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Abstract

For a positive integer k, we introduce Somos-k sequences and prove their integrality in some
cases. The proof uses the theory of cluster algebras as introduced by Fomin and Zelevinsky
in 2002. We especially focus on basic notions and results concerning seeds and exchange

patterns.
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1 Introduction

In 1981, while studying some properties of elliptic functions, Michael Somos found special
types of sequences which are now called Somos-k sequences. About forty years later, Fomin
and Zelevinsky proved that these sequences are integer valued for certain values of k£ by
using a newly developed idea called cluster algebras. The aim of this thesis is to give an
introduction to the theory of cluster algebras and discuss their proof. In Chapter 2, we
introduce Somos-k sequences and prove their integrality using an elementary argument in
the cases k = 4 and k = 5. In Chapter 3, we give examples of cluster algebras and precise
definitions via quivers, matrices and their mutations. In Chapter 4, we provide the proof of

Fomin and Zelevinsky.



2 Somos Sequences

2.1 Somos Recurrences

In this thesis we want to discuss Somos sequences and cluster algebras. Before giving a

formal introduction to these topics, we first recall the following.

Definition 1. Given indeterminates X, ..., Xi, a Laurent polynomial over a field K is

a polynomial in X1, ..., X, Xl_l,...,Xk_1 over K.

Also, we can view a Laurent polynomial as a polynomial divided by a monomial in the
variables X7, ..., Xk.
Now let us consider a map F : (z,y) — (y, %1) Repeated applications of F' to an ini-
tial value (a,b) yield

b+1 b+1 a+b+1 a+b+1 a+1 a+1

(a,) = (b, ) o (=, B o (P ) o (B0 o (a,) o
(1)

Note that the pentagonal relation F° = id holds. In this recurrence, we obtain finitely

many elements, and this relates to cluster algebras of finite type, which we will discuss later.
More surprisingly, at each step we obtain Laurent polynomials in the initial values ¢ and b,

and this also can be explained by the theory of cluster algebras.

Now let us consider a more general recurrence. Let k,n > 1 be integers. Let f; = a,

fo = b, where a and b are indeterminates, and define

nt1l .
ff * if n is odd
n—1
fn+1 - fk +1
}L if n is even.
n—1

When k = 1, we get a sequence (f;);eny whose terms are exactly the same as in :

b+1 a+b+1 a+1
a/)b7 )

2
a ab ) b 70” b7 ( )




For k = 2, we obtain the sequence

+1 a+b>+1 a®>+2a+1+0 a+1

b
RGP ab ’ ab? b

,a,b, ... (3)

We can obtain the terms above in and in another way. Define a new map Fy, : (z,y) —
(y, %) Then Fy, Fy corresponds to odd n and even n, respectively. In particular, we get
f3 by applying Fy to (f1, f2), get fa by applying Fy to (fa, f3), and keep iterating. Finally,
we find that (FyF2)? = id, so this recurrence is called the hexagon recurrence, relating

to another finite type cluster algebra.

For k = 3, we obtain the sequence

Wb B+1 a+b>+1 a®+3a®>+3a+1+0b+20% +3ab® a®>+2a+1+0°

T q ab ’ a2b3 ’ ab? ’ (4)

a®+3a2+3a+1+b a+1
ab3 b

Similarly, we can get this sequence by alternately applying F3 to (f1, f2), F1 to (f2, f3), F3

,a,b, ...

to (f3, f1), and keeping iterating. Finally, we obtain that (I} F3)* = id.

We get two sequences of period 6 and 8 for £ = 2 and 3, respectively, each having finitely
many terms. Moreover, every term in these sequences is again a Laurent polynomial in the
initial values a and b. Next, we want to discuss some other recurrences also having the

property that all terms of the sequences are Laurent polynomials in the initial terms.

2.2 Somos Sequences
Consider the following sequence: set a; = 1 for 0 <1 < 5 and
Anln—6 = Ap_10n_5 + An_2Gn_4 + a2 _g (5)

for n > 5. From , it is clear that each term in the sequence is a rational number. Now,
let us compute the first 15 terms of the sequence:
1,1,1,1,1,1,3,5,9, 23, 75, 421, 1103, 5047, 41783.

A natural question is whether all terms in this sequence are integers. The sequence ([5))



is one example of a more general sequence which we now define. It is called the Somos-6

sequence. Next, we introduce the general Somos-k sequences.

Definition 2. Let & > 2 be an integer. The Somos-k sequence is a sequence (a;);eN

defined by ag = a; = ... = ax—1 = 1 and the recursion
1 5]
Gitk = — Z Qjg e Qigr (6)
v =1

where | | is the floor function.

Equivalently, the Somos-k sequence is defined as

2 . .
it1Qitk—1 T Qit2Qitk—2 T - + 07, & if k is even
2
Ajt kG =
Ait10i4k—1 + Ajg2Qipk—2 + ... + aw%aw% if k is odd
for ¢ > 0 with ag = a1 = ... = ax_1 = 1. For example, the recurrence is defined by

_ 2 _ _ _ _ 2
Aiy2a; = aj 4 for k = 2, a;43a; = a;42a,41 for k = 3, and a;44a; = ajyia:43 + a;,, for
+ +

k = 4. In Table|[l] we compute some initial values of Somos-k sequences for 2 < k < 9.

k=2|1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1,1, 1,1, 1,1, 1, 1, 1, ...

k=3|1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1, 1, 1, ...

J1,1,1,2, 3,7, 23, 59, 314, 1529, 8209, 83313, 620297, 7869898, ...

k=5|1,1,1,1,1,2, 3,5, 11, 37, 83, 274, 1217, 6161, 22833, 165713, ...

k=6|1,1,1,1,1,1,3,5,9,23, 75, 421, 1103, 5047, 41783, 281527....

k=71]1,1,1,1,1,1,1,3,5,9, 17, 41, 137, 769, 1925, 7203, 34081, ...

k=8 |1,1,1,1,1,1,1,1,4, 7,13, 25, 61, 187, 775, 5827, 14815, 420514

k=91{1,1,1,1,1,1,1,1,1,4, 7,13, 25, 49, 115, 355, 1483, 11137, 27937, 23098

Table 1: Values of Somos-k sequences for 2 < k£ <9



From Table[1] it appears that all terms in the Somos-k sequences are integers for 2 < k < 7
while for £ = 8 and k& = 9 this is not the case. One of our main goals in this thesis is to

prove the former statement.

2.3 An Elementary Proof of the Integrality of the Somos-4 and

Somos-5 Sequences

We follow the exposition as in . It is clear that the Somos-2 and Somos-3 sequences only
contain 1’s. The first non-trivial case is k = 4. Before the proof of integrality of the Somos-4

sequence, we make an observation.

Lemma 1. Any four consecutive terms in the Somos-4 sequence are pairwise coprime.

Proof. Assume a < b < ¢ < d < e are five consecutive elements in the Somos-4 sequence
and a, b, ¢, d are pairwise coprime. The first four terms of the sequence are pairwise coprime
because they are all 1’s. Assume that a, b, ¢, d are not the first four terms. We want to show
that b, c,d, e are pairwise coprime. We have ae = bd + ¢? by @ Assume there exists a
prime number p which divides both b and e. Then p also divides ¢ and so ged(b,¢) =p > 1,
a contradiction. Thus, no such p exists and so ged(b,e)=1. Similarly, if p divides both ¢
and e, then it also divides b or d, and if p divides both d and e, then it also divides ¢, giving

ged(e, e)=ged(d, e)=1. The result now follows by induction. O

Now, we can prove the following proposition.

Proposition 1. All terms of the Somos-4 sequence are integers.

Proof. Assume a < b <c<d<e< f < g<h < iare nine consecutive elements in the
Somos-4 sequence and a, b, c,d, e, f, g, h are integers. It is obvious that the first eight terms
of the sequence are integers because ag=a1=as=a3=1 and ay4, a5, ag, a;y have denominators
1. Assume that a,b, c,d, e, f, g, h are not the first eight terms. We want to show that ¢ is an

integer. By @, we have

ae=bd+ 2, bf =ce+d% cg=df +€>, dh=eg+ f%, ei= fh+g> (7)



We now claim that e divides fh + g2. Note that b,c,d € (Z/eZ)* are invertible by Lemma
1. From , we get the following:
fz%mode,gz?z

b
Finally, fh+ g% = ‘Z—z + % = %(bd—i— c?) = lf;ge mod e. Thus, e divides fh + ¢2 and so

i is an integer. The result now follows by induction. O

Now, let us look at the Somos-5 sequence. There is also an easy way to prove that the
sequence is integer valued without using any cluster algebra knowledge, but as before, we

need to make some observations first.

Lemma 2 (Euclid). Let p be a prime number and x,y € Z. If xy is divisible by p, then p

divides x or y.

Indeed, we can generalize Lemma 2 from prime numbers to any integer, i.e. if n,xz,y € Z,
n|zy, and ged(n,x)=1, then nly. We now recall (without proofs) the following elementary

results.
Lemma 3. Let a,z,y € N. We have ged(a,x)=gcd(a,y)=1 if and only if gcd(a,zy)=1.

Lemma 4. Let a,b,z,y € N. We have gcd(a,x)=gcd(a,y)=gcd(b,x)=gcd(b,y)=1 if and
only if ged(ab, zy)=1.

Lemma 5. Let x,y € N. We have ged(x,y)=1 if and only if ged(x +y,y)=1.
For the Somos-5 sequence (a,)nen, define

Sy 1= afl + An_2Gn12 (8)
for n > 2.

Lemma 6. Forn >4, a,_35, = Gn+15n—2-

. _ 2 _ 2 _

Proof. Using , we have ay,418n—2 = Gny1(a5_o + Qn-alpn) = G105 _9 + Api1Gn—aGn =
2 2 2

U105 _o + (Ann—3 + Gn_1Gn_2)an = an_3a;, + an_2(Anr1Gn_2 + Anan_1) = an_sa; +

_ 2 _
Up—20n—30n42 = Gn_3(a; + Gn—20n42) = Ap_35y. O



Corollary 1. Forn > 2, we have

2a4p+10n—1 if n is even
Sp =

3ant1an—1 if n is odd.
Proof. We use induction on n. Let n > 2 be even. By definition, sy = a3 + apay =
1241 x 1 =2, and 2asa; = 2 = s9, so the statement is true for the initial case. Now, let
n > 2 be even and S, = 2am,m+1am—1 for all even m < n. By Lemma 6 and the induction
hypothesis, a,_35, = an+15n—2 = 2a5+10n—10Ap—3, SO Sp = 2ap410,—1. Similarly, let n > 3
be odd. By definition, s3 = ag +ajas = 124+ 1x 2 = 3, and 3asa, = 3 = s3, so the
statement is true for the initial case. Now, let n > 3 be odd and s; = 2a441a4—1 for all odd
q < n. By Lemma 6 and the induction hypothesis, a,—35, = @n+15n—2 = 3an410n-1Gn_3,

SO 8y = 3Ap410n—1- O]

Finally, we can prove that the Somos-5 sequence contains only integers. Moreover, each

term is actually coprime to the previous two terms.

Proposition 2. All terms of the Somos-5 sequence are integers. Furthermore, gcd(ay,, an—1)

=gcd(an, an_2)=1 forn > 2.

