THE COLORED JONES POLYNOMIAL AND KONTSEVICH-ZAGIER
SERIES FOR DOUBLE TWIST KNOTS

JEREMY LOVEJOY AND ROBERT OSBURN

ABSTRACT. Using a result of Takata, we prove a formula for the colored Jones polynomial of the
double twist knots K(_, _p) and K(_,, ;) where m and p are positive integers. In the (—m, —p)
case, this leads to new families of g-hypergeometric series generalizing the Kontsevich-Zagier
series. Comparing with the cyclotomic expansion of the colored Jones polynomials of K,
gives a generalization of a duality at roots of unity between the Kontsevich-Zagier function and
the generating function for strongly unimodal sequences.

1. INTRODUCTION

Let K be a knot and Jy(K; q) be the usual Nth colored Jones polynomial, normalized to be
1 for the unknot. It is often useful to determine a g-hypergeometric expression for Jy(K;q),
and such expressions have been computed for a variety of knots (e.g., [10, 11, 12, 18, 19, 24]).
These have applications to the AJ conjecture [11], the generalized Volume conjecture [9, 13],
the computation of WRT invariants [3, 14] and quantum modular and mock modular forms
15, 16, 26).

Consider the family of double twist knots K(,, ), where 2m and 2p are nonzero integers
denoting the number of half-twists in each respective region of Figure 1. Positive integers
correspond to right-handed half-twists and negative integers correspond to left-handed half-
twists.

~ ﬁ ( ™~

2m

S 2

FIGURE 1. Double twist knots
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Using ideas of Habiro [10] and Masbaum [19], Lauridsen [17, Section 6] gave the cyclotomic
expansion of Jy (K, p); q) for all nonzero m and p (cf. [6, 24]). For example, when m and p are
positive integers we have
m—1 ) n p—1 ) s
- 2 1y [Tt 1 24 s; | Sj+1
IN (K (mp)i0) = Z% (¢ )@ ™ nd" H1 gt [ ;Z } [[a" [ o }
n> i=

N=Nm >Nm—1>-->n1>0
n=sp>sp—12>25120

(1.1)
and

JNn (K(m,—p) ; Q)

m—1 p—1
1+N 1-N —(nHt 24, [Tt —si—siy18; | Sj+1
= > (6" M)alg" ) (=1)ng =2 ) T qrime "ot T gmomsoess |71
n>0 i=1 L R J
N="Nm >Ny —1 221120
n=sp>sp—12>+>51>0

(1.2)

Here we have used the usual ¢-binomial coefficient

HR [Z] - (13)

with the standard ¢-hypergeometric notation

n—1

(@)n = (a;0)n == ][ (1 - ag").
k=0
Recall that
IN(K;qh) = In(K*;q), (1.4)

where K™ denotes the mirror image of the knot K. Thus, since K, ) = K(p ) and K, _p)
is the mirror image of K, ), equations (1.1) and (1.2) cover all of the double twist knots, up

to a substitution of ¢ by ¢~ 1.

In this paper, we use a result of Takata [22] to prove ¢-hypergeometric formulas for the colored
Jones polynomial of the double twist knots K(_,, _,y and K(_,, ;) which are different from those
corresponding to (1.1) and (1.2). To state the first case, define the functions €; j,, and 7;m by

1, ifj=—-ior—i—1 (mod 2m),
€jm=4—1, ifj=iori—1 (mod 2m), (1.5)
0, otherwise
where 1 <i < j <2mp — 1 with m {i and

L ifi=1,...,m—1 (mod 2m),
Yim = —1 otherwise

where 1 < ¢ < 2mp — 2. Our first main result is the following.
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Theorem 1.1. For positive integers m and p, we have
JN(K(—m,—p); Q)

1-N 1-N namp_1 ,—("2me=1t1 i,7,mMin;
=9 Z (q )n2mp—1(_1) amrlq ( 2 ) H qr ’

N—-12n2mp-1>-->n1>0 1<i<yj<2mp-—1

2p—1 2mp—2
@ "'Lm"’l _ n;
% H nmz ( 1) Nnmz"!‘( H q N3N+ 1+Yi,mMNs |: ;1+1:| . (17)
=1 '

The case m = 1 of Theorem 1.1 was proved by Takata [22]1 Here K1 ) = Kp>o, the usual

pth twist knot. As K(_; _,) is the mirror image of K ;), one recovers .J N(K »>0: 4 q) by taking

m = 11in (1.7) and simplifying. Namely, we have (cf. equation (15) in [22])

JN( ;>0aQ)
2p—2
_ _ _ n;
=N > (6" Mngyrq N2t T (—1)mig 0 Nt () znimi [ ;:1].
N—1>ngp_1>->n1>0 i=1 '

(1.8)
For an example with m > 1, take m = p = 2. Then we have

IN(K(~2,-2);9)

_ 1—-N 1-N not+na+neg+ny N(—nos+ngs—n
=g E (q )m(_l) 2tnatnstnr (—n2+ns—ne)
N—-1>n7>ne>ns>n4>ng>n2>n1>0

X q~ (")) () (") +na (n3—na—ns+ne+nr)+ns(ns—ne—n7)+nsny

Xqfn2n37n4n5fn6n7+n1fngfn37n4+n5fn6 nr g ns Ny n3 ng
ne| |ns| [na| |n3] [n2f ]

For the case of K(_, ), define the functions A; j , and B;m by

1, ifj=—ior—i+1 (mod 2m),
Aijm=4—1, ifj=iori+1 (mod2m), (1.9)
0, otherwise

where 1 <i < j < 2mp with m {i and
1, ifi=1,...,m—1 (mod 2m),

Bim=< -1 ifi=m+1,...,2m -1 (mod 2m), (1.10)
0, otherwise

where 1 < i < 2mp — 1. Our second main result is the following.

