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In memory of Freeman Dyson

ABSTRACT. We prove three variations of recent results due to Andrews on congruences for
NT(m,k,n), the total number of parts in the partitions of n with rank congruent to m modulo
k. We also conjecture new congruences and relations for NT'(m, k,n) and for a related crank-
type function.

1. INTRODUCTION

A partition A\ of a natural number n is a non-increasing sequence of positive integers whose
sum is n. For example, the 5 partitions of 4 are

4,341,242,24+1+1,14+1+1+1.

In 1944, Dyson [11] introduced the rank of a partition as the largest part £/(\) minus the number
of parts n(\) and, based on numerical evidence, conjectured that this statistic gives a combinato-
rial explanation of Ramanujan’s congruences for the partition function modulo 5 and 7. In 1954,
Atkin and Swinnerton-Dyer [4] confirmed Dyson’s conjecture by proving explicit formulas for
the generating function of rank differences. Recently, Andrews employed these rank differences
to prove some intriguing congruences (conjectured by Beck) for NT'(m, k,n), the total number
of parts in the partitions of n with rank congruent to m modulo k. Specifically, we have (see
Theorems 1 and 2 in [2]) for all n € N

NT(1,5,5n+1i) — NT'(4,5,5n+14) + 2NT(2,5,5n+1i) —2NT(3,5,5n+7) =0 (mod 5) (1.1)
where ¢ = 1 or 4 and
NT(1,7,7n+1i) — NT(6,7,Tn+1i)+ NT(2,7,"n+1i) — NT'(5,7,7Tn + i)
—NT(3,7,7n+1i)+ NT(4,7,7n+ i) =0 (mod 7) (1.2)

fori =1 or 5.

It is now well-known that Dyson’s rank is a special case of a general notion of rank which is
defined on overpartition pairs [6]. Recall that an overpartition A of n is a partition of n in which
the first occurrence of a number may be overlined. For example, the 14 overpartitions of 4 are

44,3+1,3+1,3+1,3+1,2+2,2+2,2+1+1,2+1+1,2+1+1,
24+14+1,14+1+1+1,T+14+1+1.
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An overpartition pair (A, ) of n is a pair of overpartitions where the sum of all of the parts is
n. We order the parts of (A, 1) by requiring that for a positive integer k,

kx> kx> ky > ky,
where the subscript indicates to which of the two overpartitions the part belongs. The rank of

an overpartition pair (A, p) is

E((As 1) = n(A) =) = x((A, 1)), (1.3)
where 72(+) is the number of overlined parts only and x((A, )) is defined to be 1 if the largest part
of (A, p) is non-overlined and in p, and 0 otherwise. When p is empty and A has no overlined
parts, (1.3) becomes the rank of a partition. To illustrate, the rank of the overpartition pair
((6,6,5,4,4,4,3,1),(7,7,5,2,2,2)) is 7—8 —1—1 = —3, while the rank of the overpartition pair
((4,3,3,2,1),(4,4,4,1)) is4—5—1—0 = —2. In addition to recovering Dyson’s rank, three other
special cases of (1.3) have turned out to be of significant interest: the rank of an overpartition
[18], the Mas-rank of a partition without repeated odd parts [5], [20] and the Mas-rank of an
overpartition [19].

The purpose of this paper is to prove that instances of (1.1) and (1.2) also occur in these three
additional situations. Let NT2(b, k,n) denote the total number of parts in the overpartitions of
n with Ms-rank congruent to b modulo k. Our first result is the following.

Theorem 1.1. For alln € N, we have
NT2(1,5,5n+2) — NT2(4,5,5n + 2)
+2NT2(2,5,5n+2) —2NT2(3,5,5n4+2) =0 (mod 5). (1.4)

If we let NT'(b, k,n) be the total number of parts in the overpartitions of n with rank congruent
to b modulo &, then our second result is as follows.

Theorem 1.2. For alln € N, we have
NT(1,3,3n) — NT(2,3,3n) = NT2(1,3,3n) — NT2(2,3,3n) (mod 3) (1.5)
and
NT(1,3,3n+1) — NT(2,3,3n +1) = NT2(1,3,3n+ 1) — NT2(2,3,3n+ 1) (mod 3). (1.6)

Finally, if NT2(b, k,n) is the total number of parts in the partitions without repeated odd
parts of n with Ms-rank congruent to b modulo k, then our third result is the following.