Proof. Again, we use induction on n. We first show that all terms are integers. Since ag =
a1 =as = a3 = a4 = 1, a5 = 2, and ag = 3, the statement is true for the initial case. Now as-
sume n € N, n > 7, and the statements are true for a,, where m < n. By definition, s,,_5 =
a?_,+a,_4a,. By Corollary 1, s,, o = ka,_1a,_3 where k € {2,3}. Thus, a2 _,+a,_4a, =
kan_1a,_3. Since k, an_1, an—o and a,_3 € Z, we get a,_qa, € Z. By definition of the
Somos-5 sequence, G,0n,_5 = Up_10p_4 + Ap_20,_3. SINCE Ap_1,0n_2,0n_3 and a,_4 € 7,
we get a,_5a, € Z. By assumption, ged(an,—4,a,—5)=1, so there exists p,q € Z such that
Pan—4 + qa,_5 = 1. Multiplying both sides by a,, we get pa,a,_4 + qana,_5 = a,. Since
Dy, Op—40y, and a,_sa, € Z, we get a,, € Z. Now let us prove the second part. By assump-
tion, ged(an—1,an—2)=ged(an—1, an—3)=ged(an—_4,an—2)=ged(an—4,a,—3)=1. By Lemma
4, ged(an—1an—4,an—2a,—3)=1. By Lemma 5 and the definition of the Somos-5 sequence,

ged(an—1an—4 + Gp—2an_3, 0p—20n_3)=gcd(anan_5, an—2a,—3)=1. Using Lemma 4 again,



ged(ap, ap—o)=1. Similarly, by Lemma 5 and the definition of the Somos-5 sequence,
ged(an—1an—4 + Gpn—2an_3,0p_10n—4)=gcd(anan_5,an—1a,—4)=1. Using Lemma 4 again,

we obtain ged(ay,, a,—1)=1. O

As we can see, for k € {4,5}, we can write a,an,4k as a binomial, which makes the proofs
relatively easy. However, starting from k& = 6, the expression a,a,4; contains more terms
and the methods above will no longer work. In order to gain a different perspective on the

integrality of the Somos-k sequences, we need to make use of the theory of cluster algebras.

3 What are Cluster Algebras?

For this Chapter, we follow the discussion in , , @], , and @]

3.1 Examples of Cluster Algebras

Let us motivate the definition of a cluster algebra by first considering some examples.

3.1.1 SL,-Frieze Pattern

Definition 3. An SL,-frieze pattern (or simply a frieze pattern) of order n is an array
of n — 1 infinite rows of numbers such that (1) the top and bottom rows consist of only 1’s;
(2) for each four entries of diamond shape with a on the left, b on the top, d on the right,

and c at the bottom, we have ad — bc = 1.

Example 1. An example of a frieze pattern of order 6, consisting of 5 rows.

Definition 4. The entries of a frieze pattern form a cluster if they lie on a lattice path
connecting top row to bottom row steps down left or down right. These entries are called

cluster variables. The entries of a frieze pattern form an extended cluster if they form

10



a lattice path starting from the top row and ending in the bottom row steps down left or
down right. The first entry (coming from the top row) and the last entry (coming from the
bottom row) in an extended cluster are called frozen variables (here, frozen variables are

always 1’s).

Example 2. In Example 1, {2,1,1}, {2,5,3}, and {3,5,3} are three of the clusters with
cluster variables 1, 2, 3, 5. Correspondingly, {1,2,1,1,1}, {1,2,5,3,1}, {1,3,5,3,1} are

extended clusters with frozen variables 1’s.

Now, let us make an observation. Consider a frieze pattern of order 5 which contains 4
rows. Let a be an indeterminate entry in the second row, and b be another indeterminate

in the third row down right to a. Then, we can compute all other entries of the frieze pattern:

Surprisingly, comparing this frieze pattern and the map F™(a,b) in Section 2.1, both of

them are periodic and give the same entries.

Definition 5. A subtraction-free expression is a ratio of two polynomials with positive

coefficients.

ZL’3+y3

Example 3. 22 —xy is not subtraction-free but z? —xy+1%?2 is, because x2 —zy+y? = Ty

Lemma 7. All entries of a frieze pattern and of the Somos-4 sequence are subtraction-free

expressions in the “cluster variables” (a notion we will first define in Section 3.5).

1+bc

a

2
Tn41Tn43+T, 40
-+ : m

Proof. Here, we have d =

and T,44 =

3.1.2 Inscribed n-gon in a Circle

11



Definition 6. Let n > 3 be a natural number. A convex polygon with n vertices is called
an n-gon. A line connecting two non-consecutive vertices of an n-gon is called a diagonal.

Two diagonals are crossing if they intersect at a point inside the n-gon.

Definition 7. Let n > 4 be a natural number. A triangulation of a regular n-gon is a

collection of non-crossing diagonals that dissect the n-gon into triangles.

Example 4. Some triangulations of a 6-gon.

SZINVAS=ZI)

Definition 8. Fix n points on a circle which are labelled clockwise by 1,2, ..., n. Connect-
ing all consecutive points, we get an n-gon. Then we add diagonals to get a triangulation T’
of the n-gon. The distance between vertices ¢ and j is denoted by F;;. The sides of the n-
gon P; ;11’s (modulo n) are called frozen variables. The collection of such diagonals P;;’s
where [i —j| > 1 form a cluster. In this case, we denote the cluster x(7"):={P;;}; j)er- The
P;;’s are called cluster variables. The frozen variables and the cluster variables together

form an extended cluster denoted by x(7T).

Definition 9. Let T be a triangulation and d a diagonal of an n-gon. If we remove d, we
get a quadrilateral. Let d’ be the other diagonal of the quadrilateral. The flip of T at d is
the triangulation Fy(T) =T U {d'} \ {d}.

It is obvious that any two triangulations in an n-gon are connected by a sequence of flips.
We now recall a classical result from Euclidean geometry.
Theorem 1 (Ptolemy’s Theorem). For an inscribed cyclic quadrilateral ABCD, |AC| x

|BD| =|AD| x |BC| + |AB| x |CD|.

Ptolemy’s Theorem tells us that P,.- Pyg = Py Peqg+ Pag - Pye for a < b < ¢ < d. Moreover,
applying a sequence of flips, it is clear that any F;; can be expressed as a subtraction-free
expression in X(7).

Now, let us go back to frieze patterns. Indeed, if we label entries of a frieze pattern by

12



fij’s, then the f;;’s also satisfies Ptolemy’s Theorem, where we set f;;4+1 = 1 for all i.

Specifically, an inscribed n-gon which has P; ;11 = 1 for all i’s determines all other P;;’s

uniquely, and any frieze pattern has entries satisfying P; ;41 = 1 for all ¢’s and the Ptolemy

relation.

Example 5. Consider Example 1. We label the frieze pattern in the following way (note

that fi; = f;; for all 4, j’s) and it satisfies Ptolemy’s Theorem:

fiz fa3 I34 f15 56
fi3 f2a f35 J16

J1a f25 f36 Ja
J15 J26 f31

fi6 fa1 f32

fe1
[51 fe2
I52 fe3
faz 53 Joa
fas f5a fos

Theorem 2. The number of positive integer frieze patterns of order n equals the number

of triangulations of an n-gon.

Proof. We construct a bijection between frieze patterns and triangulations as follows: (1)

pick an n-gon and take a triangulation of it; (2) for each vertex, record the number of

triangles containing it clockwise; (3) put the numbers in the second row periodically of an

order n frieze pattern in the order we record; (4) recover all other entries of the frieze pattern

using the SLs-condition ad — bc = 1. For example, let n = 6 and pick any triangulation in

Example 4, the six vertices are contained in 4, 1, 2, 2, 2, 1 triangle(s), respectively. Then,

we put 4, 1, 2, 2, 2, 1 periodically in the second row of a frieze pattern containing 5 rows

and recover other entries. We get:

This construction gives the desired bijection.

1 1 1
1 4

1 3 3
2 2

1 1 1

3.1.3 The Grassmannian and Pliicker Coordiantes

13



Definition 10. Let 0 < k < n be two natural numbers. The Grassmannian Gr(k,n) is

the space of k-dimensional linear subspaces of C", i.e. Gr(k,n) ={V C C"| dim V = k}.

From linear algebra, if we choose a basis vy, vg, ... ,up € V C C", we can put them in a
U1

k x n matrix M=| : | of rank k. Choosing another basis, we get a different matrix M’,
Uk

where M and M’ are related by left multiplication by an element in G L (C).

For natural numbers k and n such that 0 < k < n, we set [n] := {1,2,...,n}, ([”]) =

k
{(JCn]:|J| =k}

Definition 11. For J € ([Z]), the Pliicker coordinates A ;(M) = P;(M) is the determi-
nant of the submatrix (maximal minor) of M with column set J. Pliicker coordinates are

defined up to multiplication by a common scalar.

We are especially interested in the case £ = 2. For any 2 X n matrix M and natural
numbers a < b < ¢ < d < n, the Pliicker coordinates satisfy the 3-term Pliicker relation
P, Pyg = Pup- Peg+ Pog - Poe. In general, for an arbitrary £ > 2 and a < b < ¢ < d < n such
that a,b,c,d ¢ S C [n] for some |S| = k — 2, we have Pguc - Pspa = Psab - Pscd + Psad * Psve,
where Sab = S U {a,b} and similarly for the other indices. Thus, Pliicker coordinates can

be written as positive Laurent polynomials.

1 0 a b
Example 6. Let £ = 2, n = 4. We write the matrix M in row echelon form:

01 ¢ d '
Compute all Pliicker coordinates: P = 1, P13 = ¢, Piy = d, Pos = —a, Poy = —b, P34 =

ad—be. Let us verify the 3-term Pliicker relation: Pi3-Poy = ¢-(=b) = 1-(ad—bc)+d-(—a) =
Pio - P3y + Py - Pos.

Definition 12. Consider Gr(2,n). For a given triangulation T of an n-gon, define x(7T') :=
{Aij}i5)er, the set of frozen variables by {A;41 |4 =1,2,..n}, and the extended cluster

3.1.4 The Flag Variety and Wiring Diagrams

14



Definition 13. The flag variety is defined as FI,(C) ={0=V, CV, C VW, C .. CV, =
C™ | dim Vj, =k for 0 < k < n}.

Definition 14. Given M € GL,(C), J C [n], and k = |J|, the flag minor A;(M) =
Pjy(M) is the minor of M with column set J and row set [k]. Pj is actually a Pliicker

coordinate of Vj, € Gr(k,n).

Q
S
o
IS
g
~

Example 7. Let n = 6. Take a matrix g of rank 4. Let J = {1,4,5}.

a d e

Then k = 3 and [k] = {1,2,3}. Thus, P;(M) is the determinant of the matrix | ¢ 5 k|-

m p q

Let 2<k <nand a <b<c<d<nbesuch that a,b,c ¢ S C [n] for some |S| =k — 2, the
flag minors satisfy the flag relation Psuc - Psy = Psap - Pse + Psq - Pspe. Thus, flag minors

can also be expressed as subtraction-free expressions.

Example 8. Let k=2 (thus S=0),n=3,a=1,0=2, c=3, and z,y,2z € R. Consider
1 =z gy
the matrix |0 1 z|. Compute the flag minors: P, = 1, P, =z, P3 = y, Pj» = 1,

0 0 O
Pi3s =z, Py3 = xz —y, Pia3 = 1. Let us verify the flag relation: Psu. - Psp = z - =

L-y+1-(xz—y) = Psap - Psc + Psa - Pspe-

Definition 15. A wiring diagram D of order n is a collection of n paths from one side
to the opposite side in a rectangle such that: (1) any two paths intersect at a point inside
the rectangle exactly once; (2) no three paths intersect at a single point inside the rectangle.
Such a path is called a wire and we label each wire by its right end point. We label regions

of the rectangle by the set of wires above it (so the regions are labeled by subsets of [n]).

