RESURGENCE OF HABIRO ELEMENTS

SAMUEL CREW, ANKUSH GOSWAMI, AND ROBERT OSBURN

ABSTRACT. We prove resurgence properties for the Borel transform of elements in the Habiro
ring which satisfy a general type of strange identity. As an application, we provide evidence for
(and against) conjectures in quantum topology due to Costin and Garoufalidis.

1. INTRODUCTION

The modern theory of resurgence began with the voluminous works of Ecalle in 1981 [14, 15]
and 1985 [16]. This theory now plays a vital rdle in a remarkable number of diverse areas, to
name just a few examples: nonlinear systems of ODEs and difference equations [9, 31], algebraic
combinatorics [7, 8], enumerative combinatorics and quantum field theory [6, 35], period integrals
and string theory scattering amplitudes [13], wall-crossing phenomena [32] and matrix models
[37]. In this paper, we are interested in a conjecture due to Costin and Garoufalidis [11] which
connects resurgence and quantum topology. For other such interactions, see [2] and the references
therein.

Let us recall the general setup from [11]. For further details, see [10, 12, 36, 38] or [41, Section
2] for an excellent concise review of the basic notions of resurgence and alien calculus. A formal
power series

> anz™" € C[1/]] (1.1)
n=0

is called Gevrey-1 if there exists positive real numbers A, B such that
lan| < AB™n!

for all n > 0. Consider a Gevrey-1 formal power series given by (1.1) and its Borel transform
B : C][[1/z]] — C[[p]] defined by

B(Z an;g_”> = ZanJrl%T; =: G(p). (1.2)
n=0 n=0

Here, G(p) has a positive radius of convergence as it arose from a Gevrey-1 power series. In
a standard abuse of notation, G(p) denotes the formal power series in (1.2) and the analytic
continuation of the associated germ at the origin. In addition, G(p) is called a resurgent function
if it is endlessly analytically continuable. This property means G(p) extends to a (possibly multi-
valued) holomorphic function along unbounded paths that need only circumvent a discrete set
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of singularities. In the present work, we consider the case where G(p) defines a multi-valued

function on C\ NV, with A/ a discrete set of singularities lying on a ray.
For x € C, we now define the left and right Borel resummations as

SE(x) = / PG (p) dp
i
and
Stw) = [ G dp

where 7; and ~, are contours in C \ N from 0 to oo that turn left (respectively, right) at
each singularity in A (see Figure 1) and G(p) satisfies suitable growth conditions to ensure
convergence of the integrals.

N
® > ® o

—%

FIGURE 1. A singularity set N/ C C and the contours 7; and ;..

The median resummation is then

gmed () .= %(SL(JJ) + 5% a)). (1.3)
Under favourable circumstances, for example when G(p) is the Borel transform of a formal
(divergent) solution in powers of 1/x to a differential equation, the median resummation S™¢9(z)
is a well-defined holomorphic solution in z. This is the origin of the terminology “resummation”.
In this paper, we will study the median resummation of the Borel transform for certain formal
power series associated to knots.

Let K be a knot and Jy(K;¢q) be the usual colored Jones polynomial, normalized to be 1
for the unknot. If N = 2, then we recover the Jones polynomial [29]. As a knot invariant, the
colored Jones polynomial is of fundamental importance in several open problems in quantum
topology (see, e.g., [17, 19, 30, 40, 43]). We now consider the Habiro ring [24]

H = lim Z[q]/((q)n)

where
n

(@)n = (a;9)n == [J(1 — ag®)

k=1
is the standard g-hypergeometric notation. Given K, there exists an element @ k(q) € H which
matches Jy(K;q) when ¢ = (y := e N [28, Theorem 2|. Finally, let

F(z) = (e x).
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To emphasize the dependence on K, we write G (p) for G(p) and S (z) for S™ed(z). We now
state the main conjecture from [11] which is part of a much larger program to understand the
analytic continuation of invariants of “knotted objects” arising in Chern-Simons theory [18, 20].
Conjecture 1.1. For every knot K,

(1) Fi(z) has a resurgent Borel transform Gk (p).

(2) Sed(z) is an analytic function defined on R(x) > 0 with radial limits at the points 5=Q
of its natural boundary.

(3) For 0 # a € Q, we have S (—51-) = (™).

