¢-SERIES AND TAILS OF COLORED JONES POLYNOMIALS

PAUL BEIRNE AND ROBERT OSBURN

ABSTRACT. We extend the table of Garoufalidis, L.é and Zagier concerning conjectural Rogers-
Ramanujan type identities for tails of colored Jones polynomials to all alternating knots up to
10 crossings. We then prove these new identities using g-series techniques.

1. INTRODUCTION

The colored Jones polynomial Jy(K;q) for a knot K is an important quantum invariant of
3-manifolds. Here, we use the normalization J;(K;¢q) = 1 for all knots K and Jo(K;q) is the
Jones polynomial of K. The tail of Jy(K;q) is a power series whose first N coefficients agree
(up to a common sign) with the first N coefficients for Jy(K;q) for all N > 1. If K is an
alternating knot, then the tail exists and equals an explicit g-multisum ®x(q) (see [1], [3], [5])-

Recently, Garoufalidis and Lé (with Zagier) presented a table (see Table 6 in [5]) of 43 conjec-
tural Rogers-Ramanujan type identities between the tails ® i (q) and products of theta functions
and /or false theta functions. This table consisted of the following knots K: all alternating knots
up to 84, the twist knots K, p > 0 or p < 0, the torus knots T'(2,p), p > 0, each of their mirror
knots —K and —85. For example, if we define for a positive integer b

bn(n+1) _n
hy = hy(q) = Y ep(n)g 2
neZ
where
(=1)™ if bis odd,
en)=< 1 if b is even and n > 0,
-1 if b is even and n < 0
and
(@) = (a;9)n = [J (1 — ad*™"),
k=1

valid for n € NU {oco}, then

Date: January 21, 2016.
2010 Mathematics Subject Classification. Primary: 33D15; Secondary: 05A30, 57TM25.
Key words and phrases. g-series identities, colored Jones polynomial, tails.

1



D

a7b7c7d7e7f7920

PAUL BEIRNE AND ROBERT OSBURN

qE}a2 +2a+b2+bg+actadtaetaf+agtcdtdetef+ fgtctdtetf+g

(q)a(q)b<Q)6(Q)d(Q)e(Q)f (Q)g(Q)b+g(Q)a+C(Q)a+d(Q)a+e (Q)aﬂ” (q)a+g

(1.1)

Note that hi(q) =0, ha(q) = 1 and h3(q) = (¢)s- In general, hy is a theta function if b is odd
and a false theta function if b is even. Using g¢-series techniques, Keilthy and the second author
[8] proved not only (1.1), but all of the remaining conjectural identities in [5].

A natural question (due to Zagier) is whether Table 6 in [5] is “complete”, i.e., if we consider
an alternating knot K not in this table, then does the evaluation of ®(q) already appear? The
purpose of this paper is to demonstrate that the answer is no. In particular, we first extend
the table of Garoufalidis, Lé and Zagier to include all alternating knots up to 10 crossings. Our

second goal is to prove the following main result.

Theorem 1.1. The identities in Tables 1 and 2 are true.

K | ®k(q) | ®-k(q) | K | Pk(q) | P-k(q) || K | Pk(q) | P-k(g)
86 | hshy hs 9 | hshe hy 924 | hshy ?
8 | hshs h3 97 | hshy he 95 | hi ?
8s | hshs h3 9s | hshg h3 996 | h3hg h3
89 h3 h4 h3 h4 99 h4 h5 h4 927 h% h% h4
8w | ? h3 99| h3 hs 9g | 7 ?
811 h3h4 h3h4 911 h4h5 h% 929 ? ?
812 h3h4 h3h4 912 h3h4 h3h5 930 h% ?
813 | h3hy h3 913 h? hshy 931 h3 h3
814 | hghg h3 914 | h3hs h3 939 ? ?
815 hg ? 915 h3h4 h3h5 933 ? ?
816 ? ? 916 hy ? 934 ? ?
817 ? ? 917 h% h3hs 935 ? hs
818 ? ? 918 | hghg h? 936 ? h3
9 | ho 1 99 | hshs h3 937 | A3 ?
92 hg h3 920 h% hgh?l 938 ? ?
93 h7 h4 921 h3h4 h§h4 939 ? ?
9, | he hs 990 | 7 h3 990 | 7 ?
95 h3 h4h6 923 hi hg 941 ? ?
TABLE 1.