Example 9. An example of a wiring diagram for n = 4. Here, for example, we use “12” to

denote {1,2}.

15



Definition 16. An interior region of a wiring diagram D is a region of D that is not
adjacent to the boundary of the rectangle and a boundary region is a region adjacent to

the boundary of the rectangle.

Example 10. In Example 9, {2}, {2,4}, and {1,2,4} are interior regions and the others

are boundary regions.

Definition 17. For a wiring diagram D, the cluster x(D) consist of flag minors P;’s over
all interior regions of D, i.e. x(T) = {Py | J is an interior region of D}. The set of frozen
variables is {Py | J is a boundary region}. The extended cluster x(D) = {P; | J is a

region of D}.
Definition 18. A braid move in a wiring diagram is a flip of a triangular region.

Braid moves describe the flag relation Ps,. - Psy = Psqp - Pse + Psq - Pspe-

Example 11. A braid move at wire b. Here, S = {wires above all regions} \ {a, b, c}.

Sa S
Sa Se braid move V ¢
b > Sab She b
Sab She

Comparing with flips of triangulations, we can obtain a wiring diagram from another one

of the same order by applying a sequence of braid moves.

16



3.1.5 Summary of Previous Examples

From Section 3.1, we can conclude that there are some common features in the examples
of cluster algebras: (1) clusters consists of cluster variables and extended cluster consists
of cluster variables together with frozen variables, (2) we have subtraction-free exchange
relations in any extended cluster, and (3) we can obtain one cluster from another by some

mutation rules (e.g., ad — be = 1, flips, braid moves).

3.2 Quivers and Adjacency Matrices

We can formally introduce cluster algebras. Recall that maps F' and Fj in Section 2.1.

Actually, these recurrences are important tools to construct cluster algebras via “quivers”.

Definition 19. A quiver is a tuple Q = (Qq, @1, s, t) where Qg and Q; are finite sets and s,
t: Q1 — Qp are maps. Elements in Qg and @ are called vertices and arrows, respectively.
For a € @1, the vertex s(a) € Qg is the starting point and the vertex t(a) € @7 is the

terminal point of a.

Here, we consider quivers without self-loops (arrows from a vertex to itself) or 2-cycles (two
arrows between two different vertices with opposite directions). Vertices are denoted by

natural numbers and arrows by lower case Greek letters.

Example 12. Consider the following quiver:

A\
—O

Definition 20. An isomorphism between Q = (Qo, @1, s,t) and Q' = (Qf, Q}, s, 1) is a

pair (f,g) of bijections f : Qo — Qf and g : Q1 — @} such that f o s(a) = ' o g(a) and
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fot(a) =t og(a) for all @ € Q1. @ and Q' are said to be isomorphic, denoted by Q = @,

if there is an isomorphism between them.

Example 13. The following quivers are isomorphic.

® @
o \® ®
D @

Definition 21. A vertex ¢ in a quiver @ = (Qo, @1, s,t) is called a source if there is no

a € @1 such that t(«) = ¢, and is called a sink if there is no 8 € @1 such that s(38) = i.

Example 14. In Example 13, 1 is the source and 3, 4 are sinks for the quiver on the left.

In Example 12, the quiver contains neither sources nor sinks.

Definition 22. Let Q = (Qo, @1, s,t) be a quiver and 1 < n € N. A path of length n in
Q is a sequence p of arrows (ag, g, ..., ) satisfying t(ag) = s(agy1) for all k € [n —1].
In this case, s(p) := s(ay) is called the starting point of p and t(p) := t(«a,,) is called the
terminal point of p. A path is closed if the starting point and the terminal point are the

same. A loop is a closed path of length 1.

Example 15. In Example 12, {a9, 33} is a path of length 2 and {9, 83,1} is a closed
path of length 3.

Definition 23. Let Q = (Qo, @1, s,t) and Q' = (Qj, @}, s, ') be quivers with Q) C Qo
and Q) C Q1. Q' is a subquiver of @ if s(a) = §'(a) € @, and t(a) = t'(a) € Qp for all

a € Q). Q' is called a full subquiver if o € Q1 and s(«), t(a) € Qf imply « € Q.

Example 16. Here are two subquivers of the quiver in Example 12. Moreover, the sub-
quiver on the right is full. We can deduce that a subquiver is full if and only if it contains

all arrows in @1 between any two vertices in QY.
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Definition 24. A quiver is called acyclic if it has no closed paths.

Example 17. In Example 16, the quiver on the right is acyclic and the quiver on the left

is not.

Definition 25. Let Q = (Qo, @1, s,t) be an acyclic quiver with n vertices. We can relabel
all the vertices by 1, 2, ... , n so that s(a) < t(a) for all @ € Q. Such a numbering of the

vertices is called a topological ordering.
Example 18. In Example 13, the vertices of the quiver on the left are in topological order.

Definition 26. Let Q = (Qo, @1, s,t) be a quiver with n vertices. The adjacency matrix
of @ is the n x n matrix A := A(Q) = (asj)i jeq, Where a;; is the number of arrows from
vertex ¢ to vertex j. The n x n matrix B := B(Q) = (b;;)ijeq, wWhere b;; = a;; — aj; is

called the signed adjacency matrix of Q).

Note that by definition, B is skew-symmetric and all diagonal entries are 0’s.

0 2 0
Example 19. In Example 16, the quiver on the left has adjacency matrix A= [0 0 1

1 00

and signed adjacency matrix B= |—-2 0 1

3.3 Quiver Mutation

Recall that in the various examples of Section 3.1, we can mutate clusters by some mutation

rules. In this section, we define quiver mutations.

19



Definition 27. Let Q = (Qo, @1, s,t) be a quiver and k € Q. A vertex i € Qg is called
a direct predecessor of k if there exists a € Q; such that s(o) = i and t(a) = k; a
vertex j € @ is called a direct successor of k if there exists § € @1 such that s(8) = k
and t(8) = j. In this case, « is called incoming and § is called outgoing. We denote
the set of outgoing arrows by S(k) and incoming arrows by T'(k). Let A(k) be the set of
all arrows connecting a direct predecessor of k£ with a direct successor of k or connecting a

direct successor of k with a direct predecessor of k. Let R(k) = Q1 \ S(k) UT(k) U A(k).

Definition 28. Let k be a vertex of a quiver @ = (Qo, @1, s,t). The quiver mutation py
at k gives a new quiver Q' = (Qf, Q%, ¢, t') = up(Q) via the following rules: (1) We keep
the vertices the same, i.e. Qo = Q; (2) for each length-2 path i — k — j, add an arrow
from 4 to j; (3) reverse all arrows incident to k; (4) remove all 2-cycles; (5) R(k) does not

change.

Definition 29. An ice quiver is a quiver whose vertices are partitioned into two disjoint
sets, called the set of frozen vertices and the set of mutable (non-frozen) vertices,

such that the starting and terminal point of any arrow in the quiver cannot both be frozen.

Remark 1. In a quiver mutation, arrows between frozen vertices usually do not matter
and are omitted.

Example 20. Let Q be the quiver on the left and Q" be the quiver on the right. Note that
Q' = u3(Q).

D=——=—=0

A

(]
] —
€

@—06

If we mutate Q" at vertex 3, we get @ again.

Proposition 3. The quiver mutation is involutory, i.e. Q = pp(pr(Q)) for any quiver

Q = (QOanasvt) and any k € QO'
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Proof. Let Q = (Qo,Q1,5s,t) be a quiver, i,j,k € Qp, and i # j. We denote ux(Q) = Q' =
(Qp, Q4,8 ,t') and i (uk(Q)) = Q" = (QF, QY. s",t"). We prove the claim by showing that
the number of arrows pointing from 4 to j is the same in @ and QY. If i = k or j = k, the
claim is true because we reverse all arrows incident to k twice by rule (3) in Definition 28.
Now, assume i # k and j # k. The set R(k) does not change under mutation by rule (5).
Plus, now we also assume ¢ is a direct predecessor and j is a direct successor of k in Q.
Case 1: there is no arrow from j to ¢ in Q). Then, uk(Q) yields a;zar; + a;; arrows from ¢
to j in Q" by rule (2), and Qikkj + Q35 > QipQrj = Gjk0k;, Where ajpar; is the number of
length-2 paths from i to j via k in @’ (thus is also the number of arrows that the second
mutation yields from j to ¢ by rule (2) in Q”). Then, by rule (4), there are a;; arrows from
1 to 7 in Q".

Case 2: there are aj; arrows from j to ¢ in @ and aj; > a;xar; > 0. Then, the first mutation
yields aj; — ajxar; = aj; — a;rar; arrows from j to ¢ in @’ and the second mutation yields
aji — QikQk; + aipak; = aj; arrows from j to ¢ in Q" by rule (2).

Case 3: there are aj; arrows from j to ¢ in @ and 0 < aj; < airar;. Then, the first mutation
yields ajxar; — aji = aikarg; — aj; arrows from ¢ to j in @’ and the second mutation yields

ajrak; — (aipar; — aj;) = aj; arrows from j to ¢ in Q" by rule (2) and (4). O

Let Q@ = (Qo, Q1,5,t) be a quiver and 7,5 € Qo. We denote y;(1;(Q)) by (i o 11)(Q).

Definition 30. Two quivers Q = (Qo, Q1, s,t) and Q’ are are mutation equivalent if there
exists a sequence (ki, ks, ..., ky) of vertices in Qo such that (g, o pg, o ... 0, )(Q) = Q'

In this case, we write Q ~ Q.

Example 21. For any quiver @ = (Qo, @1, s,t), we have Q ~ @ because Q = ui(ur(Q))

for any k € Qo by Proposition 3.

Definition 31. Let @) be a quiver. The mutation class of @ is the set of all isomorphism

classes that contain at least one quiver mutation equivalent to Q.

Example 22. (1) Let Q be the quiver in Example 12. We have Q = 11(Q) = us(Q) =

13(Q) = (1 0 p2)(@) = (p1 o po o pu3)(@Q) = ... Thus, there is only one element in the

mutation class of Q.
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(2) We call the quivers below A, B, C, D from left to right.

AN A

D=—=0) D+—0 ==

We see that B = pi(A), C = us(B), D = uy1(C), and A, B, C, D are pairwise non-
isomorphic. If we mutate A at a sequence of vertices such that any two consecutive elements
in the sequence are not the same, we get more and more arrows in the new quiver. Hence,

this example shows that mutation classes can be infinite.

Definition 32. A quiver is called mutation infinite if its mutation class is infinite, oth-

erwise it is mutation finite.
Example 23. In Example 22, () is mutation finite, and A, B, C, D are mutation infinite.

Definition 33. Let Q = (Qo, @1, s,t) be a quiver. An undirected graph with vertices set
Qo is called the underlying diagram, denoted by I' = T'(Q), of @ if whenever there exists
an arrow « € 1 such that s(a) =i € Qo and t(a) = j € Qp, there is an edge between i
and j. In this case, we say that @ is an orientation of I'. A graph is called a tree if it

does not have closed paths and is connected.

Example 24. (1) Consider the quiver A in Example 22. A, us(A), and pz(A) have the same
underlying diagram because we only reverse existing arrows and add no new arrows by the

mutation rule. Hence, mutations at sinks and sources do not change the underlying diagram.