INote that Takata’s g-hypergeometric notation differs slightly from the standard one we use here
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Theorem 1.2. For positive integers m and p, we have
JIN (K(—m,p); Q)
= Z (qliN)ngmp (_1)n2mpq—("2me+1> H in,j,mﬂinj

N—-1>n2mp>-->n1>0 1<i<j<2mp
2p—1 _ 2mp—1
x [ (~1yrmig 0 Nt (M) T gfemns [mﬂ]' (1.11)
i=1 i=1 i

Again, the case m = 1 was established by Takata [22]. As K(; ) = Kj<o and K(_; ) is the
mirror image of K(; _p), one recovers Jy(K,_o;¢) by taking m = 1 in (1.11) and simplifying.
Namely, we have (cf. equation (14) in [22])

IN(Kpc039)
no,+1 217—1 i1 n;+1 .
= > (qlfN)mp(—l)nzpq—( 2") 11 (1) gD Nk (75 [”lfl]. (1.12)
N—1>ngp>>n1>0 i=1 !

For an example with m > 1, take m = 3 and p = 1. Then we have

IN(K(-31):9)
- Z (qliN)nes<_1)n3+n6an3—(n62+1)_|_(n32+1)
N—1>ng>ns>ngs>n3>no>n1 >0

n1(—n2+ns+ne)+na2(—n3+nst+ns)—nins—nsne

an1+n2—n4—n5 Ne| |Ms5| N4 [N3| |12 .
n5| [N4| (N3] [N2] [

Motivated by the expressions in (1.7) and (1.1), we define the g-series Fy, ,(q) and Uy, (25 q)
by

xXq

_("2mp—1+1 o o
Fm’p(q) =q Z (q)anp_l(_l)TLQmpflq ( p2 ) H QEZ,J,mnzn]

n2mp—1=>--2n1>0 1<i<j<2mp—-1
2p—1 ' ) 2mp—2 .
X H (—1)”miq(nm2b+ ) H g T Y [n;;—l} (1.13)
i=1 i=1 !
and
m—1 n p—1 ) s
-1 24n,; |Mit1 +s; | Si+1
UmﬁD(‘T;(J) = ;} (_xQ)n(_x Q)nqn 1_{ qnl+n |: 71% :| HQS] > |: {9]' :| )
n> 1= j=

N=Nm >Ny —12>-->n1>0
n=sp>sp—1>->51>0

(1.14)
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Note that if (i is any Nth root of unity, we have
Finp(Cn) = IN(K(—m,—p); CN) (1.15)

and
Ump(=1;Cn) = IN (K (m,p); CN)- (1.16)
The base case F1,1(q) is g times the Kontsevich-Zagier series,
F(g) = (@, (1.17)
n>0
one of the foundational examples of Zagier’s quantum modular forms [25, 26], while
Uri(z;q) = ¢ U (359), (1.18)

where U(z; q) is the generating function for strongly unimodal sequences [4],

[e.9]

Ulz;q) =Y (—2q)n(—2 "' q)ng™ . (1.19)

n=0

For this reason, we call the series Fy, ,(q) the generalized Kontsevich-Zagier functions for double
twist knots and the Up, p(x;q) the generalized U-functions for double twist knots. Note that
while Uy, p(; q) is well-defined for |¢| < 1 and for ¢ a root of unity when x = —1, the generalized
Kontsevich-Zagier functions Fy, ,(¢q) are only defined at roots of unity.

The original Kontsevich-Zagier series F'(¢) and the generating function for strongly unimodal
sequences U(x;q) when x = —1 are dual at roots of unity via

F(¢(y) = U(=1;¢n)- (1.20)

This was first shown by Bryson, Ono, Pitman and Rhoades [4]. It also follows at once from
(1.4) and the case m = p =1 of (1.15) and (1.16), which was first observed in [15]. Using (1.4)
and the general case of (1.15) and (1.16), we immediately have the following generalization of
(1.20).

Corollary 1.3. If (y is any Nth root of unity, then we have

Frnp(Cn) = Unmp(=1;C3"). (1.21)

Next we turn our attention to (1.11) and (1.2). Motivated by these expressions, we define
Fmp(q) and Un (23 q) by

_("2mp+1 o o
fm,p(‘]) = Z (q)n2mp(—1)n2mpq ( ¥ ) H qu,g,man

N2mp>--2>11>0 1§i<j§2mp
m1it
2p—1 — 2mp—1
X H (—1)”miq( ms ) H qﬁi,mm |:n;l+1] (1.22)
i=1 i=1 t

and
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U p(5q)

+1 m—1 p—1
_ _(r 2, [ny IR -
- X e OO T et [ T 0],
n>0 i=1 ! J
N=Nm >Nm—1=>2n1>0
n=sp>sp—1>-+2>81>0

j=1

(1.23)
Neither F,, ,(q) nor U, p(z; q) is defined anywhere except at roots of unity. Note that
and
Unnp(—=15¢N) = IN(K(m,—p); CN)- (1.25)

As a result of (1.4), (1.24) and (1.25), we immediately obtain the following duality at roots of
unity.

Corollary 1.4. If (y is any Nth root of unity, then we have
Fnp(Cv) = Unmp(=1;CH). (1.26)

The paper is organized as follows. In Section 2, we recall Takata’s main theorem and provide
some preliminaries. In Section 3, we prove Theorems 1.1 and 1.2. We conclude in Section 4 with
a discussion of the generalized Kontsevich-Zagier functions and the generalized U-functions for
the torus knots T(3 9,1), along with some related questions.

2. PRELIMINARIES
We begin by recalling the setup from [22]. Let [ and ¢ be coprime odd integers with [ > ¢ > 1
and p' == 5L For 1 < j < p/, define integers 7(j) such that r(j) = (2j — 1)t (mod 2I) and

—l < r(j) <l. Weputo; = (—I)L(le_l)tJ, r'(j) = % and i,.(;) = j (and thus iy = j if

and only if 7/(j) = k). For an integer i, sgn(i) denotes the sign of i. Let n = (n1,...,n,y) and
ns = 0 for s < 0. Finally, define
N —an/ if Op' = —1,
wP) = { 0 if 0, = 1 (2.1)
and

‘ (=it if oy = —1, 59
() = q(njingfﬁl) if o; =1. (2:2)

Consider the family of 2-bridge knots b(l,¢) [5]. The main result in [22] is an explicit formula
for the colored Jones polynomial of b(l,t)*.

Theorem 2.1. We have
* a(n) (n) (n)
In(b(1,1)";q) = 3 D ¢ ()| (2.3)

N—1>n,>...>n1>0
where?