2mia

In [11, Theorem 2.5, Theorem 3.1], Conjecture 1.1 (1) and (2) were proven for K = 3;, the
trefoil knot. In this case, we have [23, 33]

INGBe) =¢"> ™™g (1.4)

and (after a slight normalization)

By (x)=e 22 Y (e72),
n=0
where .
03,(q) = > _(O)n (1.5)
n=0

is the Kontsevich-Zagier “strange” series [43]. From (1.4) and (1.5), we observe

D3, (CNV)CN = TN (313 Cn)-
The Borel transform Gz, (p) of Fs, (z) is explicitly given by [11, Theorem 3.1]

3T n(l—Q)

n

G31( ) 2\[ (_p+%)%

(1.6)

where (1—*2) is the quadratic character of conductor 12. The key to establishing Conjecture 1.1

(1) and (2) for the trefoil knot is the “strange identity”

@3, (q)* = —fz (2)a=" (L.7)

where “ = 7 means that the two sides agree to all orders at every root of unity (for further
details, see Sections 2 and 5 in [42]). Moreover, a close inspection of the proofs of Theorems 2.5
and 3.1 in [11] reveals that it is actually the periodic function ( ) which determines the analytic

nature of G, (p) and Smed(x). Our main goal in this paper is to prove resurgence properties
for elements in H Wthh satisfy a general type of strange identity. Here, we emphasize the
importance of periodic functions. We will also observe that Conjecture 1.1 (3) is false for the
trefoil knot (contrary to Theorem 5.2 in [11]) and provide a correct reformulation (see Theorem
1.2 (3), Theorem 3.1 and (4.1)). Before stating our main result, we introduce some notation.
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Let f: Z — C be a function of period M > 2 with mean value zero. For integers a > 0 and
b > 0, consider the partial theta series

e n2—(l
0) (q) = 0" f(n)g" v (1.8)
n=0
where ¢ = €2™*, z € H, and v € {0,1}. Suppose there exists

Op(q) == Ans(a) (@n €H
n=0

where A, t(¢q) € Z[qg] such that

5(a)“ =" 1(a)- (1.9)
We now make a choice of periodic function. Let ki,ko € Z with k1 < ko, 0 # ¢ € R and g be
the function

¢ ifn=k,M—-k (mod M),
gn):=< —c ifn=ky, M —ky (mod M), (1.10)
0  otherwise.

Note that g is an even function of period M. For ¢ € N, set

S(ky, k2, £, M) = sin <<’f2‘ﬁ)“> i <(M —ky — kz)&r) |

M M
l : M M

3(0) = (—=1)°S(k1, k2,0, M) if aed (37 Fa =) 1 or cd (0 M o 1) 1e, (L11)

0 otherwise

and

2Me — (—1)*

CM = 3 ( 62 S(k‘l,k‘z,f, M) (112)
LeN

where, here and throughout, ZI denotes the condition m 14 or m 1e.

Finally, define
a 1
Fg(x) =€ p=Py(e =)

and let Gy(p) denote the Borel transform of Fg(x). Here, we write S¢d(z) for S™d(z) and
)

9(1/)

abg(2) for 0 a’jb7 4(@)- Our main result is now the following.

Theorem 1.2. Assume (1.9) is true. Then
(1) F4(x) has a resurgent Borel transform Gg(p).

(2) S;"’ed(:p) is an analytic function defined on R(z) > 0 with radial limits at the points 7-Q
of its natural boundary.
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(3) For 0 # o € Q, we have

) o n(0)
1 b ioo 0 -(bp) . 1
S;ned <_2 : ) _ ] C§ / 0,4M?2,g N dp— CM"’(Sb,c,g <_ i )
T Moz Jo (p+ é)Q 2mia
where
3 s
~ 1 b\ 2 2cet / %
s <_2m'oz> - <a> T O () Skt ka0, M) €2 (1.13)
LeN

As an application of Theorems 1.2 and 3.1, we provide evidence in support of Conjecture
1.1 (1) and (2) for two families of knots. For coprime integers r and s, let T'(r, s) denote the
family of torus knots. As the trefoil knot 3; = T'(2,3) = T'(3, 2), the following result generalizes
Theorems 2.5 and 3.1 in [11].

Corollary 1.3. Let m, k > 1 be integers. Conjecture 1.1 (1) and (2) are true for the families
of torus knots T(2,2m + 1) and T(3,2F).

The paper is organized as follows. In Section 2, we prove Theorem 1.2 by first providing an
explicit evaluation of G4(p) which generalizes (1.6). Next, we compute S24(z) directly and
then S;‘ (x) and S?(m) via a careful contour deformation argument. In Section 3, we prove
Theorem 3.1 which is an important (and technical) special case of Theorem 1.2 (3). In Section
4, we utilize Theorem 3.1 to prove a correct reformulation of Conjecture 1.1 (3) for the trefoil
knot and Corollary 1.3. In Section 5, we make some concluding remarks.

2. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. We begin by considering the expansion

e Dp(et) = i C;!’f (Z)n (2.1)

n=0

The strange identity (1.9) and a standard calculation using the Mellin transform and inversion
of

P (q) = g2 1 (q)
combined with a complex analytic computation shows that (see, e.g., [1, 21, 43])
Cn,g = (=1)"L(—=2n —v, ) (2.2)

where

L(s, f) = Z ff;b)
1

n=

is the L-series associated to f. Using (2.2) and [1, Lemma 3.2], we obtain

M2n+1/

Cnvf = (71)n+1 Z f(m)B2n+u+1 (E) (23)

2n+v+1 M
m=1
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where for k > 0, Bi(x) denotes the kth Bernoulli polynomial. Equation (2.3) now yields

io: n.f 2ty 1/+1 7 Z f Z Bontv+1 ( ) ( Mt)ZnJrV

— (2n +v) 2n+v+1)!
. M
(-prhivt Bontv1 (f7) nfv+1
= 7 - m ————— 2L ({ M)
Mt mzzjlf( );(271%—1/4-1)'
and so
S g 32 B ) G iy
o Mt = ~ (2n +1)!
Cn,f 2n+v __
Z ; _ (2.4)
2n+2 (1
15 2 [ D (22”]‘)4, (iM)*" 2 ity =1
\ =1 n=0
From the generating function
zet? > Bn(z) ,
e —1 Z nl

where |z| < 27, we deduce

>~ B " Tz —zz zz _ ,—(z—1)z
S Bonial®) i > ( — o — > - A (2.5)

2n +1)! e#—1 e*-1 2(er —1
=0
and
i Bgn(l‘) 22n B E %% B e~ Tz B z(e:r:z +e—(1‘—1)z) (2 6)
— (2n)! S 2\er—-1 eF-1) 2(er —1) '
Assuming |t| < 2%, z = iMt, and taking « = %, where 1 < m < M, we use (2.4)—(2.6) to obtain
(
oo
)f 2’n+l/ — 9 7
E:O 2n +v) | | (27)
SN Z flm) (4 im0 ity =1,
(e

Now, let f = g where g is given by (1.10). One can then check that (2.7) becomes
0 if v =0,

- Cmg 2n+v
2 Co+o)l sin (G2t gin (QLkykalt) (2.8)
n=0 )

—2c- ifv=1.

sin (Mt)
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Define the sequence (C‘mg)nzg by

_a _1 > én 1
Fy(x) =€ dy(e =) = E b—ngx—n (2.9)
n=0

C
9 Let Gy4(p) and Hy(p) denote the Borel transforms

From (2.1) and (2.9), we have C, , =

of Fy(x) and F, (%), respectively. Then we have

n—l—l,g n
b”+1n'p
and
J— = ~ 1 — - én"_l:g 7
Hy(p)=B|1+)_ Crttg oy | = > =y (2.10)
n=0 n=0 ’
which imply
1 p
Gy(p) = 3 H, (g) . (2.11)
From (2.8), we have
i [ (e2—k1)p (M—k1—ka)p
Cy p+z n+1,9n+1 p2n+3:_20.81n( 2 )Sln< 2 )
9 (2n + 3)! sin <Mp>
2
and so
~ . ko—k . M—ki1—k
i CTL-FLQ n'(n + 1)‘p2n 1 20 St (( : 2 l)p) S (( é 2)p) + C p (2 12)
= —— . 0, .
o n! (2n+ 3)! p3 sin <Z\gp> g
As
2 3 6
23 ) (2.13)
non(n+1) (1 —4p)>
we conclude from (2.10), (2.12) and (2.13)
Hy(p) = (f1.9 ® f2,0)(P)
where
B (e P e DA
1.9\P) = ——=5 C- 0,9VP | > .
I p/? sin (—Mg/ﬁ) !
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8
and ® denotes the Hadamard product of two formal power series
[e.@] oo oo
(Z anp"> ® (Z bnp"> = Zanbnp".
=0 n=0 n=0
(2.15)

ds

It now follows that
1 ()%
)= 537 [ Fra)12a (2)
where v is a circle with center at the origin and a small radius. Now, we consider the poles of
452 2
=

f1,4(s). Note that there is no pole at s = 0. By (2.14), they are supported where p =

¢ € Z. However,
ko — ke —
sin (( 2 kl)\/ﬁ) <(M i kz)\/ﬁ) =0
2 2
Thus, if for some &,/ € Z

2 2
Ak for k € Z.

k2 2
h = — - =
W = e — k)2 P T (M — ko — )2
Mk MEk
/e pu— ,g pu—
ky— ki O M —ky—ky
which is true if and only if
[ — ged(M, ka—k1) or (— ged(M, M —ka—k1)
(k2—k1) (M—ky—ky) )
gcd(M, kQ_kl) ng(M,M—k’Q—k’l)
€2 2
then f1,4(s) does not have poles at p = NVER Thus, the set of poles of fi 4(s) is given by
40772 M M
L eN 1 2.1
N ed ks k) T ed I k) | } (219

NLg - {]\42 .
We next carefully calculate the residues of the poles of the integrand (2.15) which are given by
(2.16). Take a circle v with center at the origin and of large radius R which encloses a finite

number of points N in Nl,g. Thus
1 Frg(s)fag(2)
2772/ Fr9(5)f2g (;) Z Ressp; (s
szNl g
1<i<N
M2
Z/N f2,g (4g2ﬁ2)
¢eN (4f\2[£2>
40?72 1 sin (W) sin (W)
X lim <3— 2) —— | 2¢c- + Cogv/s
s M 52 sin (Mﬁ/g )
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TR