Theorem 1.3. For alln € N, we have
NT2(1,5,5n+1) — NT2(4,5,5n + 1)
+2NT2(2,5,5n+1) —2NT2(3,5,5n+1) =0 (mod 5). (1.7)

The paper is organized as follows. In Section 2, we establish the generating function for the
rank of an overpartition pair which also keeps track of the total number of parts. Upon appropri-
ate specializations, this result leads to the generating functions for NT2(b, k,n), NT(b, k,n) and
NT2(b,k,n). We also record a key result necessary for the proof of Theorem 1.2. In Section 3,
we prove Theorems 1.1-1.3. In Section 4, we make some concluding remarks concerning future
directions.
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2. PRELIMINARIES

We first recall the standard g-hypergeometric notation

n

(@)n = (a;q)n == [ J (1 — ag"™),

k=0
(ala .. 7am)n = (alu ce aamQQ)n = (al)ny T (am)n
and
[Cll, v 7am]n = [ala o 7am;q]n - (CLl,(]/CLl,. . '7am7Q/am)’rL7

valid for n € NU {oc0}.

Let N(r,s,t,m,n) be the number of overpartition pairs (\, u) of n with rank m, such that
r is the number of overlined parts in A plus the number of non-overlined parts in u, s is the
number of parts in p and ¢ is the total number of parts in (A, p).

Lemma 2.1. We have

(—1/d,—1/e)n(zdeq)”
N(d, e, z,z;q) E N(r,s,t,m,n)d ez’ 2" q" = g . (2.1)
r,s,t,n>0 n>0 (Zq, I‘Q/Z)n
mez -

Proof. We follow the proof of Proposition 2.1 in [6]. We split the overpartition pairs into four
cases, depending on whether the largest part is overlined or not and whether it is in A or u to
get four series. For example, the series

exq" 2" Y(—qex/z, —qdxr/2)n_1
Z (2q/2)n—1(zedq)n

is the generating function for overpartition pairs whose largest part n is in g and overlined,
where the exponent of ¢ is the number being partitioned, the exponent of z is the rank, the
exponent of d is the number of overlined parts in A plus the number of non-overlined parts in
1, the exponent of e is the number of parts in g and the exponent of x is the total number of
parts in (A, ). Combining this with the other three cases, we obtain

n=1

Z N(r,s,t,m,n)d e*z'z™q"

7,8,t,n>0
mEeEZL

nnl(

n . n— 1

exq" 2" (—qex/z, —qdx/z)n—1 dexq gex/z, —qdx/z)n—1
=1+ +
Z xQ/Z)n 1($edQ) Z (xQ/Z)n—l(xedQ)n

drq™ 2" (—qex/2)n(—qdx/2)n 1 > 2q" 2" Y (—qex/2)n(—qdz/2)n_1
+ Z (xq/z,zedq), + (xq/z,zedq),

n=1

n=1

B ot do eq" 2" N—qex/z, —qdx)2)pn-1 = q"2" N (—qex/2)n(—qdz/2)n-1
=1+ (@+dr) (Z (xq/z)n—1(xedq)n * Z (xq/z,xedq), )

n=1 n=1



SONG HENG CHAN, RENRONG MAO, AND ROBERT OSBURN

nzn
+ (x + dx) Zq
n=1

n . n—1
_ ¢"2" " (—gex /2, —qds/ D)y
=1+ (x+dx) 1+€Z (@a/2, 2edq)n

1

—qex/z,—qdx/z)pn—1 (e—i— 1+qnex/z>

:cq/z n—1(zedq)n 1—gnz/z

X n+l.n
q"" 2" (—qex/z, —qdz /)y
+(x+dx)(l+e
(@ +da) LZO (vl zednen
14 (r+dx)(1+e)

q"z"(—qex/z, —qdx/2),
Z (xq?/z, zedq?), ' (22)

(1 —=xq/2)(1— xedq

Replacing (a,b, ¢, d, e) by (¢, —qdx/z, —qex/z, ¢*x/z,deq*r) in [14, Eq. (3.27)], we find that

¢"2"(—qex/z, —qdz/z)n  (dexq, ¢*2)oo dewq (—q/d,—q/e)n
S S e e
(xq%/z, xedq?),  (dexq?,q2) oo %/z2,q%2)n

