THE LIMIT OF AFUNCTION O 9

. 2

and lim )
S ket =3 x — 3

EXAMPLE 9 O Find lim

SOLUTIONJf x is close to 3 but larger than 3. then the denominator x — 3 is a small pos
tive number and so 2/(x — 3) is a large positive number. Thus, intuitively we see that
2

lim = w
r—37 x —_ 3

Likewise, if x is close to 3 but smaller than 3, then x — 3 is a small negative number ar
so 2/(x — 3) is a numerically large negative number. Thus

. 2
Iim = —m®
'%

x=—=3" X —

The graph of the curve y = 2/(x — 3) is given in Figure 15. The line x = 3 is a vertic:
asymptote.

EXAMPLE 10 O Find the vertical asymptotes of f(x) = tanx.

SOLUTION Because

sin x

tanx =
COsS X

there are potential vertical asymptotes where cos x = 0. In fact, since cosx — 07 as
x— (m/2)" and cosx —> 0" asx — (7/2)", whereas sin x is positive when x is near 7
we have

lim tanx = and im tanx = —®

x—(m/2)” x—{m/D)*

This shows that the line x = /2 is a vertical asymptote. Similar reasoning shows tha
the lines x = (2n + 1)@/2, where n is an integer, are all vertical asymptotes of
f(x) = tanx. The graph in Figure 16 confirms this.

Another example of a function whose graph has a vertical asymptote is the natural
arithmic function y = In x. From Figure 17 we see that

lim Inx = —®

=07

and so the line x = 0 (the y-axis) is a vertical asymptote. In fact, the same is tru
y = log, x provided thata > 1. (See Figures 11 and 12 in Section 1.6.)

R T S S

2. Explain what it means (o say that

lin|1 flx) =3 and lim f(x) =7
x—17 r—1*

In this situation is it possible that lim . f(x) exists?
Explain.




100 O CHAPTER 2 LIMITS AND DERIVATIVES

3. Explain the meaning of each of the following.
(a) lim f(x) = o (b) lirP_f(.Y) = =

4. For the function f whose graph is given, state the value of the
given quantity, if it exists. If it does not exist, explain why.
(a) iin}}f (x) (b) Lim f(x)

(c) lim f(x) (d) lim f(x)

(e) f(3)
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5. For the function f whose graph is given, state the value of the
given quantity, if it exists. If it does not exist, explain why.

(a) lim f(x) (b) ‘lijgl_f(x) (©) }LTJ(")
(d) lim f(x) (e) f(3) (f) lim f(x)

x—r=21

g lim f(x) () lm f(x) (i) f(=2)
[ ] ya T 1
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6. For the function g whose graph is given, state the value of the
given quantity, if it exists. If it does not exist, explain why.
(a) lim g(x) (b) lim g(x) (c) lim g(x)

x
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(d) g(—=2)
(¢) lim g(x)

(3 ‘U_Igl_ g(x)

(e) lim g(x)
(h) g(2)
(k) ¢(0)

(f)
(1)
0]

it does not exist, explain why.
(a) lim f(x)

(d) lim f£(x)

lim g(x)
\lil?? g(x)

lim g(x)

x—0

. State the value of the limit, if it exists, from the given graph. If

(b) 1iil}f(-r) (c) ‘linlf(.r)
(@ lmf@ (0 limf()
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(a) _lin_l6 glx)

(¢) lim g(x)

. For the function g whose graph is shown, state the following.

(b) lim g(x)
(d) lim g(x)

(e) The equations of the vertical asymptotes.
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(a) lim f(x)
@ lim f(x)

(f) The equations of the vertical asymptotes

x

(c)

. For the function f whose graph is shown, state the following.
(b) lim f (x)
() lim f(x)

lim f(x)
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12.