FicURrE 2. Contour deformation of v

N —1)" M2\
__dbme g (=% i Sk, ko, £, M)
M2 2 2 2.2 2 4(27‘-2
M 402
teN <4pw2> ( M2 _'4p)
3me /N (=1
= _W #S(k‘l,kg,é, M) (217)

leN <£]2\47FQ2 — p) %
IN
where Z means that ¢ runs over the first N elements of Nl,g- It follows that

Fro)fag (1) 2

S

-0 (2.18)
TR

as R — oo. Thus, (2.18) together with (2.15), (2.17) and the contour deformation given in
Figure 2 imply that

3me— (=%
Hy(p) = 2 %S(kl, ko, €, M). (2.19)
22
¢eN (fMLQ 7p) 2
Thus, (2.11) and (2.19) yield
_ 3me ~  (-D)%

- 2 5
MZbe= (o2 p\>
M? b

Gy(p) S(k1, ko, £, M). (2.20)

The set of poles of Gy4(p) is then
bl M M
Ny = { " leN 14 } .

— 14
M? acd (M d—F) 1 aed VM = — o) |
Since G4(p) has two branches, by considering the cut complex plane C\ N, it can be made
analytic in this region. This implies (1).
To prove the first part of (2), we first note the following formula, valid for R(z) > 0:

e Pr 2 4
[ym(l—p)gdp__g—i_?’ﬁ.g(ﬁ) (2.21)
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where
2y36*y2 L y?
E(y) == / e dt — 2=
v Jo VT
1
and 7, = 5(71 + 7). From (2.20), we have
med —px 3mc / ¢ e Pr
Sy @)= [ e PGp)dp= 5 ) (1) US(kis ko, £, M) | —————dp
g M?2p 2.2 2
m teN Ym (577; _ B)
M b
M\? 3 /(=1 e
M
= =) 2= S(ky, ks, £, M) / © M (2.22)
w ) M?b 1z 1—
LeN ym (1—p)?
where we have made the change of variable p — bp]é[;r . Thus, (2.21) and (2.22) imply
3Mc — (—1)* 2 4 Im
med
- ki ko, 6, M) —2 4 2w (2
Sg (ZE) 2 o 2 S( 1, Q,E, ){ 3 + 3\/E E <M x)}

¢

- 41\? 3 ( El) S(ky, ko, 6, M) E (i}@) —2.Cy,
T2 teN

where C)y is given by (1.12). This implies that S’;ned@) is analytic on R(x) > 0.

To prove the second part of (2) and (3), we explicitly evaluate 5’;‘ (z) and 5’5{(:1:) at v = — 51—
with 0 # a € Q. First, we consider the case o < 0. Noting that G4(p) does not have poles in H,
and has branch point singularities at every point in Ny, we move the contour -; to the positive
imaginary axis, and -, to loop around every point in N, as shown in Figure 3.

Fi1cUre 3. Contour deformation of v; and ~,

Thus (2.20) and integration by parts imply that

1 3me 1 eim
S;" _ - :/ Q%Gg(p) dp: o (_1)668(k17k27£7M)/ 7§dp
2mia - M*=b 0 2r2 2
¢eN > -k
(5% - )
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3me ', .4 bi [ eza 2bM3
= N (=) S(ky, ke, 0, M dp —
M2b ZEN( ) ( 1, h2, 4, ) 371'04/0 P ) % 7Y 37T3£3
(W o B)

c I 100 eTnia
:mz(_l)égs(klak2>€aM)/o 75dp—0M

(eN (fjfj 2)*
b ico z€27rl27p
1be / e 2M
:—M 3 Z(—l)ZS(kﬁl,]{Q,E,M)/ ﬁ p_CM
TQ2 yeN 0 (p+1)2

. 0
ibe /m GEQMQ@(bp)
Mras Jo (p + é)%
where g is given by (1.11). Next, we consider the integral Sg(:p). This equals the integral over

the deformed contour ~, as shown as in Figure 3. Let H, denote the Hankel contour around the
point p; € Nj. Then, we have

1 100
S? <—2 : > :/ eﬁGg(p) dp :/ eﬁ(}g(p) dp+/ e%Gg(p) dp. (2.24)
T ” 0 UeHe

We compute the contribution of the Hankel contour in (2.24). Using (2.20), we get

dp — Cwm (2.23)

Py
3me / e2nia

ezmia Go(p)dp = —— > (=1)0S(ky, ko, £, M)/ ——dp,. (2.25)
/U/He 7 M?2b (eN He (627r2 o ﬂ)i
M?2 b