Substituting (2.3) into (2.2), we obtain

E N(r, s, t,m,n)d ez’ 2™ q"
r,s,t,n>0
meEZ

_ 4 (@rdo)(te)q (derq ¢2)o
N (1 —2zq/2)(1 — zedq) (dexq?, qz)so

(dexq)"(—q/d,—q/e)n
Z e
_ (z +dz)(1+e)g (der)”“(—l/d, —1/€)nt1
= dexq(l+1/d)(1+1/e) £ Z (2q/z,q2)n+1

f: (dexq)"(—1/d, 1/6)

— (zq/2,q2)n
U
Next, we prove the following result which generalizes [2, Theorem 3.
Proposition 2.2. We have
(=1/d, —1/e)n(xdeq)"
,;) (2q,2q/2)n
1 (—zqd, —xq9€) (xq,—1/d,—1/€)pnq™"+3)/2(—dex)" ( 1 N rzt )
(g, zqde)o (@)n-1(—2dg, —zeq)n " (1 —2q")  1—xq"/z
(2.4)

Proof. Recall the limiting case of [14, Eq. (2.5.1)]:

(aq/bc,d, e)n(agq/de)"
nzz;) (¢, aq/b,aq/c)n
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_ (ag/d,aq/€)ss ~— (a,\/aq,—/aq,b,c,d, e),(—a?q?)"q""1)/2 (2.5)
B (CL(], QQ/de)OO n>0 (q7 \/a> \/av QQ/b7 GQ/Cv CLQ/d7 aQ/e)n(dee)n . '
Replacing (a,b,c,d,e) by (z,x/z,2,—1/d,—1/e) in (2.5), we have
Z (—=1/d,—1/e)n(zdeq)™

_ (~wqd, —wqe) ooz 2,24, —/7q,¢/2,2,~1/d, —1/e)n(~adeq)"q"" /2
(zq, zqde) (¢, Vr, —/x,q2,2q/2, —2qd, —2qE)N '

After simplifying, we find that
Z (=1/d,—1/e)n(xdeq)™

_ (—wqd, —zqe)s (2q)n1 (=1/d, —1/e),, (—wde)"q" "2 (1 = 2)(1 — x/2)(1 — 2¢*")
 (2q,7qde)s L+ 7;1 (q, —xdq, —xeq)n(1 — 2q™)(1 — zq™/2)

(2.6)
Noting that
(12— 2/2)(1 - z¢*")
(1 —2¢")(1 - zq"/2)
n n 1 zz! 1—ag®
= =0 (i )+

_ an) 1— an/z q"

i

we deduce from (2.6) that

—1/d,—1/e),(xdeqg)”
Z( /d, —1/e)n(zdeq)

_ (~2qd, —zge) (zq,—1/d,—1/e), (—xde)"q ”(”+3)/2< 1 N 2! >
(g, zqde)o (@)n-1(—dg, —zeq) (1 —z¢")  1—xq"/z

L (rad, —zge)os 1+3 (2q)n—1 (=1/d, =1/e),, (—xde)"q" ™V (1 — 2¢®")

2.7
(zq, zqde)so = (¢, —xdq, —zeq), 27)
Replacing (a,b,c,d) by (z,—1/d,—1/e,o0) in [14, Eq. (I1.20), p.356], we obtain
(2q)n—1 (—=1/d, —1/e), (—ade)q""+D/2(1 — 2¢?") (zq, zqde)so
1+ _
= (¢, —xdg, —weq)n (—2qd, —zqe)o
which together with (2.7) gives (2.4). O

Let NNT(r,s,b,k,n) denote the total number of parts in the overpartition pairs (A, p) of n
with rank congruent to b modulo k, such that r is the number of overlined parts in A plus the
number of non-overlined parts in p, s is the number of parts in u. Proceeding as in the proof
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of [2, Corollary 4], one can obtain the following generalization of [2, Corollary 4] by applying
Proposition 2.2.

Corollary 2.3. For1 <b<k—1, we have

Z (NNT(r,s,b, k,n) — NNT(r,s, k — b,k‘,n)) d"e®q"

r,s,n>0
_ 0 (—zqd, —xq€) 0o (zq,—1/d,—1/€)pq™"+3)/2(—dex)"
Oz |,y (2g, Tqde)os (@)n—1(—zdq, —zeq)n
(b=1)n _ n(k—b—1) k=b, (k—1-b)n __ (b—1)n
% q q n r - q b q .
1— qkn 1— xqun

Finally, we prove a key Lemma required in the proof of Theorem 1.2.