(2) The quiver D in Example 22 has the following underlying diagram I'(D) which is not a
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Proposition 4. If Q and Q' are two different orientations of the same tree, then Q ~ Q'.

Proof. Let T be a tree. Let Q = (Qo, @1, s,t) and Q' = (Q) = Qo, QY, ', ') be two different
orientations of T'. We claim that there exists a sequence of vertices (k1, ko, ..., kp) in Qo such
that (pg, © ik, © ... 0 g, )(Q) = Q' and every mutation is a mutation at a sink or a source.
Then, by Definition 30, the proposition follows. We prove the claim by induction. Let n be
the number of vertices of Q. If n = 1, then ) consists of one vertex and no arrows, and
the vertex is both a sink and a source. If we mutate at the vertex, we get a new quiver
which also consists of a single vertex. Thus, the claim is true. Now assume n > 1 and the
claim is true for smaller n. From graph theory, Euler’s formula states that for any graph,
the number of vertices V', the number of edges F, and the number of faces F' of the graph
satisfy the equation V' — F 4+ F' = 2. Thus, T has n — 1 edges, so there must exist a vertex
i € Qo which is incident to exactly one edge. Let j € Q¢ be the only vertex adjacent to
i. By assumption, there exists a sequence of vertices, all different from 4, (k1, ko, ..., ky) in
Qo such that py, o g, o ... o up, maps A to B and every mutation is a mutation at a sink
or a source, where A = (Ag, A1, Sa,tq) is the full subquiver of @ with Ag = Qo \ {¢} and
B = (By, By, sp, tp) is the full subquiver of Q" with By = Qo \ {i} = Ap. To transform @
into @', we mutate using the same sequence of vertices, except we may apply p; before i

In this way, we can ensure that j is a sink or a source when mutating at j. O

Now, recall Definition 7. It is obvious that a triangulation T' of an n-gon has exactly n — 3
diagonals and cuts the n-gon into n — 2 triangles. Also, observe that any diagonal in a
triangulation is a side of two triangles. Indeed, T" also corresponds to a quiver Q(T) = Q =
(Qo, @1, s,t) in the following way: (1) the frozen vertices of @ correspond to boundary edges
and are usually omitted; (2) the mutable vertices of @ correspond to diagonals in T, i.e.
Qo =T; (3) whenever d; and ds are two diagonals in T" and are two sides of a triangle, we
put an arrow from d; to ds if d; is one-step precede dy when traversing the boundary of the

triangle counterclockwise.

Example 25. Here are two triangulations of an 8-gon and the associated quivers. In the
second quiver, when traversing the boundary of the triangle abc counterclockwise, b is one-

step precede a (a — b), but a is two-step precede b (b — ¢ — a).
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Proposition 5. Let T be a triangulation of an n-gon and d € T. Let Q := Q(T) be the
quiver associated to T and let Q' := Q(F4(T)) be the quiver corresponding to the flip Fy(T).

Then Q' = 114(Q).

Proof. Note that d can have at most two direct predecessors and two direct successors
because it only connects two triangles. Let p1,p2, s1, s2 be the possible direct predecessors
and direct successors, respectively. If we remove d, we get a quadrilateral P and the flip
does not affect mutation outside P by rule (5). Let d’ be the other diagonal of P. Inside
P, we have possible arrows p1 — d, d — s1, s1 — p1, p2 — d, d — S, and sy — ps in Q,
and possible arrows p; — s, o — d', d — p1, p2 — s1, s1 — d’, and d — ps in Q'. By
rule (3), we change the directions of arrows incident to d in @. Thus, after mutation, we
get d — p; and s; — d in Q. By rule (1), we introduce an arrow p; — s2 and an arrow
p2 — s1 after mutation in Q. By rule (1) and rule (4), s1 — p; and sy — po are cancelled

after mutation in Q. Thus, Q" = uq(Q). O

Py 2 d’

Definition 34. The Catalan number is C,, := %ﬂ (27:1) Alternatively, setting Cy = Cy =

n
land Cpqq = ZCkCn_k, we get a sequence (Cp,)nen and elements in this sequence are

k=0
called Catalan numbers.
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Example 26. CO = 17 Cl = 17 02 = 2, Cg = 5, C4 = 147 05 = 42, C@ =132.

Theorem 3. The number of triangulations of an n-gon is Cp_o for alln > 1.

Proof. By convention, the 2-gon and 3-gon each has exactly one triangulation (of zero
diagonals), so the claim is true for n = 2,3. We prove the claim by strong mathematical
induction on n. When n = 4, the claim is true because every quadrilateral has two diagonals
intersecting inside it. Now assume n > 4 and the claim is true for all smaller n. We label
vertices of the n-gon P by 1,2, ..., n in counterclockwise order. Let T be a triangulation of
P. There must exist a smallest number k& € {3,4,...,n} such that vertex 1 connects with
vertex k either by a diagonal (if k € {3,4,...,n — 1}) or by a side (if k = n). The segment
1k dissect P in an k-gon P’ with vertices 1,2, ...,k and an n + 2 — k-gon P” with vertices
k,k+1,...,n. In P’, there must be a triangle with one side 1k and the third vertex of
the triangle must be 2 by the construction of k. The segment 2k dissect P’ in a triangle
with vertices 1,2,k and an k — 1-gon P"’. Thus, each triangulation T of P introduces
a triangulation 7" of P” and a triangulation T’ of P"’. By assumption, the number

of triangulations of P is C,,_; and the number of triangulations of P’ is Cy_3. Since

n n—3

ke {3,4,..,n}, ch_ka_g 1= Z CC,__3 = C, _o is the number of triangulations
k=3 k=0

of an n-gon. O

3.4 Matrix Mutation

By Definition 26, quivers can be represented by matrices. In Section 3.3, we discussed

mutation rules for quivers. Now, we want to introduce mutation rules for matrices.
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Definition 35. Let z € R, [z]+ = max(z,0). If z <0, sgn(x) = —1; if z = 0, sgn(x) = 0;

if x >0, sgn(z) = 1.

Definition 36. Let n € N and k € [n]. Assume B = (b;;); je[n) is an n x n skew-symmetric
matrix with integer entries. The mutation of B at k is the new matrix pi(B) = B’ =

(bf/ij)i,je[n] where

—bij, ifi=korj==%k
bij + sgn(bix) [bikbr;l+, otherwise.

One can check that @D is equivalent to

—b
. —

v]

ij le:]COI"]:k

(10)
bij + %(blk|bk‘j| + |b7,k‘|bk‘j)7 otherwise

or

_bij7 lf’L:kOI‘]:k
bij + bixbrs, if big,bp; >0
po=14" ! ’ (11)

i
bij — bz‘kbkj, if bk, bkj <0

b otherwise.

©j
Proposition 6. Let Q = (Qo, Q1, s,t) be a quiver. Let B = B(Q) be the signed adjacency

matriz of Q and let k € Qo. Then the signed adjacency matriz of uk(Q) is equal to pu(B).

Proof. We denote B = B(Q) = (bij)i,jeq, and B" := B(ur(Q)) = (b};)i,jeq,- By Definition
28 (3), we reverses all arrows incident to k, so b}, = —b;, and b;cj = —by;. By (2),if bix, >0
and by; > 0, we add by - by; arrows from 4 to j, so bgj = byj + bixbr;. If by, < 0 and
br; < 0, we add by, - by; arrows from j to ¢ by (2). Then we delete all 2-cycles by (4). Thus,

b;j = b;; — bixbr;. Otherwise, the matrix mutation does not change b;; by (5). O]

3.5 Formal Definition of Cluster Algebras

Definition 37. Let K be a field. A K-algebra is a unital ring (A, +,) with a binary

operation - : Kx A — A, (A, ) — A-z, called scalar multiplication, such that (A, +) together
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with the scalar multiplication forms a K-vector space and A« (z-y) = (A-2)-y=a- (A y)
for all A € K and z,y € A. In this case, we say that the scalar multiplication is compatible

with the ring multiplication.

Example 27. K[X] and K[X;,...,X,] are K-algebras. C is an R-algebra and also a C-

algebra.

Definition 38. Let K be a field and A be a K-algebra. A K-subalgebra of A is a K-
subspace B C A with 1 € B and x -y € B for all z,y € B. A subalgebra is itself an

algebra.

Example 28. K[X?] C K[X] is a subalgebra of the polynomial algebra K|[X], where K|[X?]

is an algebra of K-linear combinations of X with even degree powers.

Definition 39. Let K be a field and A be a K-algebra. Let (x;);cr be a family of elements in
A. The subalgebra generated by (z;);cs is the intersection of all subalgebras containing
(i)ier, i.e. the smallest algebra which contains all (z;);c;. This subalgebra is denoted by
Klz; : i € I]. The family (z;);cs is called the generating set of K[z; : i € I]. We say
that A is finitely generated if there exist finitely many element z1, ..., x, € A such that
A=Klzy,...,xp]

Example 29. The polynomial algebra K[X,Y] is finitely generated by the two elements
X, Y.
For the rest of this section, we assume that (A, +,-) is a commutative algebra over a field

K.

Definition 40. Let A be an integral domain. A subset S C A is a multiplicative system
if1€S5,0¢5,and s-t €S whenever s,t € S.

Definition 41. Let A be an integral domain and S C A be a multiplicative system. We say
that (z,s), (y,t) € A x S are equivalent if zt = sy. In this case, we denote the equivalence

by (I,S) ~ (yat)'

Proposition 7. The relation ~ defines an equivalence relation on A x S.
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Proof. Let (x,s) € A x S. Since A is commutative, xs = sz, so (z,s) ~ (z,s). Thus, the
relation is reflexive. Also let (y,t) € A x S. Assume (z,s) ~ (y,t), t = sy. Since A is
commutative, ys = tx, so (y,t) ~ (x,s) and vice-versa. Thus, the relation is symmetric.
Now, assume (z,u) € A x S where (z,s) ~ (y,t) and (y,t) ~ (z,u), so xt = sy and yu = zt,
which implies zut = suy = szt. Reformulating the equation, we get (zu — sz)t = 0. Since
t €S, t+#0. Since A is an integral domain, it has no zero divisors, so xu — sz = 0, giving

xu = sz, so (x,8) ~ (z,u). Thus, the relation is transitive. O

Definition 42. Let A be an integral domain and S C A be a multiplicative system. The
localisation of A at S is the ring (S7'A, +,-) such that the addition and multiplication
are defined by £ + £ = #4¥5 ¢ 914 and 2. ¥ = & ¢ ST Afor all 2,y € A and s, € S.

S~1A is again an algebra because it also has a K-vector space structure as A.

Let us discuss an important example of a localisation. For every integral domain A, the
set S = A\ {0} C A is a multiplicative system. In this case, the localisation of A at S
is called the quotient field. For example, the quotient field of K[Xj, ..., X,,] is the field

K(Xq,...,X,) of rational functions with coefficients in K. Here, a function f(Xi,...,X,,) in

(X1, Xn)

q(X1,..,Xn) where

n variables is called a rational function if f(Xj, ..., X,,) can be written as

p(X1, ..., X)) and q(X1, ..., X;,) are polynomial functions such that ¢ # 0.

Definition 43. A field extension is a pair of fields K C F such that the operations of K

are those of F restricted to K.
Example 30. Q(v/2) := {a+bv2: a,b € Q} is a field extension of Q.