Making the change of variables p; — bt + bﬁf followed by t — —% to the integral in (2.25),
we obtain

bt+b€27r2
/ 7w Gy(p) dp = 275 S (C) S (kK 0, M) / oo (—t)E dt
UeHe M LeN *

. 2.5
= % ,(71)468(k17k2’€7 M) eiszjeMTa / 62:504 (*t)_g dt
LeN *

3 37
b\2 3c-ea ! , _ibézw/ _ 5
= - 75 —1)US(k1, ko, &, M) e "2m2a [ 7 %(—s)" 2ds
<a) 2\/%M2ZEN( JES b £, M) L&)
3 mi
b\ 2 2v2¢- et e
-(2) V2 S 1) Sk k€ M) (2.26)
feN

where H* (respectively, H) denotes the Hankel contour which encircles the origin and goes up
and around the positive imaginary axis (respectively, going around the positive real axis). Note
that in the last step of (2.26), we used Hankel’s formula

A (=) Fdt = FQZZ) (2.27)
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where I'(z) is the usual Gamma function. Finally, for @ > 0, we move the contour ~, to the
negative imaginary axis, and -; to loop around every point in N (this is simply the reflection
of Figure 3 about the positive real axis with the labels v; and ~, exchanged). Thus (2.20) and
integration by parts imply that

1 P
SR (_ . > = / e2ria (5 (p) dp
9 2T - g

3 —100 Prar
- 77-20 ,(_1)€€S(k1>k25€7M)/ L5dp
M bEGN 0 272 p\?2
(5% -¢)
3me ', .y bi [T edwia 20M3
= )08k, ko, b, M dp —
M2b ( ) S( 1, h2, 4, ) 3770[/0 oo % D 37_‘_3[3
(N ( 2 B)
M b
; —100 =2
=S T e
- MQa Z( 1) 68(k17k27€7M)\/0‘ P2 % dp CM
¢eN (% y:
b —ico _2Z27r12>p
20C / e 2M
= 3 Z (_1)£S(k17 kQ?& M)/ ﬁdp CM
el i o o)
(0)
ib 00 05 4ar2.5(bP)
-—— / 0476&? Cur- (2.28)
Mmaz Jo ( )

Next, we consider the integral S;‘(x). This equals the integral over the deformed contour as
described above. Let H, denote the Hankel contour around the point py € Ny. Then we have

1 P -t P D
SL <— - ) ——/ e2ria Gy4(p) dp ——/ e2ria Gy(p dp+/ e2ria G4 (p) dp. 2.29
g Imice " g( ) 0 g( ) UZ’}:[Z g( ) ( )

We compute the contribution of the Hankel contour in (2.29). Using (2.20), we get

Py

p 37TC / €2mic
/ i 62:1'04Gg(p)dp: mZ(_l)@S(kjl,kg,f,M} /~ —édpg. (2.30)
UrH, 7eN Ho (pﬂ.z B PJ) 2
M? b

Making the change of variables p, — bt + M ” followed by ¢t — — 2”20‘5 to the integral (2.30),
we obtain

bt+bé2‘rr2
/ e Gy(p)dp = oo 3 (~1) Sk, ko, £, M) / e Ta(—t)"3 dt
UeHe M 2N -

3 _i b
:% (1) Sk, ko, £, M) e 20 / eTmia (—t)73 dt
teN *

37
beZn

3
b\2 3c-e4 / , _/ _ 5
—(2) LS 08 (ky, ko, 6, M) e 2072 S(—s)"3d
<a> 2\/27TM2€€N( LS by, b, M)t [ e78(=s)72 ds
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b % 2\/§C 6% !/ ¢ —i be2n
= (=) T Y (D Sk o, £, M) € i (231)

o M?
leN

where H* is the Hankel contour which encircles the origin and goes down and around the negative
imaginary axis and (2.27) has been employed in the last line of (2.31). From (1.3), we have for

0#£aeQ

1 , 1 1 1
med [ — Sria — L[_ R({_ . 2.32
59 ( 27m'a> / exGyp) dp = 5 (Sg ( 2m'a>+59 ( 2m‘a>> (2:32)

m

By (2.24), (2.26), (2.29) and

(
1 BYEYaE o r(_ 1
O (_2m’a> _2<Sg< 27ria> 59 ( 27rz'oz)>
2

3 i

2 .e 4 . .

_ (b) vic-es S (=) Sk, ko, £, M) e if <0,
o LeN

_ (2.33)

b\ VIc-e% :
. 4 / . blem
<> VN T () Sk ko, £, M) e i o> 0.

2.31), we now define

o M?2
\ £eN

Thus, (2.23), (2.28), (2.32) and (2.33) yield

1
Smed o _
g < 2Ty )

- 1 1
This proves the second part of (2) and (3) upon letting dp 4 <— 27m'a> = sgn(a) o c.q <_27r7104>

where sgn is the usual sign function.

