ROGERS-RAMANUJAN TYPE IDENTITIES FOR ALTERNATING KNOTS
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Dedicated to Wen-Ching Winnie Li on the occasion of her birthday
ABSTRACT. We highlight the role of g-series techniques in proving identities arising from knot

theory. In particular, we prove Rogers-Ramanujan type identities for alternating knots as con-
jectured by Garoufalidis, Lé and Zagier.

1. INTRODUCTION

Two of the most important results in the theory of g-series are the classical Rogers-Ramanujan
identities which state that

qn2+sn 1
= 1.1
= (Dn (6"76°)00(0%¢%) 0 1)

where s =0 or 1 and

(@) = (a;9)n = [J (1 — ad*™"),
k=1
valid for n € NU {oo}. In 1974, Andrews [1] obtained a generalization of (1.1) to odd moduli,
namely for all £k > 2, 1 <i <k,

NZ4+NZ++NZ_ +Ni+Nip1+-+Ny_1 i. 2k+1 2k+1—i.

3 q (5" ) (g 1 q

(Q)nl (Q>n2 T (q)nk71 a (Q)OO

2k+1)oo (q2k+1; q2k+1>oo

ni,m2,...,nkg—1>0

(1.2)
where Nj = n; +nji1 + --- +ni—1. There has been recent interest in the appearance of these
(and similar) identities in knot theory. For example, Hikami [14] considered (1.1) from the
perspective of the colored Jones polynomial of torus knots while Armond and Dasbach [6] gave
a skein-theoretic proof of (1.2). For similar identities related to false theta series, see [13] and
for other connections between g-series and quantum invariants of knots, see [7]-[9], [11], [15] and
[16].

In this paper, we consider recent work in [10] whereby the g-multisums ® g (q) and ®_x(q)
were associated to a given alternating knot K and its mirror —K. The ¢g-multisum ® g (¢q) occurs
as the 0-limit of the colored Jones polynomial of K (see Theorem 1.10 in [10]). In Appendix
D of [10], Garoufalidis and Lé (with Zagier) conjectured evaluations of ®x(q) for 22 knots and
of ®_g(q) for 21 knots in terms of modular forms and false theta series and state “every such
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guess is a g-series identity whose proof is unknown to us”. Before stating these conjectures, we
recall some notation from [10]. For a positive integer b, we define

bn(n+1)
—=2 N

ho = hi(q) =Y en(n)g
nez
where

(—1)™ it b is odd,
ep(n) =14 1 if b is even and n > 0,
-1 if b is even and n < 0.
Note that hi(¢) = 0, ha(q) = 1 and h3(q) = (¢)oe. For an integers p, a and b, let K, denote
the pth twist knot obtained by —1/p surgery on the Whitehead link and T'(a, b) the left-handed
(@, b) torus knot. The 43 conjectures from [10] are as follows:

K P(q) | 2-k(9)
31 hs 1
41 h3 h3
51 hs 1
52 hy hs
61 hs hs
62 h3h4 h3
63 h3 h3
T h7 1
72 ]’LG h3
73 h5 h4
74 h3 hs
75 hshy hy
76 hshy h3
77 h} h3
81 hr hs
82 hshg hs
83 hs hs
84 hs hahs
85 ? h3
Kp, p>0 h2p hs
Kp,p <0 | hops h3
T(Q,p), p > 0 h2p+1 1
TABLE 1.

Here, we have corrected the entries for 61, 73, 81, 84, 85, Kp, p < 0 (and their mirrors) and
75 in Appendix D of [10]. Note that a conjectural evaluation for ®g_ (g) is not currently known.
Three of these Rogers-Ramanujan type identities, namely

®3,(q) = h3, Pay(q) =hs and ®e,(q) = h3 (1.3)
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have been proven by Andrews [4]. Motivated by his work (and in conjunction with (1.3)), we
prove the following result.

Theorem 1.1. The identities in Table 1 are true.

In principle, one can use either Theorem 5.1 of [6] or Theorem 4.12 of [13] to give a skein-
theoretic proof of Theorem 1.1. Here, we have chosen to highlight the role of g-series techniques
in proving such identities. For example, one can use the Bailey machinery to prove identity (2.7)

n [13]. The paper is organized as follows. In Section 2, we provide the necessary background
on g¢-series identities and the Bailey machinery. In Section 3, we clarify the construction of the
g-multisums @ (q) and ®_g(g) from [10]. In Section 4, we prove Theorem 1.1. It is interesting
to note that the proofs for 5; and —84 require (1.1) while those for 7; and T'(2,p) utilize (1.2).