Unfortunately, we were unable to find similar identities not only in each case labelled “?” in
Tables 1 and 2, but for any alternating knot (or its mirror) from 1075 to 10123. This is also the
situation for 85 where although one has (after simplification)

ss(q) = (0% Y 2

a,b>0

a2+a+b2+b(

Q)a-‘rb (1'2)

(@2(q)F
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K | ®x(q) |[P-k(g) || K | Px(q) | P-k(a) | K |Pxk(q) | P-K(q)
101 | h hs 1026 | hshi | hshg [[1052| 7 h;
102 ? hs 1027 | hshs | h3hg || 1053 | ? h
103 | hr hs 102g | hshahs | h3 1054 | 7 h%
104 ? hs 1099 | h3h? hshy || 1055 ? h;
105 | hshy h? 1030 | hsh? h3 1056 | 7 hshy
106 | hshe hs 1031 | hshs | h3hy | 1057 | 7 h3ha
107 | hghe | hsha || 1032 | hsh3 h3 1058 | 7 hj
10s hq hshe | 1033 | h3ha | h3hy || 1059 | 7 h3
109 | hshe | hsha || 1034 | hshy h3 1060 | 7 hi
1010 | h3he h3 1035 | hshe | hghg | 1061 | 7 hs
1011 | hahs hs 1036 | hshe h3 1062 | 7 h%
1012 h3h5 h3h5 1037 h3h5 h3h5 1063 ? h3h4
1013 h4h5 h3h4 1038 h4h5 hg 1064 ? h3h4
1014 | h3hs | hsha || 1039 | hshsa | h3hs | 105 | 2 h3hy
1015 | A2 h3 1040 | h3hs | h3hg || 106 | ? h3hs
1016 | hahs | hsha || 1041 | hsh? h3 1067 | 7 h3
1017 | hshs hshs || 1042 | h3hy ? 1068 ? h%
1018 | h3hs | hshs | 1043 | h3ha | h3hs | 109 | ? ?
1019 | hghshs | h2 1044 | h3ha hj 1071 | 7 h2hy
1020 h7 h3h4 1046 ? h3 1072 h3h4 ?
1091 | hshe | hshs || 1047 ? h3 1073 | 7 h3ha
1022 h3h4 h4h5 1048 ? h3h5 1074 ? h3h4
1093 | hshs | h3hg || 1049 ? h3hs || 1075 | 7?7 ?
1024 h4h5 h3h4 1050 ? h3h4 1076 ? h5
1095 | hsh: | hshy || 105 ? h3hy || 1077 | 7 hshs

TABLE 2.

the modular (or false theta, mock/mixed mock, quantum modular) properties of the double
sum in (1.2) are not clear. Another approach to Theorem 1.1 is to utilize the skein-theoretic
techniques in [2], [4] and [7]. It would be of considerable interest to investigate the connection
between skein theory and g-series to gain a better understanding of these unknown cases and of
a general framework.

Finally, it would be desirable to study g¢-series identities in other settings which arise from knot
theory. For example, the g-multisum ®x(q) occurs as the “O-limit” of Jy(K;q) (see Theorem
2 in [5]). Garoufalidis and Lé have also obtained an explicit formula (see Theorem 3 in [5]) for
the “1-limit” of Jy(K;q). Also, do tails exist for two generalizations of Jy(K;¢q), namely for
colored HOMFLY polynomials and colored superpolynomials (see [6], [9]-[11])?