Lemma 2.4. We have

0 _1\n,9n%+6n co _1\n,,9n2+12n+3
[ "3 (" )% _y (=1"q _g (=1)"q
_ - E: 9 E: 9n+3
&% "% (—0% )% = 1+ e S T
q q n9n2+18n+9
OO

1 + ¢9n+6

Proof. Setting r =1 and s = 3 in [8, Theorem 2.1], we see that
[Aoo(@Z _ o/t = g™t (b)
[b1,b2,b3]oc  [b2/b1,b3/b1]oc S 1 —b1g™ \ babs

_lafbles g~ Y <b>
[b1/b2,b3/bo]oc <= 1= bag™ \ b1bs

[a/b3]00 o~ ¢""TY (abs\"
[b1/b3,b2/b3]oc <= 1= b3q™ \ b1bs

[e.9]

+

Replacing ¢ by ¢° and setting (a, by, b2, b3) = (¢%, —1, —¢3, —¢%), we find that
(_1)nq9n2+6n
1+ q9n

B ) S e e i
[-1,-¢% -¢% ¢l 3% ¢% ¢l
I A i (—1)rg i
073,63 %l , = 1+¢%3
(_1)nq9n2+18n

[_1;q9]oo -
T i D i
173,078 %0 2= 1+ g7t

Multiplying both sides by 2[¢%; ¢°]%,/[—¢%; ¢°]s and simplifying completes the proof. O
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3. PROOFS OF THEOREMS 1.1-1.3
We are now in a position to prove Theorems 1.1-1.3.

Proof of Theorem 1.1. We first consider the following special case of (2.1):

N(1,1/q,z,2,¢%) = Z (=1, —¢; q2)n(a:q)”.

By [19, Theorem 1.2], the coefficient of 220"

> (=1, —q; ¢*)n(zq)"

is equal to the number of overpartitions of n with ¢ parts and Ms-rank b. By Corollary 2.3, we
havefor 1 <b <k -1

> (NT2(b,k,n) = NT2(k — b, k,n)) "

n>0
— Q :Eq o] Z fL’q a* 7q ) qn(n+2)(7$)n
0 |,y = —2¢%, —2¢; ¢*)n
2(b—1)n _ 2(k—b—1)n k—b, 2(k—1-bn __ ..b 2(b—1)n
4 1 +2 9 -4 . (3.1)
1— q2kn 1— Squan
Applying (3.1), we obtain
Z (NT2(1,5,n) — NT2(4,5,n)) ¢"
n>0
__9 :vq o Z xq : ,q n qn(”“)(—:v)” L—g™  alg™ o
x|,y = —2¢?, —2¢;¢%)n  \1—¢'0"  1—a5¢!0n
- xq =3 (ad” gl oz
0z [y et 2q?, =2 ¢*)n

G 1)((12" — 1)(z¢*" — 1)(qu "-1)
(1 _ ql()n)(l _ $5q10n)
% {1+q2n+q4n+q2nx+2q4nl,+q x+q4":v2+q6"x2—|—q8”x2}.
Noting that

)
1—2x2)F =_F(1 2
5 a::l( x)F(r,q,2) (1,q,2), (3.2)
we find
Z (NT2(1,5,n) — NT2(4,5,n)) ¢"
n>0

B oo Z n nn+2)(q2n_1)3(q4n_1)

1+ ¢27)(1 — q10n)? {1420 +4¢" +2¢" +47} (33)
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Similarly, one can prove that

> (NT2(2,5,n) — NT2(3,5,n)) ¢"
n>0

n n(n+2)( _ 1)3(q4n _ 1)

OO ) 2n an 2 6mn . 4

Z (1+ ¢2)(1 — ¢10n)2 {207 + ™" + 24"} (34)
Equations (3.3) and (3.4) give

> (NT2(1,5,n) — NT2(4,5,n) + 2NT2(2,5,n) — 2NT2(3,5,n)) ¢"

n>0
2(—q)o nnn+2) 2n_13 4n_1 . i : )
— ((Q)qo)o 7; 1+ q21(z(§(1 — quS,C)]Q ){1 + 6q2 + 6q4 + 6q6 n qg }
2o )" "”+2><q2n ~ 121 g™
- (@ 7; 1+ @) (1 — ¢'0n) (mod 5)
2(=9) gt (1 — g3
(@)oo 7; 1—¢lon
2(_(])00 n q" ”+2)(1 _ 3q2n)
(@ n_z_:oo 1 — glon
n#0
- 2((;)(10100 (S2(1) +3S55(3)), (3.5)
where
G 2 (—1)ngnit2bn
%2(8) = n;m ( ].)—qqlﬂn
n#0
By [21, Eq. (4.9)], we have
Z{NQ(I’ m) = Na(2 5’”)}qn2((z)qo;) = —S55(1) — 352(3), (3.6)
n=0 00

where N(b, k,n) denotes the number of overpartitions of n whose Ma-rank is congruent to b
modulo k. Equations (3.5) and (3.6) imply