2. PRELIMINARIES

We first recall five g-series identities. The first two are due to Euler (see (II.1 and II.2, page
236 in [12]), the third is the z = 1 case of Lemma 2 in [4], the fourth is the g-binomial theorem
(see I1.4, page 236 in [12]) and the fifth is the Jacobi triple product (see I1.28, page 239 in [12]):

o0

t" 1
Z = O (2.1)

n=0 Q)n

> (_1)ntnqn(n—1)/2

n=0

> qn2+An B 1
0 (Q)n(Q)nJrA - (q)oo (23)

n=

for any integer A,

and

2
D 2" = (240700 (= 0/ % 0700 (05 6 oo (2:5)
nez
Here and throughout, we use the convention that

(@)n

for n < 0. In addition, one can easily check that for a, b > 0,

7a7b)

@ a _ jya,—2e oy (Datd
@. — @ala)s (2:6)

We now derive a key result which follows from a generalization of Sears’ transformation (see
I1.15, page 242 in [12]).
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Lemma 2.1. For any n > 2,

n—1
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k
na(a+1) ne 1 i) (1 i
—_ — _ =1 j=
Z( 1) n—1 o (q) ) Z ( 1) ! n—2 n—2
a=0 (@a IT (@)a+e, isin—220 IT(@i, IT(a) &«
k=1 k=1 k=1 cxt -21 i
j=
Proof. We first use that
1 n(n—1)
i (), = e
tgr(l) t/n ( ) 7
then apply Corollary 1 in [5] and simplify to obtain
na(a+1) 7a+ani1 Ck a(n—l-i—nil Ck)
na 2 k=1 1 ) (%)g {na k=1
Z(_l) n—1 ~ n-1 %g% n—1
a0 (@Da TT (Dates [T (9)e, a20 (@)a IT (g +1)
k=1 k=1 k=1
n—1
n—14+ > ¢
1 ) (th"*lﬂ)oo(t”_lq =1 k)oo
- n—1 %gl’(l) n—1
n—1+ > ck
JL@e oty (ong™ 5%
Z (tq62+1)i1 (tqc3+1)i1+i2 . (tqcn—1+1)i1+i2+.-~+in—2
X
1yeorin_2>0 (Q)il (Q)’iz T (Q)infz
L S S S )
(t)ll(t)ll-i-%z (t)zl+12+~--+ln72

(qcl+l)i1 (q62+1)i1+i2 e

(qcn_2+l)i1+i2+-~.+in—2

y (thH-l)il - (tqcn72+1)in_2(tq01+1)il (t2q2+01+02+i1)i2 .. (tn_Qqn_2+Cl+---+Cn—2+i1+---+7;n73)Z.n_Q
(tn_lqn_1+cl+"'+cn71)i1+---+in72
1 n—2, k k n—1k—1
n—2 k . 5 Z (Z_: ZJ)(]."FE_: ’L])'f‘z Z_: Ckij
- > (—1)k:1j§ﬁ N
(q) ) - n—2 n—2
220 M@ @ .
k=1 k=1 cxt > ij
j=1
O

We now recall the Bailey machinery as initiated by Bailey and Slater in the 1940’s and 50’s
and perfected by Andrews in the 1980’s (for further details, see [2], [3] or [18]). A pair of

sequences (au, fn)n>0 satisfying

B

is called a Bailey pair relative to a.

(, By)nz0 Where

— - Ok
B ;) (Q)nfk(GJQ)nJrk

If (o, Bn)n>0 is a Bailey pair relative to a, then so is

(2.7)
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v _ Da(©nlag/bo)”
(aq/b)n(ag/c)n "

and

O (Dn(On(ag/be)r(ag/b)"
B = 2 g otaa @ s

(2.8)

(2.9)

Iterating (2.8) and (2.9) leads to a sequence of Bailey pairs, called the Bailey chain. Putting

(2.8) and (2.9) into (2.7) and letting n — oo gives

Z(b)n(c)n(aq/bc)”ﬁn = (a4/)oola4/ ¢)oc Z aq/b Jn(ag/be)" an

n>0 (aq)oo(aq/be)so 750 n(aq/c)n

For example, if we consider the Bailey pair relative to g (see B(3) in [17])

(1 - q2n+1)(_1)nq%n2+%n
n pu—
1—q

and
1
Bn = 7N >
(@)n
then one application of (2.8) and (2.9) with b, ¢ — oo yields

- (1 o q2n+1)(_1)nq%n2+%n

and

n
k:O
while [ — 2 applications, | > 2, of (2.8) and (2. 9) with b, ¢ — oo at each step produces

20— 3

N G P (~1)ngt T

and

1—2
> ng(ng+1)

(l—2) B qk:l
B = X =

MEM—1 2,11 20 (Q)m H (Q)nk_nk—l
k=2

Inserting (2.13) and (2.14) into (2.10), then letting b — oo and ¢ = ¢ gives
k(k+1)+ "("+1>(

Z (_1)nq (q)k( Z 3n2+2n 2n+1)

n,k>0 n>0

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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while substituting (2.15) and (2.16) into (2.10), then letting b — oo and ¢ = ¢ leads to

=2 ny—1(nj—1+1)

kzlnk(nkJrl)Jr 5 (@)
q¥= q)n,_ 24 (1—
Z (_1)77,1,1 — -1 _ qun +(l l)n(l _ q2n+1). (2.18)
M—1,-2,--511 20 (Q)nlé[g(Q)nk—nk_l n=0