Definition 44. Let K C F be a field extension. Elements uq,...,u, € F are said to be
algebraically dependent over the field K if there exists f € K[Xy,...,X,] such that

flug,...;u,) = 0. Otherwise, we say that uq, ..., u, are algebraically independent.

Example 31. {/7,37 + 1} are algebraically dependent over Q because 3(y/7)? — (37 +
1)+ 1 =0, but each of {\/7} and {37 + 1} are algebraically independent over Q.

We now introduce cluster algebras, following [2]. Here is the setup: K = Q; the ambient field

F is a field extension of Q; F = Q(uq, ..., u,) for some algebraically independent wy, ..., uy,
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where Q(uq,...,u,) is the smallest field containing Q and wy,...,u,. In the following, we

present the formal definition of cluster algebras in steps.

Definition 45. A cluster is a sequence x = (21, ..., x,) of algebraically independent ele-

ments in F". Here, z1,...,z, are called cluster variables.

Definition 46. A seed is a pair (x,Q) where x € F" is a cluster and @ is a quiver with

vertices 1, ..., n.

Example 32. The following is a seed. Usually we represent a seed by drawing the quiver
and replace vertices by cluster variables.

—
ry —+ T2 Ty —7* T4

W

Definition 47. Let Q = (Qo,Q1,s,t), Q' = (Qf, Q},s',t') be two quivers and x, x' € F"
be two corresponding clusters. We say that the seeds (x, Q) and (x/,Q’) are isomorphic,
denoted by (x,Q) = (x',Q’), if there exists a quiver isomorphism with a pair (f,g) of
bijections f : Qo — Qf and g : Q1 — Q) such that z; = x’f(i) for every i € [n]. We often

identify isomorphic seeds.

Definition 48. Let (x,Q) be a seed where x = (z1,...,2,) and Q = (Qo,Q1,s,t). Let
k € [n]. The mutation of (x,Q) at vertex k is the seed (ux(x), 1 (Q)) where ui(Q) is the
quiver mutation of @ at k and px(x) = (24, ...,2},) € F" is the cluster defined as

T = (12)

’ Ii( H zj + H xl)7 ifi = k.

a: j—i B i—l

Here, we count the multiplicity of all arrows «, 8 € @ incident to k. Also, if there are no

such arrows, the product is 1.

Example 33. Consider Example 33. Suppose we want to mutate at vertex x3. By the
2

mutation rule, we replace x3 by %:4, because there are two arrows from x5 to 23 and one

arrow from z3 to x4, and keep all other vertices the same. Then, we do the usual quiver

mutation and get the following seed:
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N\

A oo
T1 T T3 B 1y
b 3

z1w3+1
T4

If we want to mutate at the sink x4, we replace x4 by because there is one arrow

from z; to x4, one arrow from x3 to x4, and no arrow starting from x4. We get the following:

—

1
Ty T &2 I3 D=l
SO

Ty

Definition 49. Let (x,Q) be a seed and B = B(Q) be the signed adjacency matrix of Q.
The mutation equation in is called the exchange relation and can be rewritten as
TRT) = H x; + H T = H abir 4 H z; b
a: i—k B: k—j i€[n]:bir >0 i€[n]:bik<o

Example 34. Consider Example 16. The quiver on the left has signed adjacency matrix
0o 2 -1
B=|-2 0 1 |. Let us mutate at vertex k = 2. Looking at B, we have b;; > 0 only for

1 -1 0
i = 1; in this case, b;x = 2. We have b;;, < 0 only for ¢ = 3; in this case, —b;, = —(—1) = 1.

2
zit+x3

I 2 1 /o
Thus, zoxy = 21 + 23, and so x5 = =~

Remark 2. Seed mutation is involutory, i.e., given a seed (x,Q) where Q = (Qo, @1, s, t),
we have (ug o pug)(x,Q) = (x,Q) for any k € Q. We already know that quiver mutation is
involutory by Proposition 3.3.6. By quiver mutation rule (3), we see that (uj o pg)(x) = x
because the direct predecessors and direct successors of k remain the same after changing

directions twice.

Definition 50. Two seeds (x,Q) and (x/,Q’) where Q = (Qo,Q1,s,t) are said to be
mutation equivalent if there exists a sequence of vertices (ki,...,k,) in Qg such that

(g, © o0 g, )(%,Q) = (%!, Q). In this case, we denote by (x,Q) ~ (x/,Q’).

Definition 51. Let (x,Q) be a seed. The cluster algebra A(x, @) attached to (x,Q) is
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the subalgebra of F generated by

xxQ= U {zhoa)
(x/,Q")~(x,Q)
Equivalently, A(x, Q) is generated by all cluster variables in all seeds which are mutation
equivalent to (x, @). In this case, (x/, Q') and (x, @) are called the seeds of A(x, Q); these
x’s are called the clusters of A(x, @), and elements in x(x,()) are called the cluster

variables of A(x, Q). Here, we use x} to denote py(xy) for all vertices k in Q.

Remark 3. (1) By definition, A(x,Q) = A(x/, Q') if (x,Q) ~ (x’,Q’). Thus, if we consider
the cluster algebra lying in Q(zx1,...,z,) C F as being attached to a distinguished seed
(x,Q), this seed is called the initial seed and n is called the rank of the cluster algebra.

(2) We sometimes write A(Q) instead of A(x, Q) for simplicity.

Example 35. Comparing to the map F' in Section 2.1. We choose an initial seed z; — 5.

We mutate at vertices 1,2 consecutively and get the following:

P EE—— ; g
142 — Il] [1+x1 s 143+
Xy X3 X2
\- \
. i - - )
|- X1 — X2 1-|.-.1';| — 1 1424 — l+?']._m
L ¥ | 2 x1x2

We have five seeds (and thus five clusters) and five cluster variables, and the cluster algebra

Moy ldwy 14ei42s - Actually, the cluster

is generated by the five cluster variables x1, o,

T2 7 ® 7 T1T2
algebra can be generated by only four cluster variables x = {1, 2, %, H{;—f?} because
1ta oy _ 14a; | 1d4as T - 1tz To.
1T T2 1 1

Generalising Example 36, we define an undirected graph, called the exchange graph of
A(x,Q), as follows: the vertices are the isomorphism classes of seeds that are mutation
equivalent to (x,Q); we add an edge between two vertices if one can be obtained from the
other by a single mutation. Note that every vertex is adjacent to exactly n vertices, where

n is the rank of the cluster algebra.
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3.6 Skew-symmetrizable Matrices

In this section, we fix integers m,n such that m > n > 1.

Definition 52. Let B be an n x n integer matrix and C' be an (m —n) x n integer matrix.

- B
Then, let B = (bjj)i<i<m,1<j<n = be an m x n matrix with integer entries. B is

C
called the principal part of B. We say that the principal part B is skew-symmetrizable

if there exists an n x n diagonal matrix D = (dpq)1<p,q<n With positive integer diagonal
entries such that DB is skew-symmetric, i.e., di;b;; = —d;;b;; for all 1 < 4,5 < n. In this
case, D is called a skew-symmetrizer for B. B is called an exchange matrix if B is

skew-symmetrizable.

Definition 53. Two m x n exchange matrices B = (b;;) and B’ = (bi;) are said to be
isomorphic if there exists a permutation o € Sy, with o(j) € [n] for all j € [n] and

bij =V, (i).0(;) for all j € [n] and i € [m].

Definition 54. Let B be an m X n exchange matrix. An index k is called mutable if
k € [n] and frozen if k € {n+ 1,...,m}. For a mutable index k, a mutation of B at k is

the m x n matrix B’ = u(B) = (b};) where b}, is defined as:

—bij, ifi=korj==k
by = ] (13)
bij + sgn(bik)[bikbij]+, otherwise.
Equivlently, we have
=1 (14)

bij + [bszl»bk] + bik[bkj]+7 otherwise.

Definition 55. Let K be a field of characteristic 0 and let K C F be a field exten-
sion. An extended cluster is a sequence of algebraically independent elements x =
(T1, ey Ty Tt 1, -, L) in F. An extended cluster x and an exchange matrix B together
forms an extended seed (x, B). The mutation py of (x, B) at a mutable vertex k gives

a new extended seed (x', B')=(ur(x), px(B)) where u(B) is the same as in Definition 55

32



and pg(x) = (a),...,2,) is such that

m

Zi, ifi#k
T = (15)

ﬁ(H a4 H x;bj’“), ifi = k.

The mutation defines an equivalence relation on extended seeds and is denoted by ~ as

usual.

Definition 56. Let (x, B) be an extended seed. The cluster algebra without invert-
ible coefficients A(x, B) attached to the extended seed is the subalgebra of F generated by

x(x,B) = U {ah, oz, @ g, )
(', B')~(x, B)

The cluster algebra with invertible coefficients A(x, B)™" attached to the extended

seed is the subalgebra of F generated by

X(X,B)i"” = U {2}, ...z} U{x;il,...,xr_nl}.
(x!, B')~(x, B)

We call z,...,z] the cluster variables, z,1,...,z,, the frozen variables, and n the

rank of the cluster algebra.

Example 36. (z1,z2,...,2,,) and (2,29, ..., 2, ) are the only two extended clusters of a

rank 1 cluster algebra A(x, B).

Definition 57. An ice quiver is a quiver Q = (Qq, @1, s, t) such that Qg can be partitioned
into two (disjoint) sets of “mutable vertices” M and “frozen vertices” F' such that s(«) and
t(a) cannot both be in F for all @ € Q1. Two ice quivers @ = (Qo,Q1,s,t) and Q' =
(R4, Q1, s, t') are isomorphic if there exists an isomorphism (f, g) such that f: Qo — @y
maps M to M and F to F, and ¢ : Q1 — Q] is a bijection between arrows. The mutable

part of Q is the full subquiver on M.

Example 37. Let Q = (Qo, @1, s,t) be an ice quiver with Qg = {1,2} and a single arrow

from 1 to 2 where 1 is mutable and 2 is frozen. Pick an initial seed (x1,z3), then the
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cluster algebra (without invertible coefficients) A(x, @) admits another seed (z,z2) such

that =} = 1:;?2 and x1, xo are algebraically independent.

3.7 Examples of Cluster Algebras Related to Quivers and Matrices

In Section 3.1, we saw several kinds of cluster algebras. In this section, we want to discuss

some applications of cluster algebras to quivers and matrices.

Definition 58. A cluster algebra A(x, Q) is of (1) finite type if the number of cluster
variables is finite; (2) infinite type if the number of cluster variables is infinite; (3) finite
mutation type if the number of quivers which are mutation-equivalent to @ is finite; (4)

acyclic type if () is mutation-equivalent to a quiver without oriented cycles.

3.7.1 The Kronecker Quiver

Let @) be a quiver with two vertices 1 and 2 and p arrows from 1 to 2. Choose an initial
seed (z1,22). In Example 36, we studied the case for p = 1. Now, we focus on p = 2, and
in this case, @ is called the Kronecker quiver. Here is the sequence of clusters (cluster

variables) for the Kronecker quiver:

— — — —
Ty Iy I L2 L2 T3 T3 Ty
—_ , - , — , —_
h o 1+w% o 1+w§ _ 1+w1+2w2+m§ o 1+w%+2w1+2w1w2+azg+3aj§+3x2
where rog — P I3 = 71 T4 = 22z , s = 2322 geeen
T1T2 TiT5

In this case, there are infinitely many cluster variables, so the cluster algebra is of infinite

type. However, the cluster variables satisfy the following property.