Z (NT2(1,5,n) — NT2(4,5,n) + 2NT2(2,5,n) — 2NT2(3,5,n)) ¢"
n>0

=Y {Na(2,5,n) = Na(1,5,n)} ¢" (mod 5),

which together with [21, Eq. (1.10)] yields (1.4). O



VARIATIONS OF ANDREWS-BECK TYPE CONGRUENCES 9

Proof of Theorem 1.2. Setting e =0 and d =1 in (2.1), we obtain

_1)nmnqn(n+1)/2
N(1,0,z, z; 3 = (
( v nz;o (2q,2q/2)n

By [18, Proposition 1.1], the coefficient of 22%¢™ in

>

(_1)nmnqn(n+1)/2

is equal to the number of overpartitions of n with ¢ parts and rank b. By Corollary 2.3, we have
for1<b<k-1

> (NT(b,k,n) - NT(k —b,k,n)) q"

n>0
0 —2q) oo 3 xq, ~1; q ng ") (—2)n
Oxl,oy (2@)oo S ~1(=2q; @)
(b-Dn _ (k—b—1)n kb (k—1—bn _ b (b—1)n
[ 4 1 + 1 4 . (3.7)
1— qkn 1— Jqukn
Proceeding as in the proof of Theorem 1.1, after applying (3.1), (3.2) and (3.7), we obtain
R _ TL n 24n -1
Z (NT(1,3,n) — NT(2,3,n)) ¢" = Joc Z (q . !
_ 29w Z )"q" +"(1 —q")
= (mod 3)
(@)oo 2= 1 — ¢
and
_ _ 2(—q)oo (71)nqn2+2n(q2n — 1)
NT2(1,3,n) — NT2(2,3,n)) ¢" =
n%%( h3m) (2,8,m) (@)oo n%:l (1—q)?
2(—q)oo Z (_1)nqn2+2n(1 _ q2n)
= (mod 3)
— gbn
(@)oo 5 1—gq

Thus, we have

> (NT(1,3,n) - NT(2,3,n) - NT2(1,3,n) + NT2(2,3,n)) ¢"

n>0

_ 2<_Q)oo (_1)nqn2+n(1 _ 2qn + 2q3n _ q4n)

(@ n%:l 1— g%

_ 2(=@)oo x— (Z1)"g" (1 4 ¢")

= > s (mod 3). (3.8)
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Now, from [9, Eq. (2.1)], we have

—
+
DO
L)
©

(=@ _ (0% 4% (
(Do 6% ¢"815,(¢% ¢%) & [0%; ¢*8] oo

—
+

[\

L

— |

_ (4% q") <
(4% 4"%15. (45 )& [a”; 4"®]
Next, note that

SOCD ) 15

3 - 3
n>1 1+qn 2 n=-—00 1_|_q7’b

n 9n +6n ) (_1)nq9n2+12n+3 n 9n2+18n+8
=75 + Z 1 + q9n B Z 1+ q9n+3 + Z 1 + q9n+6 : (310)

n=—oo n=—oo

Invoking (3.9) and (3.10) into (3.8) and collecting only terms where the power ¢ is divisible by
3 yields

18. 1833 n 9n2+6n
3 188(q6,q64)1009 18 1+2 Z 1,9
[a3; ¢*818,(¢%; ¢%)4 [0 ¢*®] o 1+q”

n=—oo
Z K 9n +12n+3 ( 7 ¢°) Z )ngon +18n+9>
-2 +4 £ .
9n+3 In+6
= 1+q” —¢% ¢ 1+q”
Applying Lemma 2.4, the expression in parenthesis then becomes
Lo OB ()R (0% 0o
(% 13 (=% )% (=% a*)2.(a% ¢”) o

=—-14+1=0 (mod 3).