3. ®x(q) AND ®_k(q)

Let K be an alternating knot with ¢ crossings and D its associated diagram. We checkerboard
D with colors A and B such that the exterior X is colored A (here, we identify D with the planar
graph obtained by placing a vertex at each crossing and an edge at each arc) and let Tx be the
Tait graph of K (or, equivalently, of D). The reduced Tait graph 7}, is obtained from 7Tx by
replacing every set of two edges that connect the same two vertices by a single edge. Let E(D)
be the set of edges, R the set of faces, R4 the set of A-colored faces and Rp the set of B-colored
faces in D. The idea is to assign variables to each face of D, including X. Thus, we let

S={s:R— 7" sX)=0}

For F, F; and Fj € R, define e(F) to be the number of edges of F', cv(Fj, F;) the number
of common vertices and ce(Fj, Fj) the number of common edges between F; and Fj. We now
consider the functions L : R — %Z and Q: Rx R — %Z given by

1 if F € Rp,
L(F) :=
() {6@—1 if F € Ra
and
0 ifi:j,FiGRBori#j,Fi,FjERA,
. N\ — eFZ) ifi:j7Fi€RA7
QUEF)) =4 cy(F.F,) iti#], Fy, F, € Rp,

ce(F,,F;) ifi+#j, F, € Rp, F; € Ry or F; € Ry, Fj € Rp.

We extend s € S to E(D) by defining s(e) to be the sum of the variables in adjacent faces.
Furthermore, suppose F € Rp shares a common edge with the maximum number of faces in
R4. If F' is not unique, choose a face in Rp that shares a common edge with the maximum
number of faces in R4\ {X}. If this latter face is not unique, choose from any of the remaining
candidates of faces and let F™* denote this choice. Finally, we let

A:={seS:s(e) >0,Vec E(D) and s(F*)=0}
and consider the functions L' : A — 3Z/FlI=1 and @’ : A — 1Z!FI=1 defined by

IR|—1
L'(s)= > L(F)s(F)
i=1
and
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Q=3 X QUELE)s(E)s(E).

1<ij<|R|-1

The g-multisum ®x(q) is now given by (see Theorem 1.10 in [10])

@ O+L ()

H (Q)s(e) '

e€E(D)

Pre(g) = (0)%SK = (@)% D_ (=1

sEA
Let us illustrate this construction for K = 75. We first consider
A 0
B [A) B c () n
T D= D
N) \)

In matrix notation, we have

s = [Cvdveafvgvhva'ab]Ta L/:[1a1a1a171717270]7

(3.1)

01000211
101 00 O0T1O0
01 010010
o = 0O 01 01010
0 0010110
2 00 01011
11111160
1000010 2
and
A: {[a,b,c,d,e,f,g,h] € Zg : a,b,c,d,e,f,g 2 O,h = 0}
Thus,
sTQ's+L's
'sq
®7,(q) = (9)557, = (@)% ) (-1 P e
: ’ sGZA ;;[E(Q)s(e)

3a2+2a+b2+be+actad+aetaf+ag+edtdet+ef+fg+ctd+et+f+g

=L a

wvodg gm0 (@Dal@s(D)e(D)a(@e(@) 1 (@)g(Do+e(@are(@ata(@ate(Dats (Dary
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To compute &_ K( ) we repeat the above process but swap A and B faces while still imposing
the condition that s(X) = 0 and choosing F* € R4. So,

b

\)

Here,
T , 1 1
S:[Cad7eafvgah7aab] ’ L' = §a0a0a0707531717

3 00000O0T11

02000010

00200010

g0 0020010
100002010

0000O0211

11111101

10000110

and

A:{[aabvc7d)67fvgah] GZS:CL?b’C?d’e’f?gzO’h:O}'
This gives us

(@) = (q)° (@)% Y (-1 g s
(1)772 q) = g 005772 = 9)x0 -1 S
seA el;[ﬁ(Q)s(e)

a+b+ab+actad+aetaf+ag+bet+ % +d24-e2+f2442

=L ). g

wten oo (Da(@p(@)e(0)a(@)e() £(@)g(Date(Da+al@ate(@Dat s (Datg(@pre

Finally, by Corollary 1.12 in [10], if the reduced Tait graphs of two alternating knots K and
K' are isomorphic, then ®x(q) = ®x/(q). Thus, in order to deduce Theorem 1.1, it suffices to
verify the conjectural identities in the following cases: 51, 52, 62, 71, T2, 74, 77, 82, 84, Kp, p > 0,
T(2,p), —31, —77 and —84. For each of these 14 knots, we provide the checkerboard coloring,
assignment of variables and (reduced) Tait graph.
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T(2,p)’p >0 7}(2773)’ p> 0

T3,

T 7,

11
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4. PROOF OF THEOREM 1.1

We can now prove Theorem 1.1.