The paper is organized as follows. In Section 2, we recall the necessary background from [8].
In Section 3, we prove Theorem 1.1.

2. PRELIMINARIES

We first recall six g-series identities (see (2.1)—(2.3), Lemma 2.1, (4.3) and the proof of (4.1)
in [8]). Namely,
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o

t" 1
- (2.1)
00
—1)nn n(n—1)/2
S EVHT .., (2.2
> n2+An 1
a - (2.3)
n—0 (Q)n(Q)n—l—A (q>oo
for any integer A,
qm2+m+mn+7n(n2+1)
(=1)" = hu, (2.4)
m%() (@)m(@)n
It qw+m2+m+w+2lm+ln+mn
(—1)+n — hs (2.5)
l %20 (@)1(@)m(@)n
and
%_a_i_a nil Cr n-2 k_ %R_Q( Zk: ’ij) (1+i ij)-‘rnil kz_:l Cklj
na 4 k=1 1 kz le]-q k=1 j=1 j=1 k=2 j=
_ — _ =1j=
Z( 1) n—1 - (Q)oo ) Z ( 1) ! n—2 n—2
a20 (@a 1 (@ater iymin—220 [1(@i IT(@) &
k=1 k=1 k=1 ¢+ _le]
j=
(2.6)

for any n > 2 and integers c.

Let K be an alternating knot with ¢ crossings and T its associated Tait graph. The reduced
Tait graph 7} is obtained from Tz by replacing every set of two edges that connect the same
two vertices by a single edge. The tail ®x(q) is given by

P (q) = (0)55k (a) (2.7)
where Sk (q) is an explicitly constructed g-multisum (see pages 261-264 in [8]). Now, by Theorem
2 in [2] or Corollary 1.12 in [5], if T} = 7/ for two alternating knots K and L, then ®x(q) =
®7(q). Thus, by comparing the reduced Tait graphs for those knots in Table 1 of [8] and Tables
1 and 2 above, it suffices to verify the conjectural identities in the following cases: 87, 813, —95,
914, =917, =920, —927, 931, 105, —10g, 1019, 1015, 1019, 1096, 1028, 1044.

The strategy for proving Theorem 1.1 is now as follows. For each of the 16 cases, we first
compute Sgk(gq) using the methods from [8]. We then employ (2.1)—(2.6) to reduce this g-
multisum to (1.1) or one of the following key identities proven in [8]:

@+ab+ac+ad+ae+bc+cd+de+b+c+d+e

o _qya_ 4 _ 1
AP DR o ey ey o e e e e B
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q2f2+f+8(3827+I)+ab+af+bc+bf+cd+ce+cf+de+a+b+c+d 1
- h4 ’

S A D o X P X P M i A o P 3

(2.9)

al7945) | abtactadtaetaf+ag+betcdtdetef+fgtbtetdtetf+g

Snlg)= Y (-1t

ey (@)a(9)6(9)e(@)a(9)e(@) £(@)g(D)ats(@a+e(Data(@at+e(Dat s (@Datg
1

~ L
(2.10)

q2f2+f+2g2 +g+ab+ag+bct+bg+cd+cf+cg+de+df +ef+a+b+ctd+e

S R S e . P X R D R Y PR

(2.11)

7}1/ ,
()7,

3e2 | e 3f2 f 392 g
+5+=5-+5+-5+3+abtadtaetaf+bf+cd+cg+detdg+atbtc

— _1\et+f+g q:
S7:(a) : mb?c’gf’gm( D (@)a(D)(D)e(D)a(@)e(@) (@)g(Date(Dare(Dat s (Dor(@)etg

(2.12)

q3a2+2a+% tad-+taetaf-tagtahtbetbdtcdtdetef+fgtghtetdietf

Swl@) = ) @@ D D D@ @i @ @ess

a7b?c7d?e7f7g7h20
+h
qg

. (@a+g(@atn
1
RO
(2.13)

and
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9BIED) 4 (2h+1)+ab+ah-+bet+bhtcdtcg+chtdetdg+ef+egtfg+atbietd