A patient receives a 150-mg injection of a drug every 4 hours.
The graph shows the amount f(r) of the drug in the blood-
stream after ¢ hours. (Later we will be able to compute the
dosage and time interval to ensure that the concentration of
the drug does not reach a harmful level.) Find n

lim f(r) ’Ul]'l:lvf(f]

r—12

and

and explain the significance of these one-sided limits.

f|rlI

300 7

\
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150

. Use the graph of the function f(x) = 1/(1 + ') to state the

value of each limit, if it exists. If it does not exist, explain why.
(a) lin('n_f[,\') (b) lint'l*f();) (©) lirréf(x)

Sketch the graph of the following function and use it to deter-
mine the values of a for which lim,_, f(x) exists:

2 =X ifx< =1
f(x) =1x if—-1<sx<1
(x—1) ifx=1

13-14 © Sketch the graph of an example of a function f that satis-
fies all of the given conditions.

13.

14,

‘li_nlf(x) =4, lim f(x) =2, lim f(x) =2,
F3Yy=3, f(-2)=1
Ji_rp_f(A\') =1,

lim f(x) =1,

lim f(x) = —1,

x—+07

f(2)=1,

lim f(x) =0
£f(0) is undefined

15-20 O Evaluate the function at the given numbers (correct to six
decimal places). Use the results to guess the value of the limit, or
explain why it does not exist.

15.

16.

%—

x=1 )
xt=1"
1=02,04,06,08,0.9,099,1.8,1.6, 14,12, 1.1, 1.01:

glx) =

r —

lim —
=1 x* =1
1 = _1.2

)= —v—-
x* 4+.3x — 10

X=3,2.1,2.01, 2.001, 2.0001, 2.00001;

1 — x°

]im e
=2 x>+ 3x — 10

17.

SECTION 2.2 THE LIMIT OF A FUNCTION D

101

x =26, 25.5, 25.1, 25.05, 25.01, 24, 24.5, 24.9, 24.95, 24.99:

(/vx) - %

lim —————

x—25 x — 25
gt —1 : Vt =1
18. F(r) = i ; 1=15,12,1.1,101,1.001; lim--
Vi—1 =1 4/t — 1
1 — cos
19, f(x) =———; x=1,05,04,03,0.2, 0.1, 0.05, 0.01;
X2
. 1 —cosx
lim ———
x—0 :
20. g(x) = xInx;
x=1,0.5, 0.1, 0.05, 0.01, 0.005, 0.001;
lim v/xInx
x—0*
21-28 O Determine the infinite limit.
21. lim . = 22. lim 2
x—=5t x — § =5 X — )
2. 1 ' o Gt
. lim —— e iy —————
s P v =0 x*(x + 2)
: x—1 :
25, lim ——— 26. lim cscx
x——2%+ x’(_x + 2) =+
21. lim  secx 28. Iirgl In(x — 5)
x—{=%/2)" x—5%
: " 1
29. Determine lim —; and lim —
r—1- x° — x—1* x° —
(a) by evaluating f(x) = 1/(x* — 1) for values of x that
approach 1 from the left and from the right,
(b) by reasoning as in Example 9, and
%E (c) from a graph of f.
30. (a) Find the vertical asymptotes of the function
i e
= xI—x-2
/> (b) Confirm your answer to part (a) by graphing the function.
31. (a) Estimate the value of the limit lim,_, (I + x)"* to five
decimal places. Does this number look familiar?
= (b) Tlustrate part (a) by graphing the function y = (1 + x)'/~,
32. The slope of the tangent line to the graph of the exponential
function y = 2% at the point (0, 1) is lim,—,(2* — 1)/x.
Estimate the slope to three decimal places.
EE 33. (a) By graphing the function f(x) = (tan 4x)/x and zooming

in toward the point where the graph crosses the y-axis,
estimate the value of lim,_.o f(x).




Watch an animation of a similar limit.
: :l: Resources / Module 2

J VI‘@ / Basics of Limits
e / Sound of a Limit that Exists

SECTION 2.3 CALCULATING LIMITS USING THE LIMIT LAWS O

109

S, o1
EXAMPLE 11 o0 Show that 1irr(1) x“sin— = 0.
x— X
SOLUTION First note that we cannot use