Proof. For ®5,(q), it suffices to prove

w +ab+ac+ad+ae+be+cd+de+b+c+d+e

._ a4 _ 1
P PR R O X O X ey e o o 7 S

We now have

3i(i+1)

1 . 2
551 - - Z (_l)z-i-kq

(@oo ;. p it 50 (@)i(D)(Dr(@Dp(De(@a(@e(Dit(Ditjte(@itjtha
(apply Lemma 2.1 to the a-sum with n = 5)

3i(i+1)

D

5 1 jhed=0 (0)i(0)i(De(@)p(@)e(@)al@)itp(q)itjte
(evaluate the e-sum with (2.1))

24 BEED 49454 ket kib+betotcitedt-d+ditdj+ded-e+eitej+ek

72 B 935 kb ki bt betctcibed+d+dit-dj

3i(i+1)+j2+j+ k<k;1)+2ij+jk+ki

_ Cqyitkd 2
~ (9)3 2 () (0)i(9);(q)k

°° 4,5,k>0

(evaluate the d-sum, c-sum and b-sum with (2.1))

WD g2 MR 4

L _qyitkd 2 it -
(@ i,j,Ek;O( E (9)i(9)j—i(0)k (shift j —j — 1)

9, . k(k+1) |
+j+ +jk
L T

1 .
= (q)go j’kzzo(_l) T (apply (2.4) to the Z—Sum)

= 1 Z qj2+j (apply (2.2) to the k-sum)
(@5 =5 (@);
_ (q;q5)oo(q4(;qq;)oo(q5;q5)oo (by (1.1))

hs (apply (2.5) with ¢ — ¢°/2, z = —¢°/?).

_
(@)%

For ®5,(q), it suffices to prove

q2a2+b2+ac+ad+ae+bc+cd+de+a+c+d+e

1
SO DI 7 21t e e e e R

Thus,
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g 1 q2a2+ac+ad+ae+cd+de+a+c+d+e ( | he b L (2 3))
By = T~ E evaluate the b-sum wit .
(@ (0)a(@)e(@)a(@)e(@)a+e(@)a+d(@)ate

a,c,d,e>0

1 .
“z, 2 V"

50 i jades0 (0)i(2);(@)e(@)a(@)e(@)ire(@)ivjrd

2 .
i24it L pij+dite(itj)+ed+detctdte

(apply Lemma 2.1 to the a-sum with n = 4)
it 2 i dibedtetd

_ 1 il
(93 2 (1 (0)i(0)(@)e(@)a(@)ite

i,5,¢,d>0

(evaluate the e-sum with (2.1))

1 Aqi2+i+@+ij
=~ Z (1)) =————— (evaluate the d-sum and c-sum with (2.1))
(@)% 2=, (0)i(q);
i%ﬁ@—ij

= VL~ (shift i —i—
a 2 (1) (9)i—j(q); (ehift § =4 = 5)

5
1

—_

.24
= mE Z(—l)zq > (apply (2.4) to the j-sum, then use (2.6))
% >0

_
(@)%

(consider i = 2n, i = 2n + 1, then let n — —n — 1 in the second resulting sum).

hy

For ®¢,(q), it suffices to prove

q2f2+f+ Bt | abtaf+betbf+edteetef+detatbtctd

. 1
Sey = Y. (-1) = ——ha.

i o @@ @ @a@e@) s @ars @y @ere@ers@are @

2 P2 f+ ) L abtaf4betbfFedef +detatbietd

1 e
Se, = @ Z (=1

0o ab.edie, f>0 (q)a(Q)b(Q)C(Q)d(Q)e(Q)f(Q)a+f(Q)b+f(Q)c+e(Q)c+f
(apply Lemma 2.1 to the e-sum with n = 3)
_ 1 e 9
(9% mb,cZe:,fZO( Y (0)a(@p(De(@)e(D) (@D at (Dot (et s
(evaluate the d-sum with (2.1))

2f2 4 f+<HU L abyafbetbfref+atbte
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1 Z q2f2+f+ab+af+bc+bf+cf+a+b+c ( | . L (2 2))
= evaluate the e-sum wit .
(@)oo, o= o (@)a(@)6(9)e(0) 5 (D)a+r (Dot £ (@)t 1
1
= W}M (let (a,b,c, f) — (c,d, e, a), then apply (4.2)).
9)o

For ®7,(q), it suffices to prove

w +ab+ac+ad+ae+af+ag+betcd+de+ef+ f g+b+c+d+e+ f+g

Sro= Y (-1t

abcrde f.g>0 (0)a(@)6(0)c(@)a(D)e(D) (D) (D a+(D)ate(Datd(@ate(Dat f(@atg
1
= h;.
(%
(4.3)
Thus,
1 i+k+mqW+2j(J’+1)+W+l(Z+1)+%
= e @@ @)
i,k lm,b,c,d>0 i(2)i(@)r(2)i1(q@)m
goetedtdetef +fgtbtetdtetftg
X
(@D6(D)e(@)a(@)e(@) £(q)g
q4ij+3ik:+2il+im+3jk+2jl+jm+2kl+km+lm+ci+d(i+j)+e(i+j+k)+f(i+j+k+l)+g(i+j+k+l+m)
X