Proposition 8. Let ) be the Kronecker quiver and (x;);cz be the cluster variables of

1+7;f+wf+1
TiZit1

A(z, Q). The subtraction-free expression T =T (i) = is independent of i.

Proof. We show that T'(i+1) = T'(¢) for all integers 4, and the proposition follows by induc-

1+:vf . 1+x? -‘r:l)? TiT; -‘rLE?
—# tand so T(i + 1) = +1 iy ZARIH R4

tion. By the mutation rule, z;412 = > TiriTire T

TitTiys _ zi(TitTiqo) _ xf+1+x?+1 _ T(Z) |

Ti+1 T3 Tj41 TiTi41

Remark 4. (1) By the mutation rule, 23 = 2123 — 1. Multiplying both sides by o, we get

2or3 = wo(7123 —1). By the mutation rule again, rozs = 1+2%, and so zgz3 = (1+2%)xy =
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xo(x1w3 — 1). Thus, xg + 72 = xox173 — 3x2. By the proof of Proposition 8, T = %f"‘

Finally, we have T' = xox3 — 122, and so T is an element in A(x, Q). (2) From the definition

. 1+a?+a? 1@ a?
of T and the mutation rule, Txz; = ;#1‘*1 = 2=l ;++11 “l — g, 1 + 2;41. Thus, the
k2 k2

exchange relation ;12,1 = xf +1 becomes an linear recurrence relation T'x; = ;1 + ;41
for all i € Z. (3) Later we will also see that all a; are Laurent polynomials in 27 and a2 by
what we call the “Caterpillar Lemma” (see Theorem 5 in Section 4.2 below), a crucial step

in proving the integrity of Somos-k sequences.

Now, assume x1 = x2 = 1 and let f; = x;_1 for all positive integers i. By Proposition 8 and
Remark 4 (2), T = 3 and thus f;_1 + fix1 = 3f; for all i > 0. Proposition 8 also shows that

(fi, fix1) is an integer solution for a? + b% + 1 = 3ab for all i > 0.

Proposition 9. Let a,b € N such that a® + b*> + 1 = 3ab, then there exists i € N such that
(a,b) = (fi, fi+1) or (a,b) = (fis1, fi)-

Proof. We proceed by strong induction on max(a,b). The result is true for max(a,b) < 1
because if one of a,b is 0 then there is no solution, and the only solution with max(a, b)
< 1is (fo, f1) = (z1,22) = (1,1). Moreover, it is the unique solution with a = b: if a = b,
the equation becomes 2a? + 1 = 3a?, and the only solution in N is @ = 1. Now assume
max(a,b) > 1. Without loss of generality, assume a < b and b > 1. Fix a. Then b is
one of the two roots of the equation z? + a? — 3az + 1 = 0. Let b’ be the other root. By
Viete’s Theorem, bb' = a> +1 > 0 and b+ b’ = 3a. Thus, b’ is a positive integer and
also (a,b') satisfies a? + b2 + 1 = 3ab’. Since b > a, b > a + 1. Assume b’ > b. Then
a?+1="bb >b?> (a+1)? =a® + 1+ 2a which is impossible because a > 0. Thus, b’ < b
and max(a,b’) < max(a,b) = b. By induction, there exists ¢ € N with (V',a)=(f;—1, fi), and

so (a,b) = (a,3a = b") = (fi,3fi — fi—1) = (fi, fir1)- O
3.7.2 Cluster Algebras Related to Skew-Symmetrizable Matrices

Now, we replace quivers by skew-symmetrizable matrices. A non-zero 2x 2 skew-symmetrizable

matrix has the form B = with non-zero integers b, ¢ of the same sign. Without
c 0

loss of generality, we can assume b, c are positive. Let x = (z1,22) be an initial cluster.
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Then for all n € Z, the exchange relation corresponding to B is:

2 +1, ifnis odd
Tp—-1Tn+1 =
xy +1, if nis even.

Without loss of generality, we also assume b < ¢ and we denote the corresponding cluster
algebra by A(b, ¢). Recall from Section 2.1 that when b = 1 and ¢ = 2, we get a sequence of

cluster variables (x,,)nez of period 6:

241 z14a24+1 242z, +1+22 z1+1
w81, T2, T3 = TH S, By = TR Ty = T or B = T, T = B1, T8 = T, -
When b = 1 and ¢ = 3, we get a sequence of cluster variables (x,),cz of period 8:
) €

ngrl w1+zg+1 z?+3w%+3w1+1'+wg+2wg+3w1wg a:§+2a:1+l+wg a::f+3m§+3x1+l+wg z1+1
z1 ' x1mp z2x3 ’ z122 ) T123 ’ gy 0T

w1, T2,
In these two cases, since the sequence of cluster variables are periodic, A(b, c) is of finite

type.

Proposition 10. A(b,c) admits finitely many cluster variables if and only if be < 4.

Proof. According to Section 2.1, if be = 1, 2 or 3, A(b, ¢) admits 5, 6 or 8 cluster variables,
respectively. Conversely, assume be > 4 and 27 = 29 = 1. We want to show that (z2y),en+

is strictly increasing, so there are infinitely many cluster variables. We proceed by induction.

—2and zy = B — 94151 = 29, so the base case is

zh+1 1P
- 1 T2

We have z3 = n

true. Assume n is even. Then, we have the exchange relations (1) xp,—ox, = 25_; + 1, (2)
Tn_1Tns1 = 22 +1, and (3) Tpqoz, = 25, +1. By (1) and (3), (zn—22n—1)(Tnioz, —1) =
(Tp_1Tn+1)% By (2), (28 +1)¢ = (2p_17541)¢. Thus, (z,—27n —1)(Tpns2rn, —1) = (22 +1)°
and we are done if we can show (2, oz, — 1)(22 — 1) < (22 +1)¢ because x,, < T2 is the
the same as (1,22, — 1)(22 — 1) < (vp_27n — 1)(zp 2w, — 1). When be > 4, either b =1
and ¢ > 4 or b,c > 2. In the first case, it is easy to see that (x,_sx, —1)(22 —1) < (v, +1)*
is true after expanding this inequality as xn_gxi < fo + 4:0% + 793% + 4z, + x,_ox,. In the
second case, it is easy to see that (z, oz, — 1)(z2 — 1) < (22 + 1)? is true after expanding

this inequality as a:n_gxfl < fo + 39&3I + Tp—oTp. O

3.7.3 Cluster Algebras of Rank 3

Let Q = (Qo,Q1,5,t) be a quiver with Qg = {1,2,3} where we draw an arrow from 4 to
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jifi < jforall i,j € Qp. We choose an initial seed x = (z1,22,23) and denote the
corresponding cluster variables by (z;);cz. Then, we get a sequence of seeds (and cluster

variables):

Ty —* Ty —r T3 Ty — > Ty —* T4 Ty — Ty —+ ITp

] \_/\' ’ \_/

For a seed with vertices z;, z;11, z;12, there is no arrow terminating in x;, one arrow from
x; to x;y1, and one arrow from z; to z;y2. By the mutation rule, we get the exchange

. 1@
relation x;,3 = H;fiﬂ

42 for all ¢ € Z. Surprisingly, similar to the Kronecker quiver case,

the sequence of cluster variables (x;);cz also admits a rational expression independent of 1.

Proposition 11. Let Q be the above quiver and (x;);cz be the cluster variables of A(x, Q).

2 2
Ti—1+Tip1+xi (T +27 )

The subtraction-free expression T =T (i) = P

is independent of 1.

Proof. As in the proof of Proposition 8, we show that T'(i + 1) = T'(i) for all integers ¢, and

.. . 1+zix;
the proposition follows. By the mutation rule, z;, o = %xl“, and so
. T; + Xiro + mi+1($z2 + iL’lZJrQ)
T(i+1)=
TiTi+1T5+42
14xiziqy 2 1+xizig1\2
T+ = g+ (557
- o 4wy
TiTi+1 Ti1

2 2 .2 2 2.3
Ty +Tim1 + X 12%41 +X;_1T7T541 + T + QxixiH +xiTy,
2.2
Ti—1TiTit+1 T Ti—1T7T5 14
2 2
zix; (L +aizip) + i1 (L + 2imipr) + o1 (1 + 252541)
Ti 121 (1 + 22541)

2 2
Tix;_ 1+ Tio1 + X401+ TiTi

Li—1T5Li4+1

= T(9).
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Remark 5. By the mutation rule,

2
Tij—1 + Tiqp1 + TiTi

Tripr — i1 =
Ti—1%;

2
Tit1+Ti 1%
Ti—1

Ty

e )

1+

T
14+ 2140
T

= Ti4+3
for all + € Z, so the exchange relation degenerates to the linear recursion formula Tz;; —

T;—1 = T;+3, and all cluster variables are Laurent polynomials in the initial cluster.

Similar to the Kronecker quiver case, if we set £1 = 9 = z3 = 1, then T = 4 and
ry =2, x5 = 3, xg = 7, x7 = 11, etc. By Proposition 11, for all ¢ > 1, we have that

(a,b,c) = (x;,2i41,T;12) is a solution to the equation 4abc = a + ¢ + b(a? + c?).

3.7.4 Quivers for Two Somos Sequences

2
Tit1Ti43+T5 o

Recall that the Somos-4 sequence (x;);en+ satisfies the recursion formula x; 14 = -

and the first seven terms are 1,1,1,1,2,3,7. Consider the quiver associated with this sequence.

Here, we denote z; by a circle with an ¢ inside:

D=9

—0Q

First, let us mutate the above quiver at 1 = 1 and get the following;:

Q=0

@ ©
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We see that there are two arrows from x5 to x3, one arrow from x5 to x5, and one arrow

. 2 . 2
from x4 to x5. By the mutation rule, x5 = TaTatdy %

p = 2, which coincides with the

value of elements in the Somos-4 sequence. Next, we mutate at o = 1 and get the following:

%@

There are two arrows from zg to x4, one arrow from x5 to xg, and one arrow from z3 to xg,
T3T5+12 . 2 . . . . .
SO Tg = 224 = 12%1 = 3, which again coincides with the Somos-4 sequence. Next, we

T2

mutate at 3 = 1 and get the following:

O—/—=30®

@ @

There are two arrows from z7 to x5, one arrow from x4 to x7, and one arrow from zg to x~,

Taretri _ 1.3422
=1

- = 7. Next, we mutate at x4 = 1:

© ©

SO T7 =

@

There are two arrows from zg to xg, one arrow from x5 to xg, and one arrow from xg to
b b
m5m7+zg 2.7+32 .
Ty, 80 Xy = —— ¢ = T = 23. Note that the last quiver has the same structure as the

initial one, except 1,2, x3, x4 are replaced by x5, xg, x7, g, and we can keep iterating to

get other elements in the Somos-4 sequence.