Salg)= > (-1t

avedetonso  (Dal@p(@e(@)a(@)e(@)(@)g(@n(@)atn(@o+n(@erg(D)etn(Darg
¢t/
) (@etg(@) f+g
= (q;%oiuhg).
(2.14)

3. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. We give full details for 8;, —95 and —10g. As the remaining cases are
handled similarly, we sketch their proofs. For ®g.(q), it suffices to prove

oS hBIED | 024 abtag-bahdbetbherbitedtcitdetditeitatbtc
Ss(@) = Y. ()M
b ed om0 (@)a(0)6(9)e(0)a(@)e(@)g (D (@)i(Datg(Datn(@)b+(@)b+i(Dei

y qd—i-e

(Q)d+i<Q)e+i

1
= —hs.

(@)% 1)

We now have

UBLES) 4 RBAEL) | abtahtbetbhtbitcd+citdetditeitatbic

_ v\ 92
W= s 2 O O D O D e Do Do e e

qure

(@)eti
(evaluate the g-sum with (2.3))

_ 1 _yh+i 4
- (@% aﬁb@%h’izo( Y (@0)a(@)s(0)e(@)a(@)e(@n(@)i(@Dprn(Dori(Deri(@ari(@)eri
(apply (2.6) to the h-sum with n = 3)

1 .
“n, 2 Y

% peimiso (@u(@e(@a(@)e(@)i(@)p+i(@)eti(@)ari(@)eri

X

OeS) | hED) | bt ah+betbited+citdetditeitatbtetdte

o5 P betbited-eitdetditeitbietdte

(evaluate the a-sum with (2.1), simplify, then use (2.2) for the h-sum).

Thus, (3.1) then follows from (2.8) after letting i — a.
For ®g,,(q), it suffices to prove
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9Bg41) | GBI 4 5(2i41)+af+ag+citedtdetditef+ehtei

Ssa(a):= Y. (~pethod

acdefahi>0 (@)a(@)e(@)a(@)e(@) 1(D)g(@n(@)i(Datg(Deri(Dari(@eri(Detn
qfh+fg+a+c+d+e+f
(@) +0(a) f44
1
= ot
(3.2)

Apply (2.6) with n = 3 to the g-sum, (2.1) to the a-sum, then simplify and (2.2) to the g-sum
to obtain

hBRED) 4i(2i41)+cited+detditef+ehteit fhtetdtetf

Seu(@) = — 3 (-1)d

(Do, 4 57 550 (@)e(@)a(@)e(@) F(Dr(Di(Deri(@ari(@eri(@ern(@) +n

Thus, (3.2) then follows from (2.9) upon (¢, d, e, f, h,i) — (a,b,c,d, e, f).
For ®_g.(q), it suffices to prove

qh(2h+1)+j(3j+2)+ab+ag+ah+aj+bc+bh+ch+de+dj+ef+ej+fg+fj+gj+a+b+c

S_95(q) = Z

wbediTonzo Wal@e(@)e(@)a(@)e(a)£(0)g(D)n(2)i(@atn(Da+i(@p+n(Dern(Dars

qd+e+f+g

(Q)e+j(Q)f+j(Q)g+j

1
= gl

We now have

(3.3)

24 s+st+ U Lbspe(s44)+§(3j+2) +abtag+ajt+betdetdj+ef+ej+fg

So) = > 1

(Do o4 caiFasistzo
qu+gj+a+b+c+d+e+f+g

(0)a(@)6(0)c(@)a(D)e(@) £(2)4(0)(0)s(D)e(D)a+5 (@) d+5 (D) s+a

(@) s+t46(D) e+ (@) 45 (D) g+
(apply (2.6) to the h-sum with n = 4)

qs2+s+st+@+bs+j(3j+2)+ab+ag+aj+de+dj+e fej+fg+fitgitatbrdye

1
- @%,, d@%;j’s’tzo (0)a(@)b(0)a(0)e(@) 1(0)g(2)(0)s(D)e(D)a+(@)a+i(@)e+ (@) 45 (@) g+
qf+g