(Do+i(@)etits (D dtijrk (Deritijrh+1(@) fitjthtiem
(apply Lemma 2.1 to the a-sum with n = 7)

5i(i+1) +2j(j+1)+3k(’;+1) +l(l+1)+m("2l+1)

_L _\itktmd 2
=L 2 Y @@ @

o0 i:jykzl)mzo
4ij+3ik+2il+im+35k-+2;1+jm+2kl+km+Im

(0)i1(@)m

(evaluate the g-sum, f-sum, e-sum, d-sum, c-sum and b-sum with (2.1))

q

X

D 49 (4 1)+ 2D (14 1) O 4 35k 4214 jmA-2ki+kmm

_L _ 1\i+k+m 4
=L 2= 1 D@ @

o0 i7j7k7l?m20

(shift j — j —4)
25 (j+1)+ EEED (1) 4 D 4 35k 4 2514 jmeA-2ki4+-km+lm

_ - _ \k+m 4
=L 2 Y @@ @D

4 kl;m>0
(evaluate the i-sum with (2.4))
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25 (j+1)+EEED {114 1)+ 2D 45k 9j14 jmtIm

:(q;? Z (_1)k‘+mq

 4k,l,m>0

shift ] =1 —k
@@ ( )
mW(ﬂl)ﬂ(lﬂﬂ%+2jl+jm+1m(q1+j)l

1
=L 2 Y @@

> ]7l)m20
(evaluate the k-sum with (2.4), then use (2.6))
1 G GHDHH)+241

= evaluate the m-sum with (2.2) and simplfy
W% 2 @ 22 )

e 6. 7 7.7
_ (@0)=(e (’q‘1)7)°°(q )y (1.2) with k= 3, 0y = 1, ny = j)
oo

hy (by (2.5) with ¢ — ¢7/2, z = —¢°/?).

_ 1
(9%

For ®7,(q), it suffices to prove

3a+2a+b2+bg+actadt-aetaf+agtcdtdetef+ fgtctdtetf4g

Sty 1= Z 9

abicodoe. f.g>0 (@)a(@)p(@) () a(@)e(@) £(0) g (Dot9(Da+e(@a+a(Date(Datf(Datg
1
O

(4.4)
he.

Thus,

2i(i41)+ 2 | g (k1) 4 LD

1 1q
Sty = o (—1)it!
(0% ”klcdze 150 (@)i(a);(D)r(a)
3ig+2ik+il+25k-+jl-+kl+dite(i+)+ f (i+i+k)+g(i+j+k+)+edt+det fg+ctdtetftg

xq

(Deti(@ariti(Detitjrk (D) fitithti
(apply Lemma 2.1 to the a-sum with n = 6)

2i(i+1)+ 2O |k (k4 1)+ LD 3454 2ikil 425k + 514kl

_ 1 i+ 4
=L 2 Y @@, @)

©° 4,5,k,1>0

(evaluate the g-sum, f-sum, e-sum, d-sum and c-sum with (2.1))
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1 2 (e )+ Y s o
_ - (_1)J+lq 2 : w2 (shift i — 7 — j)
(@ ; 5750 (@)i~i(0);(@)r(a):
3i(i+1) LI+1) | osp 1 s
1 Z (_1)i+lq72 (k1) + M 4 2ik4il i
(@)% , 17, (@)k(a)
(evaluate the j-sum with (2.4), then use (2.6))
3i(i+1) 1(1=1) | 0.7 -
1 . qT‘f’k‘(k‘%’l)‘FT‘i’Qlk‘*llfk‘l
= (—1)H (shift k — k — 1)
(@)% Zkzlzo (@)r—1(a)

31(2+1)+k:(k:+1)+ k)(

_ z+k( @kt
(9% 2 (- (@)i(@)x

((] 1,k>0
(evaluate the [-sum with (2.4), then use (2.6) and simplify)

1 z H—l)—Q—LkJrl)
-3 Dk (it ks k- )
(@ 50 (@)i(@)r—i
(q) Z 3n? +2n 2n+1) (apply (2'17))
© n>0
1 .
= Whg (let n — —n — 1 in the second sum).

For ®7,(q), it suffices to prove

q2f2+f+292 +g+ab+ag+betbg+cd+cf+cg+detdf +ef+a+b+c+d+e

S7, = Z

aveiegso (Dal@p(@)e(0)a(@)e(@) 1 (@)g(Darg(@p+g(Det 1 (@erg (D) ar s (@)ers
I/
~ L
Thus,

gt JUED 4 g2 4 oy WD g4 ki dite(int5)+bk-+e(k-H)+abbeted+detatbtctdte

1
Sl 2

% avederinizo  (Dal@p(@e(@)a(@)e(@)i(@);(Dr(0)1(@Datr(Dorrti(Deti(@aivg
(apply Lemma 2.1 to the f-sum and g-sum with n = 4)
1 qi2+i+@+k2+k+@+z’j+kz

~ 0% W%ZO (0)i(a);(@)x(a)

(evaluate the e-sum, d-sum, c-sum, b-sum and a-sum with (2.1))
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1 T R e O ik
(7 (shift i — i —j and k — k — 1
@, Ay @i (@ (@rila) )
1

8\1

. i(i (
(@)% > (—1)tg 72+55% (evaluate the j-sum and l-sum with (2.4), then use (2.6))
q

k>0

.
1 2 .
W@ (as in the proof of (4.2)).