3. A SPECIAL CASE OF THEOREM 1.2

In this section, we state an important special case of Theorem 1.2 (3). First, we introduce
the following notations and conventions. Let h : Z — C be a function of period M = M or 2M
where M > 2. For any fixed 1 < kg < 2M, consider the set

S(ko) := {1 <k< % . k? = ko (mod 2]\/()}.

Let M(ko) C S(ko) be non-empty and such that h(j) = 0 whenever
JEM(k)U{M—Fk: ke M(ko)}.
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Clearly, Sy (ko) := M(ko) U{M — k : k € M(ko)} is the support of h. For N € N, let
I'(N):= {(2 ;) € SLy(Z):s=0(mod N), o=t =1 (mod N)}

and let Ty be defined as I'1(2M) if M is even and

{(‘; ;’) eT1(2M) 17 =0 (mod 2)}

if M is odd. For a1, as € Q, we say that oy is ['y-equivalent to aq if there exists a v € I'y such
that ya; = g and write ay ~) az. By adapting the proof of [22, Lemma 2.1], it follows that

1
08 (172) = X () (52 + 1) 3650 (uz) (3.1)

foraHV:(Z ;ﬂ> € I'y¢ and z € H where v = 1 or 2 according as M = M or 2M, e, =1 or ¢

according as t = 1 or 3 (mod 4) and x(v) is the multiplier defined by x(vy) = e (2 o
where (*) is the extended Jacobi symbol. Next, we note that m := [I'y : SLa(Z)] < oo as
'y CT(2M). Let Ky, := {a; € Q : 1 < j < m} be a set of inequivalent cusps of I'y; and

denote by

K, ={a € Kp: HéOQ)Mg(UT) decays exponentially as 7 — ay}.

Finally, consider the set

1
Apu = {0 #a€Q: 3 (arq5) € K,y x Kpy, o~y ag and o~y }
ux

where ~} means that if —i ~ 100, then we choose a representative «; in the oo class with
aj # 100.

Theorem 3.1. Assume (1.9) is true and b = 2M. Let o € Ay, so that there exists a; € K,

and o € 'y such that yoof = —i. Then we have
med 1 2CX('Ya)(3aj + t)% 26% (1) -
Sg T oria) o VM ) ‘90,2M,§(ua) - Ry, (a,q;5) | —Cy
where
i . (0)
P 2e { 00201 5(uT)
Ra(aaa') = 7Ra(a,a-)+ 29 T
v J S 7y J ™ Jo. (r— aj)%

and

2 ioc g0 i) 4
R (aa.):_“\/ﬁ / %M.@(“T)Ch_/” ) Boznrger)
Yo ] 2 u « (7— - Oé)% aj (7- _ Oéj)%

Here C,, is any path from v, (0) to v (i00) for which the integrand does not have any poles in
the closed contour formed by C, and the positive imaginary azis.
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This yields for any a € A,y

Proof of Theorem 3.1. We choose b = 2M in Theorem 1.2 (3)
(p) 1

dp — 0o e : 2

Cum + 2, ,g< 2m.a) (3:2)

2ic

; 0
/ZOO 0[()2)Mg
0

that!
1
Smed _ - _
g ( 2m'oz> ras
(b+1):
Note that g is function of period < 2M and so we take h = g (where we are assuming M =
M or 2M). Next, there exists v, = <O :;) €'yt and o5 € K! such that Valtj = —i. Thus,
by changing variables, using
dp p—z
(Yap) Gp+ 1) Ll s oy (3.3)
for z € C and (3.1), we obtain
100 0(0) 300 9 9(0) ( )
02Mg 02Mg up 1 0,2M,5\WYaP d
§ \/» = ﬁ 7 d(Vap)
0 (p+3)° Ca (YaP = Yatj)>
3 (0)
4t 0 ~(u
X(’ya)(sa] + )2 / 0,2M79( 13)) dp (34)
Ca (p—aj)?

N Vu

2r

(1)U Sy, ko, 0, M)

Next, by (1.13) we have |
burtas (<) = j};a -
-y () =y ). @9

(3.6)

(1{7)

dr.

Consider the following holomorphic Eichler integral
, 0
/ 1oe 6((J,2)M,g
z (T — 2) 2

Oan,5(2)
Clearly, 02p1,5(2) is well-defined on HU A, . Thus, for z = x + iy € HU A, 4, it follows using
(3.7)

) )
contour integration that
7,71' 7r7,u£2
arg() =\ e zeg r(-g Tt ) e

1 2rul’y
e M
where I'(a, z) is the upper incomplete Gamma function given by
(0.)
I'(a,z) / w* e dw.
xr

M

For a € Ay, 4, we see from (3.7) and I' (—3) = —2,/7 that
. U _in
Oanr,5() = —2m i 4 Héngg (uav) (3.8)

Here, we can actually take 0 # a € Q
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Thus, for o € A, 4, one can check that first using (3.8), then (3.6) followed by (3.1) and (3.3)
yields