Similarly, the following is the quiver for Somos-5 sequence:
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//\\

Ny

ONEEIE)

3.7.4 The Markov Equation

Let @ be the quiver in Example 12. The mutation class of @) is a singleton, ie., Q@ =
11 (Q) = p2(Q) = ps(Q). Thus, the mutations at every vertex (having two arrows coming

in and two arrows going out) of any cluster (z1, 2, x3) has the same form: puq : (21, 2, x3) —

x + z2+m? +z
(- : (T, 3), fo ¢ (21, T, 23) > (w1, T8 ag), and g : (21,22, 23) = (21, T2, T72).
.. . . . xf+:v§+x§
Proposition 12. The mutations do not change the subtraction-free expressionT = T

2 2 2
Proof. We show that ziteitel _ 2433495 _ P The other mutations are similar. We have
T4T2T3 T1T2X3

m+z
a3 +ad i (B +ai+ad

TaToT3 2;1$3 ToTs

4 2,2 4
2 22 3 3 x% x2

ry

r%xg—&-zgmg
1
T3 + 22323 + 23 + 2222 + 2322
T1T3xs + X127
2 2\ (.2 2 2
(w3 +23) (] + 23 + 73)
= 2 2
zr1xoxs (23 + 23)

x%+x§+x§

L1223

=T
O

If we set ©1 = z2 = x3 = 1, then the invariant T' = 3 and the mutations yield solutions

to the “Markov equation” 3abc = a? + b? + ¢2. For example, (v1,z2,23) = (1,1,1),
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(x4,22,23) = (2,1,1), and (x4, x5, 23) = (2,5,1) are solutions to the equation. We refer to

the corresponding cluster algebra as “Markov cluster algebra”.

4 Proof of the Integrality of Somos Sequences

4.1 Binomial Exchange Relation

In this chapter, we will prove the following result which is crucial to deducing the integrality

of several Somos-k sequences.

Theorem 4 (The Laurent Phenomenon). Any cluster variable « in a cluster algebra A(z, B)

can be written as a Laurent polynomial in (xlil, o N 1 ), where Ty 1, .., Ty are

frozen variables.

As we saw in Chapter 3, a cluster algebra is a union of a collection of subsets called clusters.
For any cluster x = (21,...,2,) of rank n in a cluster algebra A(x, B), there exists n
other clusters Y7,...,Y, adjacent to x, where Y; = (z1,...,%i—1, ¥i, Tit1, .., Tpn) and y; =
w Here, M;(x) and M;(Y;) are two relatively prime monomials in variables

L1y ey Li—1yLid1y 00y Ty Usually,

M) = T a7
1<j<n
i#]

where b;;(x) is some non-negative integer.

Example 38. Consider the rank 3 Markov cluster algebra. Recall that if we specialize 1 =
ro = x3 = 1, then we get solutions to the Markov equation by a sequence of transformations
of the initial clusters. In the following picture, we see that each cluster x is a solution to
the Markov equation and has 3 adjacent clusters Y7, Y5,Ys3. The second and third cluster
variables in Y7 and x are the same, and the first cluster variables in Y7 and x are related by
the equation y; = % In this case, M;(x) = 22, and M;(Y;) = 27 ,. Similarly for

Y5 and Y3.
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\/
(1.1.2)
_@5)

(1.1,1) —(2,1,1)

~

e
(2,529) _(2,29,5

azn” (1315)—(215)/( N

N \/ /\ -

(13,1,14) (13,194,5)—

Definition 59. Let A = A(x, B) be a rank n cluster algebra. The exchange graph of A
is the n-regular graph whose vertices are clusters in .4 and edges are between two vertices
if they can be related by a mutation. When n > 2, an exchange tree is an infinite degree
n exchange graph such that each of the n edges sharing a same vertex have a unique label

in [n].

Example 39. (a) The only exchange graph for a rank 1 cluster algebra consists of two

vertices x1, ¥1 and one edge between them.

(b) An exchange tree for a rank 2 cluster algebra is the following line:

-.2 ] 1 o 2 » 1 - 2. 1 5 2....

@1,a2) (b1,a2) (b1,b2) (c1,b2) (c1,c2) (d1,c2)

We see that whenever (x,y) and (z,w) are connected by an edge labelled by 1, then y = w,
and whenever they are connected by an edge labelled by 2, then z = z. We can define
a family of exchange binomials 5 = {B = B; : t is a vertex in the cluster algebra} such
that 2z = B(y) = B(w) for some B € 8 when edge 1 connects (z,y) and (z,w), and
yw = B'(xz) = B'(z) for some B’ € f when edge 2 connects the two vertices. 5 is called an

exchange pattern.

(¢) An exchange tree for a rank 3 cluster algebra has the following structure:
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In general, we can formally define the exchange pattern for a rank n > 2 cluster algebra as

follows. We will assume that the exchange graph is a degree-n exchange tree.

Definition 60. Let 7 be the set of vertices in the degree-n exchange tree. Let t,t’ € 7. Let
E;(t,t') denote the edge labeled by i connecting ¢ and ¢’ and M;(t) + M;(t') be the exchange
binomial associated with F;(¢,t"). Here, t and ¢’ are the associated clusters (x1, ..., x,)
and (z,...,2"). Then, for a cluster algebra A(x, B), we define the exchange pattern
{M;(t) : i € [n],t € 7} such that the following axioms are satisfied:
1) If E;(t1,t2), then z;(t1) = x;(t2) when i # j.
2) If E;(t1,t2), then a;(t1)x;(t2) = M;(t1) + M;(t2).
3) x; 1 M;(t) for all t € 7.

5) If Ei(tl,tg) and Ej(t27t3), then I]|M7(t1) if and only if I1|M](t2)

z;=0- If Ei(tl,tQ), Ej(tQ,t:j), and Ei(t37t4), then Mi(t?’) =

Af,;(t4)
M;(t2)
M;(t1)

(
(
(
(4) If B;(t1,t2) and @;|M;(ty), then @; { M;(ts).
(
(
(

Mo . The right hand side means the evaluation of where z; is replaced by

Definition 61. Let m,n > 2. A caterpillar 7, , is a finite graph embedded in an exchange
tree. Specifically, T}, ,, is a tree with a spine of m vertices of degree n. Each vertex on the
spine connects with n—2 vertices of degree 1 called feet. Edges connecting feet and vertices
on the spine are called legs. In addition, each of the two vertices on the two ends of the

spine connect with an extra vertex of degree 1, called the head and tail, respectively.

Example 40. The rank 2 exchange tree in Example 40 (b) is a T o caterpillar. The vertex
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to the left of (a1, a2) is the tail and the vertex to the right of (dq, c2) is the head.

(b) The following is a T 5 caterpillar:

/A

(¢c) What is special about the vertices on the spine is that their associated clusters can

represent a recursive sequence. For instance, fix an initial cluster {g1, g2, g3} and consider

gn—1gn—2+1
gn—3

{91,92",93}{g4,92,93'} {g4'.95.93} {g4.95'.g6}

2 3 1 2
tail @ 3 1 2 3 1 _@head

{g1.92,93} {g4.92,93} {94.95.93} {34.95.96}

the recursive formula g, = . The associated caterpillar is the following;:

To make the caterpillar be part of an exchange graph of a rank 3 cluster algebra, the
exchange relation between a vertex on the spine and the corresponding foot should satisfy
the six axioms in Definition 61. To do so, we let the exchange relation corresponds to the

legs be g} = g*g# for i € {2,3,4,5}. We will check if all the axioms are satisfied later.

4.2 The Caterpillar Lemma

To prove the Laurent phenomenon, we need to generalize the definition of an exchange

pattern.

Definition 62. Let x = (x1, ..., ;) be an initial cluster, T' be the associated exchange tree,
and A be a unique factorization domain. Then there exists a polynomial P € Az, ..., z,)
not depending on zj associated with edge k whenever Ej(t,t') is in T. P is called the ex-
change polynomial associated with the given edge and the collection of all such exchange

polynomials is called a generalized exchange pattern.

To each t € 7in T, we associate a cluster z(t) consisting of n elements x1 (%), ..., z,(¢) of the

field of rational functions A(z1(to),..., s (tg)), where ¢y corresponds to the initial cluster.

44



Thus, these generalized exchange patterns are similar to the binomial exchange patterns,

where xy(t)zr(t') = P(z(t)) and x;(t) = z;(¢') for all i # k.

From now on, for a caterpillar T, ,, we label vertices on the spine by t1,...,t,,. We as-
sume the tail, denoted by ty or t14;, is connected with ¢; and the head, denoted by theqd, 1S

connected with t,,.

Theorem 5 (The Caterpillar Lemma). Assume a generalized exchange pattern on a cater-
pillar T, ,, satisfies the following conditions:
(1) The exchange polynomial P associated to an edge labelled by k does not depend on x

and is not divisible by x1, ..., T,.

(2) If
. i " J »
P Q
then P, Qo := Q|s,«0 are coprime elements in Alxq, ..., z,].
(3) If

then there exists a nonnegative integer b and a Laurent monomial L coprime with P with
coefficients in A such that L-Qf - P = R| . -

J T
Then for all i € [n] and t € T, p, x;(t) is a Laurent polynomial in the initial cluster with

coefficients in A.

Proof. For t € Ty, n, define L(t) = Az (t)*?, ..., 2, (t)!] to be the Laurent polynomial ring
of x(t) with coefficients in A. L(t) is a subring of the field of rational functions of A(x(to)).
We want to show that x(t) € L(to) := Lo for all t € T}, ,. We proceed by induction on m.
The result is trivially true for m = 1 by the mutation rules for clusters. Now assume m > 1
and the result is true for all spines with size less than m. By the induction hypothesis, we
only need to show that X(theqqd) € Lo because theqq is the furthest vertex from tg. Without

loss of generality, assume ¢ < j and
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where x(t) = (xo(t), ..., Zi(t), ..., ®j (tk), ..., wn(t)) for k € {0,1,2,3}. By condition (1),
P, R do not depend on z; and @ does not depend on z;. Conventionally, we write each of
P,Q, R as a polynomial in one distinguished variable on which it depends. By Definition
61 (1), z;(to) = xj(t1), xi(t1) = xi(t2), and x;(t2) = x;(t3). Thus x(t1) Ux(t2) Ux(t3) =

x(to) U {x;(t1), z(t2), z;(t3)}. Similar to the discussion in Example 40 (b), here we have
Pla;(to))

zi(t1) = 56 t( ) ¢ Ly and zj(t2) = Q:(cf(itll))) _ wj(izo)) € Lo. By condition (3), we

have R(z (? ) = L-Q(0)"- P(z(tg)) for some Laurent monomial L and nonnegative in-
Rz, R( QJ(PI (t1))) R( Qi-:;i(,tl)))iR(m?(g) ) ( Q(0) )

teger b. Thus, x;(t3) = fci(g)) = — (til) = “1;1@1) (o) %(g‘;) . Since
RS -RGHy) ()

xi(tl) € Ly and $1(t1)|(Q($1(t1)) — Q(O)), A Z: () € L. AISO 2. (0) =

b Pz
LQOPPles(to)) — [, (0)" - 2i(to) € Lo, s0 wi(ts) € Lo.