This shows that the coefficients of ¢3" in (3.8) are divisible by 3, which then implies (1.5). Sim-
ilarly, congruence (1.6) can be proved in exactly the same way, by showing that the coefficients
of ¢®"*1 in (3.8) are also divisible by 3. O

Proof of Theorem 1.3. Replacing (¢, d,e) by (¢%,0,1/q) in (2.1), we obtain
P, 2) annQ
N(0,1/g,, 2 ¢%) = 3 LD
0.1/ ) % (2¢,24/2¢°)n

Noting that partitions without repeated odd parts correspond to overpartitions in which the
odd parts are all overlined and even parts are all non-overlined, we deduce from [19, Theorem
1.2] that the coefficient of z2%¢™ in

2
T (=4 ¢*)n2"q"
= (24:24/% ¢%)n

is equal to the number of partitions without repeated odd parts of n with ¢ parts and Ms-rank
b. By Corollary 2.3, we have for 1 <b <k —1

> (NT2(b,k,n) — NT(k — b, k,n)) q"
n>0
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S N =2 xq s q2”2+"( z)"
Ox | o1 (24%¢%)00 £ ~1(—2¢; ¢*)n
y q2(b—1)n _ qQ(k—b—l)n N xk—qu(k—l—b)n _ quQ(b—l)n (3 11)
1— q2nk 1— l.kq2kn ’ :

Again, proceeding as in the proof of Theorem 1.1, after applying (3.2) and (3.11), we obtain

Z (NT2(1,5,n) — NT2(4,5,n)) ¢"
n>0

n Qn —i—n( 2n_1)3( 4n_1)
q;9q q q
Z (1— qlon)2 {1+ 2¢°" + 4" + 2¢5™ + ¢*"} (3.12)

n>1

and

> (NT2(2,5,n) — NT2(3,5,n)) ¢"
n>0

n 2n n _
T 2;1 +(1 ‘ qlon)l) G221 (g + g 4 250}, (3.13)

Equations (3.12) and (3.13) give

> (NT2(1,5,n) — NT2(4,5,n) + 2NT2(2,5,n) — 2NT2(3,5,n)) ¢"

n>0

(_QQ q2)oo ( 1)nq2n2+n( n 1) ( 1) 2n an 6n 8n
_ 1

(4% 4?)oo ,; (1 —q'on)? {14607+ 647 +607 +47)
_ 0w 3 (1)t (g® — 1)2(1 — ¢™) (mod 5)

(6% )0 1 (1—¢"m)
_ (66 3 (—1)"g*™ " (1 — 2¢°" + 2™ — ™)

(0% ) oo =~ 1 — glon
_ (6P i (=1)"g*™ (1 — 2¢*")

(€% ¢*) o 1 —gton

n#0

(_QQ q2)oo

- (2 ) (52(1) — 252(3)) , (3.14)

where
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By [20, Eq. (5.7)], we have

> {Ny(1,5,n) — No(2,5,n)} qnw = —S5(1) 4 254(3), (3.15)
n=0 ’ o0

where Ny (b, k,n) denotes the number of partitions without repeated odd parts of n whose Ma-
rank is congruent to b modulo k. Equations (3.14) and (3.15) imply

> (NT2(1,5,n) — NT2(4,5,n) + 2NT2(2,5,n) — 2NT2(3,5,n)) ¢"
n>0

= Z {N2(2,5,n) — N2(1,5,n)} ¢" (mod 5),
n=0
which together with [20, Eq. (1.7)] gives (1.7). .

4. CONCLUDING REMARKS

There are several directions for future study. First, Dyson also conjectured in [11] the exis-
tence of a partition statistic called the crank which would combinatorially explain Ramanujan’s
congruences for the partition function modulo 5, 7 and 11. This conjecture was proven in [3].
Let M, (m,k,n) denote the number of ones in the partitions of n with crank congruent to m
modulo k. It appears that there are further congruences and relations for NT'(m,k,n) and
M,,(m, k,n). For example, using the techniques from [2], one can prove that for i =1, 3, 4, 5,

NT(1,7,7n+ i) — NT(6,7,7n +14) + 2NT(3,7,7n +i) — 2NT(4,7,Tn +i) =0 (mod 7)
(4.1)

and for i = 0,1, 5,

NT(2,7,7n+ i) — NT(5,7,7n + 1) + 4ANT(3,7,Tn +i) — ANT(4,7,Tn +i) =0 (mod 7).
(4.2)

The details are left to the interested reader. We note that for ¢ = 1, 5, (4.1) and (4.2) follow
from [2, Theorem 2] and [10, Corollary 1.4]. In addition, we conjecture that