ZNote that there is a misprint in the definition of X (n) in [22]. Each g in the prefactor should be g.
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1 p/ p/ 1 p/—l
a(n) = ) Z( Z (o4, + Uip,ﬂk)) (nj —nj—1) — 2 Z(Uj—H + o140
k

J=1 \k=r'(j) j=1
p/
- *(Up/ + 1)np/ — Zaj,
j=1
=t P’ P’
2
l1—0o l1+o
bl (n) = —CL(H) -+ 5 i) Njp—1 — Z M —1 + Z 5 ‘k i — (1 + o'p/)np/
k=1 k*lgt-‘rl k—l;t+1
+ 3 Z(J]+1 — 0j)n;
j=1
/_1 p/ . .
1 1+ su(i — i)
3 Z 5 (o4, — 0, ) (), — ngy—1) (N4, — My 1)
k=1 k'=k+1
P’ ' (4)
+Zaj< (ng,, nzk_l))nj_l,
j=1 k=1
(=1
2
1+o
> 5 Yeng 1 ifl <2t
k=15t 41
bQ(ﬂ) = ? -t

1+o0; ,
— Z 5 ke Mip—1 if 1 > 2t,

(Q)N—I(Q)np/ r' 7(7)
(Q)N—np/—l j=1 (q)nj—nj—1 ‘

X(w) = (<1 ")

As the mirror image of the torus knots T(g 9,11y is b(2t + 1,1) (cf. [5, 20, 23]), one can

check that Theorem 2.1 recovers the g-hypergeometric expression for Jy(7(22:11);¢) given in
[11, 12]. Our interest will be to apply Theorem 2.1 to the case of the double twist knots
K py = b(dmp —1,4mp — 2p — 1) and K, _p) = b(4mp +1,4mp — 2p+ 1) (cf. [23]). In order
to facilitate these computations, we need the following results concerning o, i and o;,. We
omit the proofs as they are straightforward generalizations of Lemmas 6-9 in [22].

Lemma 2.2. Forl=4mp—1 andt = 4mp — 2p — 1, we have

(i) o; = 1 ifj=1,2,...,m (mod 2m),
Tl -1 ifj=0m+1,...,2m —1 (mod 2m).

(ii) To compute iy, apply the following algorithm. Divide the integers from 1 to p' into
2m — 1 intervals, each of length p, and a final interval of length p — 1. The value of iy
is 2m(p — k) + m in the first interval and 1 — (2m(p — k) +m) in the second. If j > 1
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s odd, then to obtain the value of iy in the jth interval, add 4mp — 1 to the formula for
i in the (j — 2)th interval. If j > 2 is even, then to obtain the value of iy in the jth
interval, subtract 4mp — 1 from the formula for iy in the (j — 2)th interval.

(iii) To compute o;,, apply the following algorithm. Divide the integers from 1 to p' into
2m — 1 intervals, each of length p, and a final interval of length p — 1. The value of oy,
alternates between 1 and —1 starting with 1 in the first interval.

Lemma 2.3. Letl=4mp—1 andt =4mp —2p—1. Then for 1 <k <p and 1 <j<p —1
we have

2 ifk=p,3p,....,(2m — 1)p,
(1) Oy, +O-’ip/+1,k = -2 ka; = 2p7’(2m_2)p;
0 otherwise.

(ii) Oj+1 + Oprp1—5 = 0.

Lemma 2.4. Forl=4mp+1 and t = 4mp — 2p + 1, we have

. 1 ifj=1,2,...,m (mod 2m),
(i) o =
J -1 if7=0m+1,...,2m—1 (mod 2m).

(ii) To compute iy, apply the following algorithm. Divide the integers from 1 to p’ into 2m
intervals of length p. The value of i is 2m(p — k) + m + 1 in the first interval and
1—(2m(p—k)+m+1) in the second. If j > 1 is odd, then to obtain the value of iy, in
the jth interval, add 4mp + 1 to the formula for iy in the (j — 2)th interval. If j > 2 is
even, then to obtain the value of iy, in the jth interval, subtract 4mp—+1 from the formula
for iy in the (j — 2)th interval.

(iii) To compute o, , apply the following algorithm. Divide the integers from 1 to p’ into 2m
intervals of length p. The value of o, alternates between —1 and 1 starting with —1 in
the first interval.

Lemma 2.5. Letl=4mp+1 andt =4mp —2p+ 1. Then for 1 <k <p and1<j<p —1
we have

(i) o, + i1y = 0.
2 ifj =0 (mod 2m),
(i) oj41+0opy1—-j =14 —2 ifj=m (mod 2m),
0 otherwise.

We now illustrate the computation of a(n) and bi(n) + ba(n) for I = 8p — 1 and t = 6p — 1.
The routine evaluation of X (n) is left to the reader. First, we take m = 2 in Lemmas 2.2 and

2.3 to obtain
_J 1 ifj=1,2 (mod4),
9T —1 ifj

1,2
0,3 (mod 4), (2.4)
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dp—Fk)+2 if1<k<p,
4k—p)—1 ifp+1<k<2p,

T 12p—4k+1 if2p+1<k<3p, (2.5)
4k — 12p if3p+1<k<4p-1,
1 ifl1<k<p,
— 1 <
— 1 ifp+1<k<2p, (2.6)

) 1 if2p+1<k<3p,
1 if3prl<k<dp—1,
2 if k=p,3p,
Oi, + iy, = —2 if k=2p, (2.7)
0  otherwise
and
Ojt+1+ O4p—j = 0. (2.8)
Applying (2.4), (2.5), (2.7), (2.8) and reindexing yields that a(n) equals

1 4p 1
"9 [ ( Z Ulk + Oiyp k)> (n4J 3 N4j— 4)
J=1 \k=3p—j+1
p -1
+Z< (i + Oy z)) (n4j—2 — naj—3)
7=1 \k=p—j+1
p—1 —1 P 4p—1
+ Z( (4, + 01y, )> (n4j = naj—1) + Z( > (oi + %pk)> (naj-1 = %‘2)] -1
j=1 \k=3p+j j=1 \k=p+j
2p—1
j=1