) (@)s+a

(evaluate the c-sum with (2.1) and simplify)
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3j+2)+ag+taj+det+dj+ef+ej+ fg+fi+gij+tatd+etf+g

1 J(
“E" X

o adiaso (Dal@)i(@)e(@)5(a)1(0)g(9)i(Dati(@arj(@e+s(@)5+j(D)g+s
(evaluate the b-sum with (2.1), simplify, then apply (2.4) to the st-sum).

Now, (3.3) follows from first applying (2.3) the b-sum in (1.1), then letting (a,d,e, f,g,7) —

(6797 f7 €, d7 a’)'
For ®9,,(q), it suffices to prove

R(3h+1) | i(3i4+1) | j(5i+3) ) Y . L
5 t——%5 — +——5 ~+abtagt+ah+taitbctbitbjtcdtcjtdetdjtej

— _1yhti+i 4
B D N Y I PICI X C CYN  F A  ec o  o

qgh+a+b+c+d+e+g
X

(@)t (@i (@)e+i (@) g+n

1
= ——hs.

(@)%
(3.4)
First, apply (2.6) with n = 3 to the h-sum, (2.1) to the g-sum, simplify and (2.2) to the h-sum,
then (2.6) with n = 3 to the i-sum, (2.1) to the a-sum, simplify and (2.2) to the i-sum to obtain

1G6I5) | petbjtcd+cj+de+dj+ej+btetdte

Soud) = 5 > (~1) 2

(@3 , 5% (@6(D)e(Da(@)e(D);(@)p45 (D et (Dt (@)ers

Thus, (3.4) follows from (2.8) after j — a.
For ®_g,.(q), it suffices to prove

o qh(3h+1)+i(5i2+3)+j(3j2+1)+ab+aj+bc+bi+bj+cd+c7j+de+d’i+6f
So,(q):= > (=)t
wbed T (@)a(@)p(@)e(@)a(@)e(@) £ (@Dn(0)i(@) (D atj (@)ori (@4 (@)t
qeh+ei+fh+a+b+c+d+e+f
(D a+i(@)ern(@)eri(@) f+n
1
= ——hs.
(D)%
(3.5)

First, apply (2.6) with n = 3 to the h-sum, (2.1) to the f-sum, simplify and (2.3) to the h-sum,
then (2.6) with n = 3 to the j-sum, (2.1) to the a-sum, simplify and (2.3) to the j-sum to get

i(5i43)

_ 1 Y qT
Sk D S X X e e o

+be+bi+cd+cit-de+di+ei+-b+c+d+e

Thus, (3.5) follows from (2.8) after i — a.
For ®_g,,(q), it suffices to prove
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BGBIID | §(2641)45(2j+1)+ab+ah-+be+bh+bited+citdet+di+dj+ef+ej

Sgp(@):= > (-

wbed T >0 (0)a(@)b(0)e(2)a(D)e(@) £ (D1(0)i(2) (D ath(Db4n(@)b+i (@) et
qu +a+btctdtetf

(Q)d+i(Q)d+j(Q)e+j(Q)f+j

_ 1,
RO
(3.6)

Apply (2.6) with n = 3 to the h-sum, (2.1) to the a-sum and simplify, then (2.2) to the h-sum
to obtain

1(2i41)+75(2j5+1)+bct+bi+cd+cit+de+dit+-dj+ef+ej+ fj+b+ct+d+e+f

S—920 (Q) = L Z g

(@oo . 1 57 50 (D6(D)e(D)a(@)e(@) 1 (0)i@)j(@)o+i (D eri(@ari (@i (@ers (@) s+

Now, (3.6) follows from (2.11) after the substitution (b, ¢,d, e, f,i,7) — (a,b,¢,d,e, g, f).
For ®_y,.(q), it suffices to prove

LBIED 4 g(2g4+1)+ M0 124 abtaf+betbf+bg+edteg+detdg+dh

— _\f+h_ 4
S AP DU S v oy X e R 7 Y B e

qeh+ei+a+b+c+d+e

(Dd+g(D)arn(@)ern(@)e+i

1
= —=hy.