> (NT(1,7,7n+5) — NT(6,7,7n+ 5) + 3NT(2,7,7n +5) — 3NT(5,7,7n + 5))q"

n>0
_ —Td"54)%(@%, ¢4 4

(Q7q6;q7>oo<q27q5;q7)go 5 (43)
Z(NT(L 7,7 +5) — NT(6,7,7n+5) +2NT(3,7,7n +5) — 2NT(4,7,7n + 5))q"
n>0
= 7((] 4 )OO(q yqd 54 )oo (4.4)

(0,4% q")oc (%, 4% 47)3,

NT(1,11,11n 4 6) — NT(10,11,11n 4 6) + 3NT(2,11,11n 4 6) — 3NT(9,11,11n + 6)
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—ANT(3,11,11n + 6) + 4NT(8,11,11n + 6) + 3NT(4,11,11n + 6) — 3NT(7,11,11n + 6)
+3NT(5,11,11n + 6) — 3NT(6,11,11n + 6) =0 (mod 11), (4.5)

NT(1,11,11n + 1) — NT(10,11,11n + 1) — 3NT(2,11,11n + 1) + 3NT(9,11, 11n + 1)
+5NT(3,11,11n + 1) — 5NT(8,11,11n + 1) — 2NT(4,11,11n + 1) + 2NT(7,11,11n + 1)
+ANT(5,11,11n+ 1) —4NT(6,11,11n+1) =0 (mod 11), (4.6)

NT(1,13,13n + 1) — NT(12,13,13n + 1) + NT(2,13,13n + 1) — NT(11,13, 13n + 1)
+6NT(3,13,13n + 1) — 6NT(10,13,13n + 1) + 3NT(6, 13, 13n + 1) — 3NT(7,13,13n + 1)
=0 (mod 13), (4.7)
NT(1,13,13n + 3) — NT(12,13,13n + 3) + 3NT(3, 13, 13n + 3) — 3NT(10,13, 13n + 3)
—ANT(4,13,13n + 3) + ANT(9,13,13n + 3) + NT(5,13,13n + 3) — NT(8,13,13n + 3)
L ONT(6,13,13n + 3) — 2NT(7,13,13n + 3) =0 (mod 13), (4.8)
M,y(1,5,5n + 4) — My(4,5,5n + 4) = 2M,,(3,5,5n + 4) — 2M,,(2, 5, 5n + 4), (4.9)
Mo(1,5,5n + 1) — My(4,5,5n + i) + 2NT(2,5,5n +4) — 2NT(3,5,5n +) =0 (mod 5)
(4.10)
for i =0, 4,

M, (1,5,5n +2) — M, (4,5,5n +2) = 2NT(3,5,5n + 2) — 2NT(2,5,5n + 2), (4.11)

NT(1,5,6n+1i) — NT(4,5,5n + 1) + 2M,,(2,5,5n + i) — 2M,,(3,5,5n +1i) =0 (mod 5)

(4.12)
fori =1, 2,
> (NT(1,5,5n +4) — NT(4,5,5n + 4) + 2M,,(2,5,5n + 4) — 2M,,(3,5,5n + 4)) ¢"
n>0
CE(5. 5V
(@)oo
M,,(1,5,5n 4 4) — M, (4,5,5n +4) = ANT(4,5,5n + 4) — ANT(1,5,5n + 4), (4.14)

M,(1,7,Tn +1i) — My(6,7,7n+ 1) + 2M,(3,7,Tn + i) — 2M,,(4,7,7n+i) =0 (mod 7)
(4.15)
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fori=0, 2, 5, 6,

M, (2,7, Tn +1) — My,(5,7,Tn +1d) —3M,,(3,7,Tn + 1) + 3M,(4,7,7n +1i) =0 (mod 7)
(4.16)

fori=0, 1, 4, 5.

Here, (4.9) implies [10, Corollary 1.5]. Second, do similar congruences and/or relations exist
for total number of parts functions associated to other partitions statistics, for example, ranks
of Durfee symbols [1], the first and second residual crank for overpartitions [7], the k-rank [12]
or the My-rank for overpartitions [17], [23]7 Finally, a mock modular perspective (such as in
[13], [15], [16] or [22]) which explains the occurrences of (1.1), (1.2), (1.4)—(1.7) and (4.3)—(4.16)
would be most welcome.
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