. . .
lim x?sin — = lim x2

» lim sin —
x—0 X x—0 A

x=0 X

because lim, .o sin(1/x) does not exist (see Example 4-in Section 2.2). However, since

we have, as illustrated by Figure 8,

FIGURE 8
‘We know that
limx? =0 and lingl —x’=0
x—0 x—
Taking f(x) = —x?, g(x) = x*sin (1/x), and h(x) = x? in the Squeeze Theorem, we
obtain
lim x*sin— = 0
x—0 Y = ]
——_ Exercises R )
L. Given tha P 1
- (c) lim Y/A(x) (d) lim ——
lim f(x) = =3 limg(x) =0  lim A(x) = 8 e )
—~g —a —a ) f‘[.\-} ¢ ) g'A]
find the limits that exist. If the limit does not exist, explain e s ) )
. & : 2f(x)
(@) lim [ f(x) + h(x)] {(b) lim [ f(x)]? (g) lim - (h) lim ‘

v—a h(x) — f(x)

t—a gl‘_l')

—a
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110 O CHAPTER 2 LIMITS AND DERIVATIVES

2. The graphs of fand g are given. Use them to evaluate each 21
limit, if it exists. If the limit does not exist, explain why. ’
(a) lim [f(x) + g(x)] (b) Lim [f(x) + g(x)]
¢) lim [ £(x)g(x) @ tim L2 -
(©) lim [ f(x)g(x)] = g(x)
(¢) lim x’f(x) (B lim V3 + f(x) 25,
[ Vi I T 1 VA |
f | | | 21.
Y= ) T Ty =g L7 ||
T N AL
| || || || BE 2.
i I X ‘ | / 0 l X
| - e |
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3-9 O Evaluate the limit and justify each step by indicating the
appropriate Limit Law(s).
- 4 P_{H 5x*— 2x +3) 4. %15} (x* + 2)(x* — 5%) S 30
5 I x—2 6 & xt+xrP—6\°
" e o o B M- PR
7. lim (r + 1’ — 1) 8 lim Jutr+3u+6
9 liril_ V16 — x?
10. (a) What is wrong with the following equation? = .
P e o Tt .
—————=x+3
x—2 -
(b) In view of part (a), explain why the equation 7=
& 32.
2 +x—6
lim =———— = lim (x + 3)
x—2 x = 2 x—2
is correct.
11-28 O Evaluate the limit, if it exists.
{fﬁ Resources / Module 2 / Basics of Limits / Problems and Tests 5.
i 34
. xXt=x412 . —x=— 12
M. lim ——— 12. lim ——
x——3 x-+3 r——3 x+3 35.
5 d O s
a2 x—x— 6 P —3x+ 2 3.
h— 5= 25 a1
& gy o=l 16. lim
h—0 h —l x-— 1
1+h)*—1 2+h’ -8
17. limL 18. lim; 3%
h—0 h h—=0 h
9i= ¥ t*+t—6
19. L 20. lim——— 39.
1—[3 3 - \/E rLHEI t-—4

- VE | \4"’3 ” » *— 6

lim 22. lim
r—0 x—+2 X = L

x* — 81 1 2
lim ~——— 28 lim o
=9 fx — 3 x=1 | x =1 %= =1
i 1 1 %. 1 B+pt—-3"
ol t/1 + ¢ t = h

i L

x 2 /x — x*
lim —— 28, lim X~
v —2 - % x—1 — /X

(a) Estimate the value of

i ;
0 /T + 3x — 1
by graphing the function f(x) = x/(v/1 + 3x — 1).
(b) Make a table of values of f(x) for x close to 0 and guess

the value of the limit.
(c) Use the Limit Laws to prove that your guess is correct.

. (a) Use a graph of

-\13 i \./g

X

flx) =

to estimate the value of lim,—¢ f(x) to two decimal places.
(b) Use a table of values of f(x) to estimate the limit to four
decimal places.
(c) Use the Limit Laws to find the exact value of the limit.

Use the Squeeze Theorem to show that

lim, o x* cos 207x = 0. Illustrate by graphing the functions
f(x) = —x2, g(x) = x* cos 207x, and A(x) = x* on the same
screen.

Use the Squeeze Theorem to show that

. —_— T
Iim +/x* + x?sin— =0
x—0 X

Illustrate by graphing the functions f, g, and A (in the notation
of the Squeeze Theorem) on the same screen.
If1<f(x)<x*+ 2x + 2forall x, find lim ., f(x).