By (2.4) and (2.6), the second and fifth sums in b;(n) are zero. We then use (2.4)—(2.6) and
reindex to obtain

4p—1 4p-1
—Znik—l <Z Ty, — 1+ Z gy, — 1+ Z gy, — 1)

k=p+1 k=p+1 k=2p+1 k=3p+1

P p—1
== (Z(”M—z +nygj4) + Z n4j—1> ) (2.10)
J=1 j-1

4p—1

1+ O'Zk 2
Z Z ng, = Zn4j_3, (2.11)
j=1

k=p+1 k=2p+1
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1 4p— 2p—1 .
9 Z Oj+1 — 05)n; = Z (—1)7ny;
: j:l
and
3p—1 3p—1
14 0y
bZ(Q) = Z 9 k Mg, —1 = Z NG —1 = Zn4j

k=p+1 k=2p+1

By (2.9)-(2.13), the sum of by(n) and the first six terms in b (n) equals

1+ ngp1 + E (7”L4j—3 — Ngj—2 — n4j_1).
J=1

(2.12)

(2.13)

(2.14)

To compute the seventh term in b1 (n), we use (2.5) and (2.6) to observe that k < k" and o, # 03,
if and only if either 1 <k <pandp+1<k <2porl1<k<pand3p+1<k <4p-1
orp+1<k<2pand2p+1<k <3por2p+1<k<3pand3p+1<Ek <d4p-—1.
Also, sgn(iy — ix) = 1 if and only if i > iy and either i, = 4p — 4k + 2 for 1 < k < p and
i =4k —4dp—1forp+1 <k <2porip =4p—4k+2for 1 < k < pand ipy = 4k’ — 12p
for3p+1 <K <4dp—1lorip =4k —4p—1forp+1 <k <2pand i = 12p — 4k + 1
for 2p+1 < K < 3poripy =12p—4k+1for 2p+1 < k < 3p and i = 4k — 12p for

3p+1 <k <4p— 1. Taking these cases into account and reindexing, we have

4p 2 4p—-1 .
1+ sgn — igr)
T 9 Z Z (O-ik - Uik/)(nik - nik—l)(nik/ - nik/—l)
k=1 k'=k+1
P 2p—k p  4dp—k

==Y ) (i —ni—) iy —mig—1) = > Y (ng, — ni 1) (i, —

k=1k'=p+1 k=1k'=3p+1
3p 6p—k

2p 3p
+ Z Z (nlk_nlk—l)(nlk/ nlk/ 1 Z Z nlk nlk 1)(nlk/

k=p+1 k'=dp—k+1 k=2p+1 k'=3p+1
) o

P J J
= - Z Z(n4j—2 — n4j-3)(Najr—5 — Najr—6) — Z Z(n4j—2 — naj—3)(Najr—4 — Najr—5)

j=1j'=2 j=1j'=2

i, —1)

p J p J
Z Z n4] 1 — n4j 2)(714]/_3 7”L4J/_4 Z Z 77,4] n4j_4)(n4j/_4 — n4j/_5). (215)
j=145'=1 14'=2

j=

Finally, using (2.4) and (2.5), then reindexing and simplifying gives the eighth term in b;(n),
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(2.16)

P 3p—j+1 p p—j+1
= g U4j—3< E (niy — nik—1)>n4j—4 + g U4j—2( g (g, — nik—1)>n4j—3
j=1 k=1 j=1 k=1
p—1 3p+j pt+j
+ U4g< (nzk M — 1))7143 1+ g 04— 1( E (nzk Mgy — 1)>n4j—2
j=1 k=1 j=1 k=1
D P 2p
= E g (n4p74k+2 - n4p74k+1) + E (n4k74p71 - n4kf4p72)
j=1 \k=1 k=p+1
3p—j+1 p [p—j+1
+ (n12p—ak+1 — N12p—ak) | Naj—a + E E (Pap—akt2 — Nap—ak+1) | Naj—3
k=2p+1 j=1\ k=1
p—1/p 2p
- E E (Nap—ak+2 — Nap—akt1) + E (Nak—ap—1 — Nag—ap—2)
j=1 \k=1 k=p+1
3p 3p+j
+ E (P12p—ak41 — Nigp—ak) + E (Nak—12p — Nag—12p—1) | Naj—1
k=2p+1 k=3p+1
P D pt+j
- E E n4p 4k+2 — N4p— k1) + E (n4k—4p—1 - n4k—4p—2) 452
k=1 k=p+1
p /i1 P P P
= E E (n4j’71 - n4j’73) + E (7?43‘/71 - n4j/f4) N4j—a + § E (n4j’72 - n4j’73) N45-3
J=1 \j'=1 Jj=J J=1 \j'=j
p—1 D
- E E (n4j/_1 — n4j/_4) + Nygj | N45-1
=1 \j'=j+1
D J P
- E E (n4j'71 - 7143"—3) + E (”4j/72 - ”4j/73) N4j—2-
Jj=1 \j'=1 J'=j+1

Thus, combining (2.9)—(2.16) implies that b1 (n) + ba(n) equals

P
14 nap1 + Z(n4j_3 — Ngjg — Nygj-1)
j=1
P P J
- Z Z(Mj—z — n4j—3)(Najr—5 — Najr—6) — Z Z(n4j—2 — n4j-3)(Najr—4 — Najr—s)
j=1j'=2 Jj=lj'=2
P

+ Z Z Naj—1 — N4j—2)(Naj—3 — Najr—4) —

Jj=lj'=

(naj—3 — naj—a)(naj—a — Najr—5)

M-
-

_.
<
Il

—_
<
Il

o}
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p /i1 p p p
+ Z (Z(n4j'1 —najr—3) + ) _(nay—1— n4j/4)> N4j—4 + Z (Z(n4j’2 - n4j'3)> n4j-3

j=1 \j'=1 J=jJ’ J=1\j'=j
p—1 P
- ( D (nay1 —nay_g) + n4j> naj-1
J=1 \j'=j+1
P J P
- Z (Z(n4j/1 — Nyj—3) + Z (najr—2 — n4j’3)> Ngj—2.
=1 \j’=1 i'=j+1