For ®7.(q), it suffices to prove

32 e 3f2  F.3¢% 19
q7+§+7+§ =2-+g+abtad+aetaf+bf+cd+cg+detdgtatbtctd

o _1\et+f+g
SR S e e 7 7 8 7 Y RO OO 7 e P o

Thus,

% +5 +—+ 7+g—+ 2 +-ab+ad+aetbf+cdtcg+atbtetd

)a(@)6(@)e()a(@)e(@) £ (D) g(D)are(Datr(@)ary

(apply Lemma 2.1 to e-sum, f-sum and g-sum with n = 3)
6(e+1)+f(f2+1)+9(92+1)

R

S7, = % Z (—1)cH/te Lz

(D50 o eiefioz0

(@ , 20 (@)e(2)(q)g
(evaluate the c¢-sum, b-sum, a-sum and d-sum using (2.1))
1

= (evaluate the e-sum, f-sum and g-sum using (2.2)).

For ®g,(q), it suffices to prove

q3a2 +2a+ % +ad+ae+af+ag+bet+bd+cd+detef+ fg+c+d+e+f+g

Sgyi= > (1P

wveneroso  (Dal@(@)e(@)a(@)e(@)1(@)g(D)p+e(D)p+a(@)ata(@)ate(@ats(@)a+g

Thus,
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1 . q3a2+2a+w+ad+ae+af+ag+bc+cd+de+ef+fg+c+d+e+f+g

Spo=— ), (=

(q)oo abcde f,g>0 1) (Q)a(Q)b(Q)c(Q)d(Q)e(Q)f(Q)g(Q)b+d(Q)a+d(Q)a+e(Q)a+f(Q)a+g

(apply Lemma 2.5 to the b-sum with n = 3)

1 . q3a2+2a+@+ad+ae+af+ag+de+ef+fg+d+e+f+g

R F R O K O K T A P A e e
(evaluate the c-sum with (2.1))

1 q3a2+2a+ad+ae+af+ag+de+ef+fg+d+e+f+g
(@ a7d7§gzo (0)a(0)e(@)a(@)e(@) £(@)g(@)a+a(@a+e(@)at 1 (@arg

(evaluate the b-sum with (2.2))

1
- WhG (let (a,d,e, f,g) — (a,c,d,e, f), then apply (4.4)).

For ®g,(q), it suffices to prove

@ +aetbetab+atb+c?+bet-d2+bd+ f24+af+g2+ag+h?+ah

Ssoi= > (-1 q

ab,c,de,f,g,h>0 (q)a(q)b(Q)C(Q)d(Q)e(Q)f<Q)g(CI)h(Q)a—i-e(Q)a+f(q)a+g(q)a+h(q)b+c(q)b+d(q)b+e
1
o1
Thus,
1 . o5 raetbetabtath
= 0%, 2 T @ @
(evaluate the c-sum, d-sum, f-sum, g-sum and h-sum with (2.3))
1 . q@+be+ab+a+b ‘
= m mg;o(—l) CRCRORC (apply Lemma 2.1 to the e-sum with n = 3)
1 05T :
= O ;(1) @ (evaluate the b-sum and a-sum with (2.1))

1
= Ok (evaluate the e-sum with (2.2)).
q)oo

For ®7(2)(q) with p > 0, it suffices to prove
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2p—1
W.,_a Z b+ Z brbnt1+ Z b,

aq n=1
ST(2p) = Z (=1) 2p

a,b1,...,b2p >0 (Q)a El(Q)bn (Q)a—i-bn (4'5)
1

= ————hopi1.
2p+1'2p+1
(9)s8*

Thus,
2p—1 k k 2p k—1
otk 3 (L) (4 )+z EbmﬁZ by
1 S il Em N B s A
— _ k=1 j=1
ST(ZP) - (@)oo Z (=1) ! 2p—1 2p—1 2p
iy A 20 M@ 1@ . I
k=1 k=1 bt i k=1
J

(apply Lemma 2.1 to the a-sum with n = 2p + 1)

M
i
-
o
=

I E ko
; kzzjl ng g q2 kzi:l (jzizl Zj) (1+]§1 Zj)
= ((])ZW Z (—1) 2p_1

00 iy, ing-120 11 (0):,
k=1
(evaluate the byp-sum, bgy,_q-sum, ... and bi-sum with (2.1))
;& D p—1 p—1, k k
P 5 2 dak—1(lak—1+1)+ D0 dap—1 Do G5+ D (Z ij) ( > i2j+1)
1 > dok—1 g k=1 k=1 i=1 K=1=1 7 N=
- Z (—1)r=1
(@)%, —~ 2 Pt
i5eesizp-120 H (Q)i%ﬂ knl(q)lék—izk—l