(9)%
(3.7)

Apply (2.3) to the i-sum, (2.6) with n = 3 to the f-sum, (2.1) to the a-sum, simplify and (2.2)
to the f-sum to obtain

qg(29+1)+w +be+bg+cd+cg+de+dg+dh+eh+b+ct+d+e

S_9y, = (;2 Z (_1)h

Doy o domnso0 (@b(D)e(0)a(D)e(@)g(Dn(Dbtg(Detg(Darg(@arn(@ern

Now, (3.7) follows from (2.9) after letting (b, c,d,e,g,h) — (a,b,c,d, f,e).
For ®g,, (q), it suffices to prove
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9(Bgt1) | hBhEL) 4 iBEL) 4 JBIED) | gptaf+ag+aj+betbg+bh

— _\g+htiti 42
A A D R R X YR T Y e e e e e
qch+ef+ei+fi+fj+a+b+c+e+f
. (Do4n(@Dern(Deri(q) r4i(Q) f4+5
1
T @3

(3.8)
Apply (2.6) with n = 3 to the h-sum, (2.1) to the c-sum, simplify and (2.2) to the h-sum to
obtain

9(3g+1) | i(3i+1) | j(3j+1) i it i ;

Sy (Q):71 Z (—1)9+iti g =z 3 Ta tabbelvagrertboteltert/itiita
" (@oo 5= (@)a(@)s(0)e(@) £(0)g(2)i(0) (@ a+g(D)ati (Dbt g(Deri(@) p+i
qb+e+f

X .

(@) 7+

Now, (3.8) follows from (2.12) after letting (a, b, €, f,g,7,7) — (a,b,c,d, f,g,¢€).
For ®19,(q), it suffices to prove

1B | RRED) 132 4 abt aitaj+betbj+bk+cd+ck+detdk+ef+ek+fg

Sp(a) = Y (~1Hke

0L g k20 (@)a(@)o(@)e(@)a(@)e(0)1(0)5(0)i(0)5(@r(@ati (@i (@rrs
qfk+gk+a+b+c+d+e+f+g

(Do15(D) ek (D s (D ek (@) f4£ (D) gk

(3.9)
Apply (2.3) to the i-sum, (2.6) with n = 3 to the j-sum, (2.1) to the a-sum and simplify, then
(2.2) to the j-sum to obtain

BTRED) | pert-bhit-cd+ck+detdk-+ef+ek+fo+ fh+ghktbtctdretf

_L k9
S0 =gr 2 G @D D@ Do D D et

X

(Q)g—i-k.

Now, (3.9) follows from (2.10) after letting k — a.
For ®_10,(q), it suffices to prove
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, q@M(%H)+ab+ae+az‘+ak+bc+bi+cd+ci+dz‘+e ftek+fg+fl+gh

S_105(q) = (-1)°
’ a,b,c,d,e%,h7i,k>0 (@)a(@)6(0)e(@)d(D)e(@) £(0) g(Dn(D)i(D k(@) ari(@)atk (@)p+i
qgk+hk+a+b+c+d+e+f+g+h
X
(Deti(@)d+i (D e+n(D) £+5(0) g+5 (D)t
1
= ———hshg.
(0)%
(3.10)
We now have
3i(i41) | 2, .« LAHL) L ons oy .
1 ) S 42 5 20 il jl+Hk(3k4-2) +ab+-aet-ak+be+bi
57108((]) - - Z (_1)z+lq 2 2
(Do 4y e fotiniiso (@)a(@)p(9)e(@)a(@)e(q) £ (@)g(Dn(@)i(a);(D)x(a):
CAteliti)+d(i+i+l)+ef+ek+fg+ fhtgh+gh+hktatbte+dtetf+g+h