3. PROOFS OoF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. As (1.7) reduces to (1.8) when m = 1 and this case was proven in [22],
we assume m > 2. Using Lemmas 2.2 and 2.3, one can check that for | = 4mp — 1 and
t=4mp—2p—1

2p—1

a(n) = Y (=1 np; — 1 (3.1)

j=1
and b1 (n) + b2(n) equals

p m—1 2m—1
1+ nomp—1 + E E N2mj—2m+i — § N2mj—2m+i
=m

j=1 \i=1
P j m—1 k
+ Z Z (N2mj—k — M2mj—k—1)(N2mj —2m+k—k'+1 — M2myj' —2m-+k—k')
j=1j/=1 k=1 k'=1
m—k+1

P Jj m
- E E E (n2mjfmfk+l - n2mj7mfk)<n2mj’72mfk’+l - n2mj’f2m7k’)
Jj=1

m—1 p 7j—1 p
+ Z( (Nomj'—s — Namj'—2m+s) + Z(anj’—s - n?mj’—2m+s—1)> N2mj—2m+s—1
s=1 j=1 \j'=1 j'=j
p p
+ Z (Z(anj’—m - n2mj’—m—1)> N2mj—m—1
J=1 \j'=j
p—1 p
- Z( Z (N2mjr—1 — Namjr—2m) + nzm) N2mj—1
J=1 \j'=j+1
m—1

J P
( § (n2mj’—m+s - n2mj’—m—s) + E (n2mj’—m+s—1 - n2mj’—m—s)> n2mj—m4s—1-
s=1 j=1 \j/=1 J'=t+1

(3.2)
Also, by (2.1) and (2.2)
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X(@) — (_1)n2mp71q—Nn2mp71 (q)N_l(Q)n?mp—l
(Q)N—nsz,I—I

m
1
5 N2mj— —N2mj— —1)(n2mj— —N2mj— —_1+1
p (_1)n2mj—1_n2mj—mq25§1( 2mj—2m+s 2mj—2m+s 1)( 2mj—2m+s 2mj—2m+s 1+)
<11

2m—1

—

<.

I | (q)anj—2m+s_n2mj—2m+s—1
s=1

n2mj —N2mj—1
H : (3.3)

n?mg n2mj—1

Upon comparing (2.3) and (3.1)—(3.3) with (1.7) and then simplifying, it suffices to prove that
for m > 2

k
Z (N2mj—k — N2mj—k—1)(N2mj —2m+k—k+1 — N2mj'—2m+k—k')

p J m
Z Z § (n2mj—m—k+1 - n2mj—m—k)(n2mj’—2m—k’+1 - n?mj’—Zm—k’)
=1y

m=1 p /j—1 p
+ E § n2m] —s — Namj’ 72m+s + § (anj’fs - n2mj’f2m+sfl) N2mj—2m+s—1
s=1 j'=1

J'=j

Jj'=J

E (N2mj'—1 = N2mj'—2m) + N2mj | Nemj—1

Jj=
p p
+ E n2mjf — N2mj’'—m— 1) Nn2mj—m—1

/:j+1
m—1 p J p
E (n2mj’fm+s - n2mj/fmfs) + § (anj/fm+371 - anj’fmfs) N2mj—m+s—1
s=1 j=1 \j/'=1 §'=j+1
P 1
N2mj—2m+1 + N2mj—m—1
+ E 9 — N2mj—2m+1M2mj—2m + 9 — N2mj—mMN2mj—m—1
j=1
1 m—1
+ 5 (N2mj—2m+s — N2mj—2m+s—1)(N2mj—2m+s — N2mj—2m+s—1 + 1) (3.4)
s=2
equals
2mp—2

E ei,j,mnmj — E TniNi4+1 (3.5)
1<i<j<2mp—1 =1
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where € j ., is given by (1.5). Here, we have used the fact that

p /m—1 2m—2 2mp—2
Z Z No2mj—2m-+i — Z N2mj—2m-+i Z namj—1 = Z Yi,mT + Z N2mi, (36)
i=m

J=1

where 7; , is given by (1.6), together with the identities

m

(n2mj72m+s - n2mj72m+sfl)(n2mjf2m+s — N2mj—2m+s—1 + 1)

N |
=

—

S=

N2mj—2m + Nomj—m + 1
. 2 2

<
Il
-

I
M“@

.
Il

p
Nomi—omil + 1 N2mj—m—1
+ z; < " ZL+ > — N2mj—2m+1M2mj—2m + ( mJQm ) — N2mj—mN2mj—m—1
]:
m
+ Z(anj—Qm—i-s — Nomj—2m+s—1) (N2mj—2m+s — N2mj—2m+s—1 + 1) (3.7)
s=2
and
p p—1 2p—1
N2mj—2m N2mj—m + 1 Nim + 1
= ) 3.8
;( ! >+( ) )+;n2mz ;( 5 (3.8)

We now sketch how to proceed from (3.4) to (3.5). Let L; denote the ith line of (3.4). First,
note that

p—1m—1 p—1 m
2
Ly+Ls=Y Y mbii— > > Momjri-1N2mji- (3.9)
7=0 i=1 =0 i=1

Next, observe that both L; and Lo simplify as the sum on %’ telescopes in each case. Thus,

m—1 p J

Z n2m] kE— No2mj—k— l)(an]’72m+k_n2mj’72m) (310)
k=1 j=14'=1

m p
- Z Z Z (N2mj—m—k+1 = N2mj—m—k) (M2mj —2m — N2mj'—3m+k—1)- (3.11)

k=1j=1j'=1
Now, splitting L into two sums according to the second factor and then using the fact that the
resulting second sum telescopes gives

p

P J
L= E E(an] k= N2mj—k—1)N2mj’—2m+k + E E (N2mj—m — N2mj—1)N2mj’—2m

k=1 j=1j/=1 =1j'=

.