(shift dop — dop—1 for k=1,2,...,p—1)

1 p—1

iop—1(igp_1+1 k k
i2p 1(131, 1 )+22p ) ZZ2J+Z(Z )(Z’sz-‘rl)
=1 j=1 j=1

1 ,
T @ > (—1y2e-1d

O dgyig,...i2p—2,52p—120

(Q) k
Z i2j

I;I () ins

Z i2;

(q)iprl

(evaluate the i1-sum, i3-sum, ... and ig,_3-sum with (2.4), then simplify)
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-1, k k
(]; i) (3 i2+1)

) ) 1 P

igp—1(izp—1+1) . R .

S L N VS _Zl 12j+k
J= J=

1 .
T ) (—1)'q -

(@) 12,84, i2p—2,92p—1>0

(q)pfl )
12k

X k;i - (simplify the product)
(q)i2p71 kHl(Q)ZQk

p—1 k k
>0 (2 i) iz +1)
gF=1i=1 " =1

1
- 2 Z o1 (evaluate the ia,_1-sum with (2.2))
(4)s0 12,14,...,i2p—22>0 IT (9)2

1
2p+1'2p+1
(9)35"

2p+1 2p—1

(let nj =igj and k=pin (1.2) and ¢ = ¢ 2 ,z=¢ 2 in (2.5)).

Before turning to the ®, (q), p > 0 case, we note that for any given set of indices {71, 2, . . .

if we let 19 — 49 — 41, 93 — 43 — 19, ..., tp —> tn — in—1, then

7in}a

n k—1 k—1 1 n 1
< ¢j><1+ ij)_Q i+ 1) = i S i = S inlin+ 1)+ inlin + 1), (46)

For @, (q) with p > 0, it suffices to prove

2p—1 2p—2 2p—1
pa’+(p—1)ata > cp+b3+bei+ Y. cncntit Y. cn

n=1 n=1 n=1

Sftp = Z (_1)aq 2p—1
@bC1ysC2p—120 (Da(Do(@Dbrer [T (@en(Daten

n=1

1

= W}LQ};

Thus,
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2p—1 2p—2 2p—1
1 pa®+(p—1)ata 3 cp+ 3 ckcryit X ck
q k=1 k=1 k=1
S
avclv---yc2p7120 (q)a H (Q)ck(Q)aJrck
k=1

(evaluate the b-sum with (2.3))
) ko ko o\ 2p=1k=1  2p=2 2p—1
2p=2 k5 > (Z Zj) (1+Z lj)+ > Z Crij+ D CkChyit+ D Ck
_ 1 Z ( 1) kgl 32:31 ijq k=1 9=l j=1 k=2 j=1 k=1 k=1
(@)5% Lyeensiop—2,C1seensCop 130 =5 =5 =
T @ . 1T

k=1 k=1 cpt 2o i k=1
=
(apply Lemma 2.1 to the a-sum with n = 2p)
2-2 , k k
w33 () (2 i)
1 kz 21 ij g k=1 =1 J=1
—1 =
(q)2p+1 Z (=1) ! 2p—2
O ig,ei2p220 knl (q)lk
(evaluate the cgp—1-sum, cgp_o-sum, ... and ¢;-sum with (2.1))
p—1 k k 1 p—1 p—1 k
=1 2 (Z iZj—l) (14-2 i2171)+5 > dak(lap—1)= 37 ok 2 dak-1
1 > ok qh=t =t J=1 k=1 k=1  j=1
()2 Z (=1)e= p—1
i5eesizp—220 knl(Q)igkflfi% (q)izk
(Shift Tog—1 — Gop_1 — 9 for k = 1,2, ....,p— 1)
p—1 p—1 k—1 k—1 1 p—1 p—1 k—1
1 > dok-1 2 (Z Z'21‘—1) (1+ > 7;2j—1)*§ >~ dgk—1(l2p—1+1)— 37 d2p—1 27 izj-1
_ .- Z (_1)k:1 gi=1 =1 =1 k=1 k=1 =1
14
(@) 4, 5. o520
p—1
[1(q) & '
k=1 le2j—1
i=
X -
[T (@ige 1 (@)rs ]
k=1 '21 Q251
5=
(evaluate the ig-sum, ig-sum, ... and ig,_p-sum with (2.4), then use (2.6))
p—1 p—1 k—1 k—1 p—1 p—1 k—1
1 > dok-1 2 (Z izj—l) (1+ > i2j71)_% > dok—1(lop—1+1)— 20 dok—1 Y d2j-1
— _— Z (_1)k:1 gh=1 =t =1 k=1 k=1 =1
p
(@)™ 4, 45 T 10
(Q)pflA
> d2k—1
X ;HL (simplify the product)
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p—1

k¥1 i2k—1(1+i2k_1)+%i2p_1(izp_ﬁ-l)
= %—&-1 Z (_1)i2p71q _ T q)i2p—1
14 p—
(9) 11,03...,42p—1>0 (@i kl:[Q(q>i2k71_i2k73
(let 13 —> 13 — 11, 5 —> 15 — 13, ..., igp_l — izp_l — igp_g, then apply (46))
1 2,
= (VW qun +(p 1)n(1 B q2n+1) (apply (2.18))
o0 n>0
- (q)%? 2p ( etn——n-— n the secon Sum).