(@a+i(@Datr(Detr(D) 41D g5 (Dt r(@ptiti (Detiiv
(apply (2.6) to the i-sum with n = 5)

1 4 BUED |2 g LD 4945 il ik (3k+2) +aetak+e f+ek+ fg+ fh+gh+hk
= = (1)
(@5 . g;k 150 (0)a(@)e(@) 1(2)g()n(@)i(0); (D) (D)i(@)at-k (D etk () 41
qa+e+f+9+h
(@) g+1(Dns

(evaluate the d-sum, c-sum and b-sum with (2.1) and simplify)

1 k(3k+2)+ak+ek+ fk+gk+hk+aetef+fg+gh+ate+f+g+h
.
@&

Doo oo forinso Dal@)e(@)r(@g(Dn(@r(@ati(@e+k(9) 51 (@)g+r(Dnrn

(evaluate the ijl-sum using (2.5)).

Now, (3.10) follows from (1.1) after applying (a,e, f,g,h, k) — (c,d,e, f,g,a).
For ®19,,(q), it suffices to prove

UBED) 4 JBIFD 4k (3k+2)+ahtai+cd+ck+detdkte f+ek+ fg+ fh+gh

Sip(@) = Y (-~

wedief a0 (@)a(@)e(0)a(D)e(@) (D) g(D)n(D)i(@)5 (D k(@) ati(@)e+k (D dsk
oitakthithjtatetdtetf+g+h

(@)e-1(a) p+5 (@) g+1(@) g5 (Dt (@ni
! h
@% "
(3.11)
Apply (2.6) with n = 3 to the i-sum, (2.1) to the a-sum and simplify, (2.2) to the i and simplify
to obtain
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1B 4 k(3k+2)+cd+ck+detdktef+ek+fg+fh+ghtgj+gk+hjte

Stowl@) = — S (1)L

e (D)e(0)a(@)e(@) (D) g(Dr (D) (Dr(D etk (D) ar k(D err (@) 1k

giretttoth

(D) g+5(@D)gri(Dnss

Now, (3.11) follows from (2.13) after letting (¢, d, e, f,g,h,j,k) — (h,g, f,e,d,c,b,a).
For ®19,,(q), it suffices to prove

U5L43) | 5IH3) 4 k2 4 abt-ah-ait+betbitbj+cdej+detdj+ej+gh+gi

— _1yiti 4
Sos) = O DD D D D DR D Do e

q9k+hi+a+b+c+d+e+g+h

 Ders @ (Ders @gti(@grr@nia
1 2

= @u"
(3.12)

Apply (2.3) to the k-sum, (2.6) with n = 5 to the j-sum, (2.1) to the e-sum and simplify, to the
d-sum and simplify and to the ¢-sum and simplify and (2.5) to obtain

{OUES) | abt-aht-ai+bi+gh-+gi+hitatb+g+h

_L i 4
Ss@ =gt 2 O @ e Do D@

Now, (3.12) follows from (2.8) after letting (a, b, g, h,7) — (¢, b,e,d, a).
For ®19,,(q), it suffices to prove

gD+ JGIEY) 4 BORES) | ohtqit-cd+ck+detdektef+ek+fg+fk

Swpl@) = Y (-1t

wedief ot k0 (0)a(@)e(0)a(D)e(@) £(D)g(Dn(D)i(@)5(Dr(@)ati(@) k(D) d+k

gl itohtgitgithitatetdtetf+gth

(D et (@) p11(@D) r+5 (D g5 (D gri(Dnri
1
= Iuhs.