THE COLORED JONES POLYNOMIAL FOR DOUBLE TWIST KNOTS 15

m—1 p m—1 p

j .
E § § Nomj—kN2mj' —2m+k — E § E N2mj—k—1M2myj’ —2m+k
k= =1

1j=1j k=1 j=1j/=1
J P

p
Z Z N2mj—mMN2mj’—2m — Z Z N2mj—1M2mj’—2m- (312)

=1 j=1j'=1

_l’_

A similar simplification for (3.11) yields

p J

Lo=— g E (M2mj—m — N2mj—2m)N"2mj’—2m

j=14'=1

m p J
+§ E E (anj—m—k:—i-l_n2mj—m—k)n2mj’73m+k71

k=1 j=1 j/=1
p

= — E E ngm] mN2mj’—2m + E g n2m] 2mM2mj’'—2m
j=1j'= j=lj'=

m P

+ Z Z Z No2mj—m—k+1M2mj’ —3m+k—1 — Z Z Z N2mj—m—kN2mj’ —3m+k—1- (313)

k=1 j=1j5'=1 k=1 j=1j'=1

Observe that the third sum in (3.12) cancels with the first sum in (3.13). Also, if we take s = 1
in the second triple sum of Lg,

m—1 p

E E E n2m] —s — N2mj’'—2m+s— 1)n2m] 2m+s—1,

s=1 j=1j'=j

then this cancels with the fourth sum of (3.12) and the second sum of (3.13). Putting all of this
together and expanding sums we have that (3.4) equals

m—1

M@
M-~

p J
E E N2mj—kN2mj’' —2m+k —

nomj—k—1M2mj' —2m+k

k=1 j=1j'=1 k=1 j=1j'=1
m J m p J

+ g g E N2mj—m—k-+1M2mj' —3m+k—1 — g E g N2mj—m—kN2mj —3m+k—1
k=1j=1j=1 k=1j=1j'=1
m—1 Jj—1 m—1 p j-1

+ E E Nomj’' —sN2mj—2m+s—1 — E E E Nomj’ —2m+sM2mj—2m-+s—1
s=1 j=1j45'=1 s=1 j=14'=1
m—1 p p m—1 p p

+ E E N2mj’ —sN2mj—2m—+s—1 — E E N2msj’ —2m+s—1M2mj—2m+s—1
s=2 j=1j'=j =2 j=1j'=]

p p p p
+ E E N2mj’'—mN2mj—m—1 — § E N2mj' —m—1M2mj—m—1

j=ly'=j j=ly'=j
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p
- E § Nomj/—1M2mj—1 + E E Nomj'—2mM2mji—1 — § N2m;iN2mj—1
J=ly'=j+1 j=ly'=j+1
m—=1 p j m—=1 p j
g § E N2mj'—m+s"2mj—m+s—1 + E § Nomj’ —m—sN2mj—m+s—1
s=1 j=1j'=1 s=1 j:l =1
m—1 p p m—1 p p
E g Nomj' —m+s—1M2mj—m+s—1 T E E E N2mj’ —m—sN2mj—m+s—1
s=1 y’:j+1 s=1 j=1j'=j+1
p— p—1 m
+ E n2mj+z E : E :n2m1+l*1n2m]+l (3'14)
7=0 =1 7=01i=1

The second sum on the fifth line of (3.14) can now be taken into the second sum of the fourth

line, increasing the upper limit of summation there to m. In this sum, we can then exchange j
and j" and reindex, giving

m p

- E E 5 N2mj—2m+s—1M2mj’ —2m+s—1-

s=2 j=1 j/=1

Now take out the term j' = j and shift the indices in this term by j — 7+ 1 and s = s+ 1 to
cancel with the first sum on the last line of (3.14). Finally, in the second line of (3.14), perform
the shift j* — j' + 1 and start the sum at j' =1 (as j/ = 0 gives 0) to obtain

m p j-1 m p j-1
§ § nomj—m—k+1M2mj —m+k—1 — § § § an] —m—kTN2mj' —m+k—1- (315)
k=1j=1j45=1 k=1 j=1j4'=

We now remove the & = m term from the second sum in (3.15) and note that what remains

cancels with the second sum in the penultimate line of (3.14). In total, this yields that (3.4)
equals

m—1 m—1

P J P J
Z E N2mj—kNo2mj’'—2m+k — ZZanj k—1M2mj’ —2m+k

k=1 j=1j'=1 k=1 j=1j'=1
m p j—1 p j—1

+ Z Z N2mj—m—k+1M2mj —m+k—1 — Z Z N2mj—2mN2mj’'—1
k=1 j=1j'=1 j=1j'=1
m—1 7j—1

m—1 p j—1

P
+ E anj’fsn2mj—2m+s—l_E g E N2mj’ —2m+sM2mj—2m+s—1

j=1j'=1 s=1 j=1j=1
p m p j—1

p
+ 5 5 N2mj’—sN2mj—2m-+s—1 — E E E N2mj—2m+s—1M2mj ' —2m+s—1

s=2 j=14'=j s=2 j=1j'=1
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p p
+ Z Z N2mj’ —mMN2mj—m—1
j:1 J'=J
p

- § § Nomj'—1M2mj—1 + § § N2myj’—2mMN2mj—1 — § N2mjNo2ms—1

J=1j5'=j+1 J=1j'=j+1

m—1 p J
E E n2m] —m+sn2m] —m+s— 1+

m—1

P J
E § N2mj’ —m—sN2mj—m-+s—1

=D momjricinomyi (3.16)

We now simplify further. The k = 1 term of the first sum in the second line cancels with the
s = 1 term of the sum in the penulitimate line. The first sum on the fourth line cancels with
the second sum of the first line once we remove the kK = m — 1 term. This £k = m — 1 term then
cancels with the fifth line. The first sum in the sixth line is the s = m term of the sum in the
penultimate line. The second sum in the sixth line cancels with the second sum in the second
line. The last sum in the sixth line is the ¢ = 0 term in the last line. Finally, we remove the
j' = j term from the first sum in the seventh line and write it in the last line. Thus, (3.4) equals

m—1 p J m p j—l1
E E Nomj’ —2m+kN2mj—k + E § § Nomj' —m+k—1M2mj—m—k+1
k=1 j=1j'=1 k=2 j=1j'=1
m—1 p j—1 m—1 p J
+ § n2mj’—sn2mj—2m+s—1+ 5 5 N2mj’—m—sN2mj—m+s—1
s=1 j=1j/=1 s=1 j=1j/=1
m—1 p j—1 -1 p j—1
- § § Nomj’ —2m~+sN2mj—2m+s—1 — E § § N2mj’ —m+sN2mj—m+s—1
s=1 j=1j/=1 s=1 j=1j/=1
j—1 p—1 p

m
anj/72m+871n2mj72m+5—1 - 5 5 5 n2mjfm+sfln2mj/fm+sfl

it
7

]’:1 ]’:1 s=2 ]Z]. ] =]+1
m—1 p p—1 m
- E 2mj—m+sN2mj—m+s—1 — 5 E Nomj+i—1M2mj+i- (317)
s—1 j—1 =0 i=0