For ®_3, (g), it suffices to prove

a+b2+c2+ab+ac 1

Somi= D (q) p T (0%

a,b,c>0 a<q)b(q)c(q)a+b(Q)a+c B (q)oo

Thus,

For ®_7_(q), it suffices to prove

42 €GBt  JOIAD 4 24 abtadt-aetbetbetbf+cf+egratbie

Sri= 3 (U

oo @ @s0d@a @D @ @ara@are@ore(@ors @ ers @erg

Thus,
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e(3e+1)

_ b _qyetf_4
St vy DI s ek 7 e 7 R Y O e e

+ LB 4 abtaetbetbetbf+ef+atbic

(evaluate the e-sum and g-sum with (2.3))

letl) | FUAD | ahtbetbetcf+atbte

—L X Ut

% q b0 (0)a(@)p(D)e(@)e() £ (@)ate(Dbt s
(apply Lemma 2.1 to the e-sum and f-sum with n = 3)
1 ; qie(e;”) + LD 4 bt betatd
= — (—1)ct (evaluate the c-sum with (2.1))
(@)% a,,,;zo (0)a(2)6(0)e(@) £ (@)a+e
1 6(6;-1) f(f2+1)
q .
= (-1)H/Z—— "~ (evaluate the b-sum and a-sum with (2.1))
(@)% E%O (@)e(a)s
1
= Tk (evaluate the e-sum and f-sum with (2.2)).
)50

For ®_g,(q), it suffices to prove

qurZhQ +ab+ah+bet+bh+cd+cg+ch+detdg+ef+eg+fg+atbtctdtet f+h

Sgi= ». (-1

abcdod g h0 (0)a(D)s(@)(2)a(2)e(D) £ (1) g (D (D atn(D+n(Detg(Detn(@)arg(@)etg(@) f+g
1
RO
Thus,
S_s,
1 Z (1% q@+i(i+1)+j“%”+ij+ab+a(i+j)+bc+bi+cd+cg+de+dg+e freg+fgtatbtrotdtets
(@oo e aiFyiizo (@)a(2)6(9)e(9)a(9)e(9) (0)9(D)i (D) (Dtitj (Derg(@)eti(Darg(@)erg (D) f+9

(apply Lemma 2.1 to the h-sum with n = 4)

= W Z (—1)9+ q

5 ede faiiz0 (@)e(D)a(De(@) (D) g(@)i(@);(D)etg(@)arg(@)etg (@) £4g

(evaluate the a-sum and b-sum with (2.1))

90948) (1) 29 Lij 1 cdtcgtdetdgtef+egt fotatbtcetdtetf
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9G9I L(i41)+ 1Y _ijitcdtcg+detdgtef+eg+fgtratbictdtetf

= (q;g’ Z (_1)g+jq

% edie a0 (@)e(@)a(@)e(@)1(0)g(@)i-5(0)j(D)e+9(@)a+g(D)etg(a) 549
(shift i — i — j)
9(59+3)

~ (@3 Yoo (et

5 e faiz0 (@)e(0)a(De(@) (D) g (D)t g(D)drg(De+9(a) £+
(evaluate the j-sum with (2.4), then apply (2.6))

_ (q;zl Z (_1)r+t+i q

% e defimsi>0 (@)e(@)a(@)e(@) £ (@)r(@)s (D e(Dete(Datris(@etrrste

+ 71'(1';1) +cd+cg+det+dg+ef+eg+fg+atbtctd+etf

M-FS(S-H)-F @+2rs+rt+st

i(i
X q
(apply Lemma 2.1 to the g-sum with n = 5)

T 4 cdtdetdrtef+e(r+s)+f(r+s+t)+atbtctdtetf

S0l 4 s(s41)+ 2D 4 op sty LOFL)

_ qyr+t+id R
=n 2 OV @ @)

0 4,r,5,t>0

(evaluate the f-sum, e-sum, d-sum and c-sum with (2.1))

r(r+1) +S(S+l)+t<t;1> +8t+i(i;1)

_ 1 Z (_1)r+t+iq 2

(Q)go irs >0 <Q)T(Q)S—T(Q)t

(shift s = s —7r)

1 .qs(s""l)'i‘@—i-st-&-@
= W Z (1) D (evaluate the r-sum with (2.4))
Voo 5i>0 q)t

B 1 Y i(i;rl) q°
~p 2V (

>0 s>0

(s+1)

q)s

(evaluate the t-sum with (2.2), then simplify)
1

(@)%
(by (1.1), ¢ = ¢°/%, z = —¢*/% in (2.5) and the proof of (4.2)).

hahs
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