1 — _3 (1
Oooans g (ue) = x(1a) (5015 +1) 2003015 (wray) = Ry (7). (3.9)
Finally, (3.2), (3.4), (3.5) and (3.9) imply the result. O

4. REFORMULATION AND PROOF OF COROLLARY 1.3

We first apply Theorems 1.2 and 3.1 to the case of the trefoil knot. If we take ¢ = —3,
M =12, ky =1 and ky = 5 in (1.10), then ®,(q) = P®3,(¢), the Kontsevich-Zagier series given
by (1.5). In this case, (2.16) becomes

£2 2
{6 :0eN,21/0 or SJ(E}

which is (3.5) in [11]. In addition, as the conditions 2 ¢ or 3 { £ are equivalent to { = 1,5,7,11
(mod 12), then after taking g = (£2) and b = 24 in (2.20) we have

12k+r
G(p) = Gylp) = —\/SW > Z 1%4”? S(1,5,12k +r,12).
re{1,5,7,11} ke o( D+ M)z

—\f if r e {1,11},
(—1)2*H7S(1,5,12k + 7, 12) =
3
‘2[ it r e {57},
then (1.6) follows. By Theorem 1.2 (1) and (2), F3,(x) = F4(z) has a resurgent Borel transform
G(p) and S™¢d(z) is an analytic function for R(z) > 0 with radial limits at points 5--Q. Next,
we compute the radial limits. Notice that b = 2M and a short computation using (1.11) shows

that g(n) = —@ (12) which has period M = M = 12. Thus, 9(()02)49( ) = —@n(z) where 7(z)

is the Dedekind eta-function. For 0 # o € Q, we choose K1 = K| = {a}. Noting that ya = —1
for v = <(1) _01> and v = 1, we have C13 =1, x(v) = e~T and
3 ni 100 _ i/3 100
RW(ava) - < / T](T) 3 dT? RA,(O(,CE) - M/ L)S dr.
2m Jo (r—a)? ™ Jo (r—a):
Thus, the strange identity (1.7) and Theorem 3.1 yield
1) mi ;
Smed _ 1. — 90724@(0[) + e \/g /ZOO 77(7-) . dr — 1
2mic 2 4 0 (r—a)2
Tl : 7 3 i00
= &5 By, (e2miy 4 & ‘f/ GO (4.1)
0 T— Q)2

Equation (4.1) corrects the statement of Theorem 5.2 in [11]. We now prove Corollary 1.3.
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Proof of Corollary 1.3. For k € N, consider

Bulg) = (=1 g Z

m(k)
m(k)=1 —a) P g m(k)=1
X Z ( 1)2 Jeg m(k)l 2o ( )
3y ljgﬁil(mod m(k))
m(k)—1m(k)—

" Z H [n+m<@)] (4.2)

where

h"(k:):{ %, if k is even, h'(k:):{ L:;‘L, if k is even,

222 if ks odd, 25 if ks odd,

2k—1+1 . .
a(k) = { =+, if kis even,

k . .
2—;1, if k£ is odd,

m(k) = 2F=1, I(x) is the characteristic function and

i =1,

is the g-binomial coefficient. The expression (¢) matches the Nth colored Jones polynomial

for T'(3,2%) at a root of unity ¢ = ¢’~ and is an element of A (see [4] for further details). Choose
c=—2, M =328k =281 _3and ky = 2" +3in (1.10) and a = k3, b=2M and v = 1
n (1.8). In this case, we have the strange identity [4, Proposition 2.4

“ ” 1
Sk(a) " = GEQI)chl 3)2,3.2k+2 g (q)- (4.3)
Using (1.11), we obtain
(0) = (—1)(S(2k+1 — 3,281 1 3,¢,3.2k+1) if 2Ky ¢ or 314,
~]o otherwise

which has period M = M = 3 - 2%, By Theorem 1.2 (1) and (2), Fpiom(z) = Fy(z) has a
resurgent Borel transform Gy(p) and S*94(z) is an analytic function for R(x) > 0 with radial

limits at points %Q. To compute the radial limits, first observe that b = 2M. From [22,
Corollary 2.5], we choose K|, = {0,ic0} and