Now we see that this is equal to (3.5) as follows. The first four lines of (3.17) correspond to the
first term in (3.5); namely, the first line of (3.17) corresponds to (i,7) = (¢, —¢) mod 2m, the
second line to (i,j) = (i, —i — 1) mod 2m, the third line to (¢,5) = (i, — 1) mod 2m and the
fourth line to (7,7) = (4,4) mod 2m. Finally, the fifth line of (3.17) matches the second sum of
(3.5). Thus, we have proven that (3.4) equals (3.5). O
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Proof of Theorem 1.2. As (1.11) reduces to (1.12) when m = 1 and this case was proven in
[22], we assume m > 2. Using Lemmas 2.4 and 2.5, one can check that for [ = 4mp + 1 and
t=4mp—2p+1

2p—1
a(n) = — Z (—=1) nm; (3.18)
j=1
and b1 (n) + b2(n) equals
p [m—1 2m—1
Z N2mj—2m+i — Z n2mj—2m+i]
j=1Li=0 i=m+1
m J
+ Z Z Z(anjfk+1 — N2mj—k) (M2mg'—2m+k — M2mj’—2m)
k=1 j=1j/=1
m—1

S=1 j=2 j/=2
p p

+ E E (P2mjt — Nomj —2m+1) + N2mj—2m+1 | N2mj—2m
i=1 \j/=

p J p
+ E ( E (anj’—s - n2mj’—2m+s) + § (anj’—s - n2mj’—2m+s+1)> N2mj—2m+s
s=1 j=1 \j/=1 j'=j+1

J
p /i1 p
- Z( (n2mj/fm+s - n2mj’fmfs) + Z(anj’fererl - n2mj’ms)> N2mj—m-+s-
s=1 j=1 \j/=1 =
(3.19)
Also, by (2.1) and (2.2)

— (—1)"2mp _N"Qmpm
) = (=1 ! (q)N—nng—l

m

p (_1)n2mj_n2mj_mq égl(n2mj72m+s7n2mj72m+571)(n2mj72m+s7n2mj72m+571+1)

<[] — . (3.20)

i1
| | (q)n2mj72m+s —N2mj—2m+s—1

s=1

N

<

Upon comparing (2.3) and (3.18)—(3.20) with (1.11) and then simplifying, it suffices to prove
that for m > 2
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m p J
E § E n2mj—k+1 - n2mj—k)(”2mj’—2m+k - n2mj’—2m)

k=1 j=1j4'=1
m—1 p J
Z Z N2mj—m—s+1 — n2mj—m—s)(n2mj’72m - n2mj/f3m+s)
s=1 j=2j5'=2
p P p
+ Z Z(anj’ — N2mj'—2m+1)N2mj—2m + Z N2mj—2m-+112mj—2m
j=1j'=j j=1
m—1 p J p
+ Z <Z Nomj'—s — n2mj’72m+s) + Z (anj/fs - n2mj’2m+s+1)> N2mj—2m+s
s=1 j=1 \j/=1 §'=j+1

D
g nzmjumﬂ - nzmj/m)> N2mj—m

M@

J=1\j'=j
m—1 p j—1 p

- § (n2mj’—m+s - anj’—m—s) + § (n2mj’—m+s+1 - n2mj’—m—s) N2mj—m-+s
s=1 j=1 \j'=1 J'=i

N2mj—2m+1 + 1 N2mj—m—1
— N2mj—2m+1M2mj—2m + 9 — N2mj—mM2mj—m—1

4
Mvs

; 2
7j=1
1 m—1
t3 Z (N2mj—2m+s — N2mj—2m+s—1)(N2mj—2m+s — N2mj—2m+s—1 + 1) (3.21)
s=2
equals
Z Ai7j7mnmj (322)
1<i<j<2mp
where A; ;, is given by (1.9). Here, we have used (3.7), (3.8) and the fact that
p [m—1 2m—1 2mp—1 p—1
Z Z N2mj—2m+i — Z N2mj—2m+i | = Z /Bi,mni + Zn2mi (323)
i=1 i=1

Jj=1 i=m-+1

where f3; ,,, is given by (1.10).
We now sketch how to go from (3.21) to (3.22). Let L; denote the ith line of (3.21). We first

split Ly into two parts according to the second factor and note that the sum on k in the second
part telescopes. Thus,

P
n2mj’—2m+k + Z Z (anj—m - n2mj)n2mj’—2m- (324)

m p ]
Ly = E E E (anjkarl - n2mjfk) j
J=1j=1

k=1 j=1j'=1
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Similarly, we split Lo into two parts according to the second factor and note that the sum on s
in the first part telescopes. Thus,

<.

p
Ly = — E 5 n2m] m — N2mj— 2m+1)n2mj’—2m

J=15=1
m—1 7

p
+ E n2mj —m—s+1 — M2mj—m— s)anJ 3m+s-
s=1 j=2j5'=2
(3.25)