If3x < f(x) = x> + 2 for 0 < x < 2, evaluate lim,—, f(x).

. 2
Prove that lim x* cos — = 0.

x—>(

Prove that lim /x e*"™* = (.
— 0

37-42 O Find the limit, if it exists. If the limit does not exist,
explain why.

. . |t+4[
lim |x + 4] 38. lim

x——4 x—>—4~ ‘C+4
. |x—=2] . 2xP—3x
i A== 4. lim ————
.r]—rg 5 2 JLIPS |2x - 3|




4.

43.

L)

45.

46.

41.

48,

1 1 1 1
im|——— 2 lm (—-—
U"( %] ) = ( m)

The signum (or sign) function, denoted by sgn, is defined by

~1 ifx<0
sgnx = 0 ifx=0
1 ifx>0

(a) Sketch the graph of this function.
(b) Find each of the following limits or explain why it does
not exist.

(i) lim sgnx (i) lim sgnx
x—0" x—0~

(iii) lim sgn x (iv) lirrélsgnx\

x—0
Let
£l = al= w9 HErel
2=z -2 ifx =1
(a) Find lim, ;- f(x) and lim,_,+ f(x).

(b) Does lim ,—; f(x) exist?
Sketch the graph of f.

]

(c

xt=-1
Let F(x) = ——.
x—1]
(a) Find
(1) lim F(x) (i1) lim F(x)

x—=1T x=1-

(b) Does lim,—; F(x) exist?

(c) Sketch the graph of F.
Let
x ifx<0
B(x) =+ x° ifo<x=<?2
8—x ifx>2
(a) Evaluate each of the following limits, if it exists.

(1) Nlir;n_ h(x) (ii) l.m}’ h(x) (1i1) 1111} h(x)

(iv) lim h(x) (v) lim h(x) (vi) lim A(x)

x—2

(b) Sketch the graph of h.

(a) If the symbol [ ] denotes the greatest integer function
defined in Example 10, evaluate
() lim, [x] (i) lim [x] (iii) lirQAH_r]]

(b) If n is an integer, evaluate
(i) lim [«] (i) lim [x]

X—n"

(¢) For what values of a does lim, -, [x] exist?

Let f(x) = x — [].
(a) Sketch the graph of f.
(b) If n is an integer, evaluate
(i) lril}:l_ f(x) (ii) lim f(x)

v—n?

(¢) For what values of a does lim,—, f(x) exist?

49.

51.

55.

517.

SECTION 2.3 CALCULATING LIMITS USING THE LIMIT LAWS O 11

If f(x) = [x] + [—x], show that lim,_., f(x) exists but is not
equal to f(2).

In the theory of relativity, the Lorentz contraction formula

L = Ly/1 — v?¥/c?

expresses the length L of an object as a function of its velocity
v with respect to an observer, where L is the length of the
object at rest and c is the speed of light. Find lim,—_..- L and
ipterpret the result. Why.is a left-hand limit necessary?

If p is a polynomial, show that lim,_., p(x) = p(a).

If r is a rational function, use Exercise 51 to show that
lim,—, r(x) = r{a) for every number a in the domain of r.

1If

if x 1s rational

F) = {"“

0  if x1s irrational
prove that lim, .o f(x) = 0.

Show by means of an example that lim,—., [ f(x) + g(x)] may
exist even though neither lim, ., f(x) nor lim,_., g(x) exists.

Show by means of an example that lim,—_, [ f(x)g(x)] may
exist even though neither lim, ., f(x) nor lim,_., g(x) exists.
/6 —x—2

Evaluate lim \7
=243 —x—1

Is there a number a such that

. 3x*4+ax+a+3
lim

r——2 xt+x—-2

exists? If so, find the value of a and the value of the limit.

The figure shows a fixed circle C; with equation

(x — 1> + y* = 1 and a shrinking circle C, with radius r and
center the origin. P is the point (0, r), Q is the upper point of
intersection of the two circles, and R is the point of intersectio
of the line PQ and the x-axis. What happens to R as C shrink:
that is, as r — 077

P

//\?Q\\ |
)

0 / R Es