(@)%
(3.13)
Apply (2.6) with n = 5 to the k-sum, (2.1) to the c-sum and simplify, to the d-sum and simplify
and to the e-sum and simplify and (2.5) to obtain

qi(%HH% +ah+ai+fg+fi+gh+gitgj+hitatf+g+h

Sio(@)) = —— 3 (~1)

D% ,  Gdis0 (@Dal@(@g(@n(@)i(@);(@)a+i(@) 1+5(@g+ (@) g+i(@n+i’

Now, (3.13) follows from (2.9) after letting (a, f, g, h,i,j) — (a,d,c,b, f,e).
For ®10,(q), it suffices to prove
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h(2h41)+2EHD |52 4k (2k41) +ab+ag+ah-+aitbetbhtchtef+ek+fg

Siome(@) = Y. (~1)

wvcefaniinso  @al@p(@e(@)e(@)(@)g(@)n(a)i(@);(Dr(@)a+n(D)a+i(@p+n
qfk+gi+gj+gk:+a+b+c+e+f+g

(Dern(Der k(@) f+5(0) g+ (D) g+5 (D) g4
= Lhi-

(@)%
(3.14)
Apply (2.3) to the j-sum, (2.6) with n = 4 to the k-sum, (2.1) to the e-sum and simplify and to
the f-sum and simplify and (2.4) to obtain

h(2h+1 +M+ab+ag+ah+ai+bc+bh+ch+gi+a+b+c+g
q 2

Stom(@) = ——hs 3 (1)

@5 s (@al@)b(0)e(@)g(Dn(@i(@atn(@ari(@prn(@ern(@)g+i

Now, (3.14) follows from (2.9) after letting (a,b,c, g, h,i) — (¢, b,a,d, f,e).
For ®10,(q), it suffices to prove

LS | JOIES) 4 o(2k+1)+abt-ah+aitaj+bitdetdktef+ek+fg+fj

— _1yiti 4
S = O D @ o DR T D@y Do

g/ Frohtgithitatbtdietf+g+h

(Dark(Detr(a) 1+5(D) 8D g+5 (D ntj
1
= hahs.

(@)%
(3.15)
Apply (2.6) with n = 3 to the i-sum, (2.1) to the b-sum and simplify and (2.2) to the i-sum to
obtain

1 , qﬂLf’)+k(2k+1)+ah+aj+de+dk+ef+ek+fg+fj+fk+gh+gj+hj

S100s(0) = 75— Z (-

(@)oo wde AT k>0 L (D)a(@)a(@)e(@) (D) g(Dn(D) (DD ati (D ark(Derr(q) f+5
a+d+e+f+g+h

q

D Doy @

Now, (3.15) follows from (2.14) after letting (a,d, ¢, f,g,h,j, k) = (f,a,b,c,d,e, g, h).
For ®4¢,,(q), it suffices to prove
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hBRED) 4j(2i41) 4+ 2BLHD L FORED) 4 op 4 agtaitaj+bet+bj+bk+ck

— _q1\htitk_9
S D S e 7 W X X Y R T P e et

qef+eh+fg+fh+fi+gi+a+b+c+e+f+g
X

(Dbt D err(@ern(@) p1n(Q) p4i(Q) gri
1
= hy.

(@)%
(3.16)
Apply (2.6) with n = 3 to the h-sum, (2.1) to the e-sum and simplify, (2.2) to the h-sum, (2.6)
with n = 3 to the k-sum, (2.1) to the ¢-sum and simplify and (2.2) to the k-sum to obtain

2i+1)+ 2850 4 abtag-raitaj+bi+fg+ fitgitatbtf+g

Ston)) = — S (-1) a
O A e @a@6(@) 5 (@(@)i0)s (@ ari(@ars (@D (@) (@i

Now, (3.16) follows from (2.9) after letting (a,b, f, g,7,7) — (¢, d,a,b, f,e).
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