Here, we have used the fact that ng := 0. Now, the k£ = m term of the first sum in (3.24) cancels
with Ls. If we combine the double sum of (3.24) with the double sum in Ls, then the resulting
sum cancels with the first sum in (3.25). Note that L; = L; for i = 7 and 8. Hence, the single
sum in L3 cancels with the i = 1 term of the second sum in (3.9). Putting this together and
expanding sums we now have that (3.21) equals

m—1 p J m—1 p J
E g N2mj—k+1M2mj’ —2m+k — g E Nomj—kN2mj' —2m+k
k=1 j=1 j'=1 k=1 j=1j'=1
m—1 p j m—1 p j
+ E E N2mj—m—s+1M2mj’ —3m+s — § E N2mj—m—sN2mj’ —3m+s
s=1 j=2 j'=2 s=1 j=2j5/=2
m—1 p J m—1 p
+ E § Nomj’—sN2mj—2m+s — § E Nomj' —2m~+s"2mj—2m+s
s=1 j=1j/=1 s=1 j=1j/=1
m—1 p P m—1 p p
+ E E N2mj’ —sN2mj—2m—+s — E E N2myj’ —2m+s+1M2mj—2m+s
s=1 j=1j/=j+1 s=1 j=1j/=j+1
m—1 p j—1 m—1 p j—1
- § N2mj’ —m+sN2mj—m+s T E g E N2mj'—m—s"2mj—m-+s
s=1 j=1j4=1 s=1 j=1j'=1
m—1 p p m—1 p p
- 5 § N2mj' —m4s+1M2mj—m+s + 5 E N2mj’' —m—sN2mj—m-+s
s=1 j=1j'=j s=1 j=1j'=j
p—1m—1 p—1 m
2
+ Nomj+i — Z Z N2mj+i—1M2mg+i- (3.26)
=0 i=1 =0 =2

We combine the j/ = j term from the first sum of the third line in (3.26) with the first sum
on the fourth line, and then cancel this with the second sum in the first line. Next, the 7/ = j
term in the second sum of the third line cancels with the first sum in the last line. Thus, (3.21)
equals
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k=1 j=1j/=1
m—1 p J m—1 p j
+ § E N2mj—m—s+1M2mj’ —3m+s — E E § N2mj—m—sN2mj’—3m+s
s=1 j=2j'=2 s=1 j=2j'=2
m—1 p j—1 m—1 p j—1
+ E N2mj’—sN2mj—2m+s — E g E N2mj’ —2m+s"2mj—2m-+s
s=1 j=1j/—1 s=1 j=1j/—1
m—1 P
- E § N2mj’ —2m+s+1M2mj—2m+s
s=1 j=1j'=j+1
m—1 p j—1 m—1 p j—1
- § N2mj’ —m+sN2mj—m+s + § E N2mj’ —m—sN2mj—m-+s
s=1 j=1j4'=1 s=1 j=1j'=1
m—1 P m—1 p p
- E § Nomj' —m+s+112mj—m+s T § E § N2mj’—m—s"2mj—m+s
s=1 j=14'=j5 s=1 j=1j4'=j
p—1 m
- E N2mj+i—1M2mj+i- (3.27)
=0 i=2

Now, the last line of (3.27) is just the j/ = j term of the fourth line. In the second line,
perform the shift j/ — 5/ + 1 and start the sum at j = 1. The second sum on this line then
cancels with the second sum of penultimate line, except for the j* = j term. But this term now
becomes the j* = j term for the second sum in the fifth line. After simplifying and gathering
terms, we have

m—1 p J m—1 J—1
E E N2mj’' —2m+kN2mj—k+1 + E Nomj’ —m—+sN2mj—m—s—+1
k=1 j=1j'=1 s=1 j=1j'=1
m—=1 p j—1 m=1p
+ § § N2mj’ —sN2mj—2m+s T § § N2mj’'—m—sN2mj—m-+s
s=1 j=1j'=1 s=1 j=1j45=1
m—1 7j—1 m—1 p j—1
- E N2mj! —2m4sN2mj—2m—+s — 5 N2mj’ —m4-sN2mj—m-+s
s=1 j=1j4'=1 s=1 j=14'=1
m—1 p j m—1 p J
- E § Nomj’ —2m+sM2mj—2m-+s+1 — § § N2mj’ —m+sN2mj—m-+s+1- (328)
s=1 j=1j'=1 s=1 j=1j4'=1

Now we see that this is equal to (3.22) as follows. Namely, the first line of (3.28) corresponds
o (i,j) = (i,—i + 1) mod 2m, the second line to (i,j) = (¢, —i) mod 2m, the third line to
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(i,7) = (i,7) mod 2m and the fourth line to (i,7) = (i,7+ 1) mod 2m. This completes the proof
that (3.21) is equal to (3.22). O

4. CONCLUDING REMARKS AND QUESTIONS

The work in this paper may be compared with that of Hikami and the first author in [11, 12,
15], where one finds generalized Kontsevich-Zagier functions Fy(q) and generalized U-functions
Ut(z; q) for torus knots T{39¢41). In the context of this family of torus knots, we have

o) t—1
Ra=d > (on L [A] (1.1
ke>->k1>0 i=1 ’
and
t—1 . i—1
_ _ > [hisr + ki —i+25 " ks
Uwig)=q" Y (—2q)k-1(-2 1q>kt1qkaq’f?{ nen z_k‘z]_l (42
ky>>ki1>1 i=1 i+1 ?

(Note that Fi(q) = F1,1(¢) and Uy (z;¢q) = Uy 1(x; q) since the underlying knot in each case is the
trefoil). While both the torus knot and double twist knot families of functions satisfy the duality
in Theorem 1.3, much more is known in the case of torus knots. For example, the functions
Fi(q) have explicit quantum modular properties which were given by Hikami [12]. As for (4.2),
it can be written in terms of indefinite ternary theta series [15]. It is natural to ask whether the
Fnp(q) (and/or Fp, ,(q)) have quantum modularity or other related properties, and whether
the Up, p(2;q) (and/or the Uy, ,(x; q)) have any nice representation in terms of indefinite theta
series.

We close with two further questions. First, for torus knots 7{3 941), the g-hypergeometric
series expressions for J N(T(Q,Qtﬂ); q) which led to the generalized Kontsevich-Zagier functions
F;(q) were computed in [11, 12] using difference equations. Can one prove Theorems 1.1 and
1.2 using this technique? Second, both Ui i(x;¢q) and Fji(q) are interesting combinatorial
generating functions and the coefficients of F 1(1—¢q) and Uy ;1 (1; ¢) satisfy intriguing congruences
1, 2,4, 7,8, 21]. It would be worthwhile to determine if the same is true for U, p(z;q) and

Fm,p(Q)-
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