1
Asz{O;&aEQ:aNMOorioo, NMz'ooor()}.
@

2For k = 1, one may define the sum over the j; to be 1 in (4.2) to recover (1.5). Thus, taking k = 1 in (4.3)
yields (1.7).
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Clearly, A;, 1 is non-empty. Indeed, if & = 2Mn for n € N, we have <(1) —2{\471) (2Mn) =
t—1 us?} us}
1 0 e 272 /3Bed . ed L
and <2Mn 1) (_M) =i00. Set ¢ := — and d; := W For simplicity, put
Or,5(7) := 0(()0;2k+2 g(T). Then for a € Ay, 1, we have

i00 N v (ico) g,
(/ (Hk’g(T))S dr — / ek’ggT) d7'> it a ~pp 000, aj =0,
a T— Q)2 0 T2
Ry (o) = ¢t (4.4)

ico g v~ (ico) 0
(/ (Tk’g;g / Tk“qa ))g dT) if o~y 0, o ~pi00
a — o — aj

J

where in the first (respectively, second) case of (4.4) 7o € I'y is such that 7,(0) = —1 (respec-

tively, 7a(aj) = —1 and a; # ico). Thus,

/ gg ) if oo ~pp i0c0, a; =0,

1
Ry, (a,aj) = di - Ry, (o, ) +

T

0, -

/ MdT if o ~pr 0, o ~pico
o (T —ay)2

1
2T

and so by Theorem 3.1, we have an expression for S;ned (— ) where o € A, 1. This proves

the result for 7'(3,2F).
Let m € N. For 0 </ <m — 1, define

00 ) ) m—1 ki 45,
Xr(f)(Q) — Z (Q)kmqkl+“'+km’1+k£+l+m+km71 H [ z+1k‘ z,£:| (4.5)
E1,k2,. km=0 i=1 !

where 0; ¢ is the characteristic function. The expression X,(,?) (¢) matches the Nth colored Jones
polynomial for T'(2,2m+1) when ¢ = e and is an element of H. Choose ¢ = —%, M = 8m+4,
k1 =2m —2¢—1and ky = 2m +2¢+3 in (1.10) and @ = k?, b= 2M and v = 1 in (1.8). In this
case, we have Hikami’s strange identity [25, Eqn. (15)]3

X(Z)( )¢ = 779(1)

(2m—2¢-1)2, 8(2m+1)g( ) (46)

Thus, by Theorem 1.2 (1) and (2), Frp@2m+1) (%) = Fg(z) has a resurgent Borel transform G (p)
and S;ned (z) is an analytic function for R(z) > 0 with radial limits at points 5=-Q. To compute
the radial limits, first observe that b = 2M. From [22, Corollary 2.5], we choose K, = {0,ic0}
and

1
Am,l—{07éa€Q:a~M00rioo, —NMiooorO}.
o

3Taking m = 1 and £ = 0 in (4.5) and (4.6) recovers (1.7).
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Clearly, A;, 1 is non-empty. Indeed, if & = 2Mn for n € N, we have <(1) —2{\471) (2Mn) =0
1 0 1y __ % /2m T 1 '_ e o
and <2Mn 1) (—m) = 400. Set ¢, 1= T — and d,, := \/ﬁ For simplicity,
put O, 5(7) := 982”72571)2 8(2m-+1) 5(7'). Then for a € A, 1, we have
100 0 5 ~~1(ico) 0 ~
/ 7m’€’g(7—2 dr — / 7"1’6’?(7-) dr if o ~pp i00, a; =0,
a (T—a)2 0 T2
R, (a,05) =cm - (4.7)
100 em 5 v~ 1(i00) em 5
/ 7’&9(73 dr — / 7’67‘(](7—)3 dr if a ~y7 0, Qj ~pp 100
a (r—a)2 o (T —oy)2

where in the first (respectively, second) case of (4.7) 7o € 'y is such that 7,(0) = —1 (respec-
tively, ya(;) = —% and a; # icco). Thus,

0. )~
/ %(T)ch if o ~pp 900, a; =0,
B i o T2
R, (o, o) =dm - Ry, (a,05) + —

T 9m€ ~(7-)

/ %dT if o~ 0, Q; ~ 100
Co (T — )2

and so by Theorem 3.1, we have an expression for S;ned (—Q;ia) where a € A,, 1. This proves
the result for T'(2,2m + 1). O

5. CONCLUDING REMARKS

In order to apply Theorem 1.2 (and thus verify Conjecture 1.1 (1) and (2)) and Theorem
3.1 to all torus knots T'(r, s), one needs to prove the relevant strange identity (1.9). The first
obstruction in this task is finding an explicit “non-cyclotomic” expansion for Jy(7'(r, s); ¢) from
which an element in H such as (4.2) or (4.5) can be extracted. The Rosso-Jones formula for
JIN(T(r,s);q) [39, page 132] does not appear to be sufficient. Instead, one should consider the
walks along braids method in [3, 5]. To obtain the right-hand side of (1.9) in this case, one takes
VZl,CL:/C%,b:2M and f = g where k1 =75 —r — s, kQZTS—f-T‘—S,C:—% and M = 2st
[26, 27]. The second obstruction is in determining the underlying g-series identity which implies
the strange identity. Recently, Lovejoy [34] used the theory of Bailey pairs to not only give a
streamlined proof of such a g-series identity for T'(2,2m + 1) [25], but provide a wealth of new
examples. Thus, it would be of substantial interest to further develop his techniques. Finally,
what can one say about Conjecture 1.1 for satellite or hyperbolic knots?
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