Now, we want to prove that x(t1),x(t2),x(t3) € Log. From above, it remains to show that

ged(zi(t1), z;(t2)) = ged(zi(t1), zi(t3)) = 1 since Ly is a unique factorization domain and

any two elements in Ly have a ged up to a multiple of units in Lg. Since z;(t1) = P;fj('t(z()’)),

zj(t2) = m?((go)) mod ;(t1), and z;(to),z;(to) are invertible, we get ged(x;(t1),x;(t2))=

ged(P(z;(to)), Q(0)) =1 by condition (2). From the previous paragraph, we have
Qzi(t)) ) _ Q(0) Q(0)
xi(ts) = R( z;(t1) ) R(Ij(tO)) I R(%‘UO))
’ (El(tl) l’l(tl)
Q(zi(t1)) Q(0)
_ R( Ij(tll) ) _R(Ij(t(l))
xi(t1)

Taking x;(t1) — 0 and using the chain rule, we get

+L-Q(0)" - w;(to)-

R(Q(mi(tl))) — R( Q(0) )

z;(t1) zj(to)/ _ Q0) \
in(tl) -0 o [R(l‘](to))]
Q) . Q) |
_R(‘Tj(to)) mj(tO) mod xt(tl)
_ Q0 QO S
xi(tl’)) =R (Z‘J(to)) ﬂfj(to) +L Q(O) Z(to) d ’L(tl)



Since the right hand side is a polynomial in x;(ty) with coefficients in x(¢p), we have

ng(Z‘i(tl), xi(tg)) = ng(P(l‘j (to)),L . Q(O)b) =1 by condition (2)

Finally, we can show that any cluster variable xp € X(tpeaq), kK € [n], is contained in
Ly. Since the distance between t;,..q and t1 or t3 is smaller than the distance between tj,cqq
and tg, by induction, xy, is contained in Ly = L(t;) and L3 = L(t3). Since X(tpeqq) € L1 and
zi(t1) = % € Ly, xx = # for some f € Ly and nonnegative integer a. Besides,

since X(theqd) € L and x;(t3),x;(t3) = x;(t2) € Lo, xp = m for some g € Lg
and nonnegative integers b and c. Since the denominators in the two expressions of x are

coprime in Lo, by condition (3), the claim follows. O

Remark 6. (1) Theorem 5 is a generalization of Theorem 4 because we are now allowed to
work with exchange polynomials instead of exchange binomials and work with coefficients
in any unique factorization domain A. (2) From the proof of Theorem 5, condition (3) is

the same as Definition 61 (6). (3) The converse of Theorem 5 does not always hold.

Now, let us check if Example 41 (c) satisfies all the axioms for an exchange pattern. We

show that it satisfies (1)—(5) in Definition 61 and condition (3) in Theorem 5:
(1) is trivial from the picture in the example.

According to the recursive formula on spine and exchange relation on legs, we get M (t1) =
1, Mi(t2) = g293, Mi(t3) = g3, Mi(t7) = g5, Ma(t1) = g1, Ma(tz) = 1, My(t3) =
9391, Ma(ts) = ga, Ma(ts) = g3, Ma(ts) = go, Ms(t2) = g2, Ms(ts) = 1, Ms(ts) =
9495, M3(ts) = g4 and thus (2) is satisfied.

(3) is satisfied: it is obvious that z1 { M1(t1) © g1 11, 221t Ma(t1) © 921 g1, 211 Mi(t2) &
9119293, w21 Ma(tz) © g2 11, w31 Ms(t2) © g3t g2, 11 Mi(ls) & g1 193, x2 1 Ma(ls) &
92 1 g3ga, w3 1 Ms(ts) < g3t 1, w2 f Ma(ts) < g2 1 gs, w3 f Ms(ts) < g3 1 gags, @2 1
Ms(ts) < g2 1 93, w31 Ms(te) & g3 194, ©1 1 Mi(t7) & g1 195, z21 Ma(ts) < 921 gs-
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(4) is satisfied: 1‘1|M2(t1) = I J[ Mg(tg) : gl|gl = g1 'i' 1, $2‘M1(t2) = T2 1’ Ml(t3) :
9219293 = 92 1 g3, w2|M3(t2) = w2 Ms(t3) : galg2 = g2 1 1, z3|Ma(t3) = x5 1 Ma(t4) :

9319394 = 931 9a-

(5) is satisfied: x1|M2(t5) =4 xQ‘M]_(t]_) 01 J[g?, <= g2 'i' 1, $3‘M1(t1) =4 $1|M3(t2) 1 g3 T 1<
911 g2, w2|M3(ts) & 3| Ma(tz) : g2 1 g4 & g3 11, 1|Ma(ta) & 22| Mi(t3) 1 g1 11 < g2 f

g3, x3|M1(t7) & x1|M3(t3) : g3 195 < g3 11, wa|M3(t3) < 23| Ma(ty) : g2 11 < g3 1 ga-

It remains to prove that condition (3) of Theorem 5 is satisfied. Let n be a nonnega-
tive integer such that n = 0 mod 3. The recursive formula tells us that the exchange
binomial on the spine is P(z,y) = zy + 1 and we claim that the exchange binomial on legs

is B(z,y) =  + y. It suffices to show that

P P

where B(gn+1,9n+3), P = P(gnt1,9n+3), P' = P(gnt1,gnt2) satisfies condition (3) for

some Laurent monomial L = ¢ - 2%® and integers a, b, ¢, and that

P P

where P” = P(gp+2, gnis) satisfies condition (3) for some Laurent monomial L' = ¢ - 2 3"’

/

and integers a,b’,c¢’. In the first case, Py = P’'|g, .00 = Gntignt2 + 1

gnt2¢0 = 1.

(P4 = 1% = 1 for some nonnegative integer d. L-(P))*-P=L-P =B

1 =
In+3

. On the other hand, L- P = ¢ 2%9y*(gn419ns3 +1) =

gn+3¢—

In+1 +gn+3|gn+3<_ﬁ =gnt1t 5

ey’ gni19nss + cx®y®. Comparing the two expressions for L - P, we get a = 0, b =

-1, ¢ =1, = gnt1, Y = gnts and condition (3) is satisfied. In the second case,

Py = P"|g,2¢0 = gnt29n+3 + g, o0 = 1. (PY)¢ = 1° = 1 for some nonnegative
: /. /e | _ /. _ _ _ 9n+3
integer e. L' - (Py)¢-B=L"-B = P|gn+1<—gn1+1 = gnt+19n+3 + llgn+1<_9n1+1 = goo TL

On the other hand, L' - B = ¢ - gz;lgﬁgrggnﬂ +c - gg;lggwgn%. Comparing the two

expressions for L' - B, we get o/ = —1, ¥ =0, ¢ =1 and condition (3) is satisfied.
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Since all the axioms are satisfied, we have constructed an exchange pattern, and by Theorem
5, {gn} is a Laurent sequence. Thus, if we specialize g1 = g = g3 = 1, then all the g,’s are

integers because the denominators are always 1.

Example 41. Let n € Z, consider the recursive formula x,x, o = xi,l +1. From Theorem

5, we can show that for all integers n, x,, is a Laurent polynomial with denominator zgx%

for some integers a,b. To do so, we create a sequence of rank 2 clusters ({xn, Tn+1})nez

and draw an exchange tree as follows:

1
2o o o ' o 2o ! o.

x0x1} {x2,x1} {x2,x3} {x4,x3} {x4,x5}

We focus on an arbitrary caterpillar embedded in the exchange tree. For example, consider

three consecutive edges

By Theorem 5, we want to choose an exchange pattern satisfying all the axioms. Here, the
exchange binomial is P(t) = Q(t) = R(t) = t*+ 1. By condition (3), Qo = Q|tc0 = 0*+1 =
1, Q§ = 1° = 1 for some nonnegative integer e, P(t) = %% - R|t<_% =1 -+ l\te%) =
11 1

T (p+1) =1 P(@), so we must choose a Laurent monomial L = ¢ - t¢ for some

integers ¢, d satisfying P(t) = L- P(@). Indeed, let L = t?, then L - P(@) =L -P}) =
L-(%+1)=1t*(4+1)=1+t>= P(t). Thus, the sequence (z,),cz is Laurent. Similarly,

if we set xg = 1 = 1, all elements in the sequence become integers.

From the above, we have a combinatorial interpretation of g, and z,, but the beauty of
Theorem 5 is that we can show Laurentness of a sequence without a combinatorial interpre-
tation.

4.3 Proof of Laurentness for Some Somos Sequences

Now, we apply Theorem 5 to deduce the Laurentness for the Somos-k sequences where

k=4,56o0rT7.
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4.3.1 Laurentness for the Somos-4 Sequence

Recall that the recurrence for the Somos-4 sequence is defined as x;442; = T;41%iy3 + 1:22 o
for i > 1 where 1 = 22 = z3 = x4 = 1. We construct the corresponding caterpillar as

follows:

4 1 2 3

o * ® 4.---
P, P P,| P, R

EJ4 E4l4

where the exchange binomials along the spine are Py = 123 + a:%, P = xoxy + ch, P, =
2 P: = 2 R = 2 d 1 E, = 2 3 El _ 2 3
r3x1 +1xy, P3 = x470+2x7, R = x123+25 and on legs are by = x1x5 +x3, Ly = r325 + 7.

Let us check if all the conditions for Theorem 5 are satisfied:

(1) Note that zyx3 —l—a:% does not depend on x4; xox4 +x§ does not depend on x1; x37 —&—xi
does not depend on x; 2479 + x? does not depend on z3; x173 + 23 does not depend on
Ty, xlx% + xg does not depend on xy4; 30333% + ;vzf does not depend on x4. Plus, none of the
binomials are divisible by z; for any ¢ € [n]. Thus, (1) is satisfied.

(2) Consider P, and Pi: Py = z123 + 23 and (Py)g = 23 are coprime; (Py)g = 3 and
P, = xoxy + x% are coprime. Consider P; and Ey: P, = xox4 + ac% and (E4)o = xg are
coprime; (Py)o = 2% and E; = z123 + 23 are coprime. Consider Ey and Py: Ey = z123 + a3
and (Py)g = w371 are coprime; (E4)g = 23 and Py = w371 + 25 are coprime. Consider P,
and Ej: Py = x371 + 2% and (E})o = 23 are coprime; (P2)o = 2371 and Ej = 2323 + 2} are
coprime. Consider E} and P3: Ej = x37% + 23 and (Ps)g = 27 are coprime; (E})o = 23 and
P3 = 2479 + 2% are coprime. Consider P; and R: Py = 2475 + 22 and Ry = 22 are coprime;

(P3)o = 2% and R = z123 + o3 are coprime. Thus, (2) is satisfied.

(3) Consider
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(Pl)() = P1|z4eO = ToX4 + x§|z4eo = {L‘g [(Pl)o}b = l‘gb. L- LL‘gb - Py = E4|1 <_L% . The left-
ERETY
= 234 2%

hand side equals L-x3°- (2123 +3) while the right-hand side is 3 + 231 | 23,
T N

2
3
Ty

Comparing both sides, we get b=1, L = :711

Consider

2
P,
E44 Ey4

(P2)o = Palaye0 = w321 +1‘42;|x4<—o = T17T3. [(PQ)OP = Jfll)xg L~xl1’x§~E4 = Ez’;by—%- The

x

left-hand side equals Loa:l{xg+3+L~xl{+1xl§x§ while the right-hand side is x3x§+x?|x2<_ vywy =
T2

2.3

% + 3. Comparing both sides, we get b =2, L = ?196%
Consider

3 4

P, R

Ei|4
Y

(P3)0 = P3|x450 = 479 + x%|x450 = LE% [(Pg)o]b = .’E%b. L- {L‘%b . EA/L = R‘ 22 - The left-

I3<—E

3
hand side equals L-23°z3z3+L-23""® while the right-hand side is z123+a3| .2 = TLas,
T3 o
x3

Comparing both sides, we get b € Z>o, L = %3 Thus, (3) is satisfied.
> 2%z,

Thus, by Theorem 5, the Somos-4 sequence is a sequence of Laurent polynomials in the
first four terms. By definition, the first four terms are all 1’s so we conclude that the

Somos-4 sequence only consists of integers.
4.3.2 Laurentness for the Somos-5 Sequence
Recall that the Somos-5 sequence is defined as z;15¢; = Z;i41%i44 + Tipoxips for ¢ > 1

with 1 = zo0 = x3 = ©4 = x5 = 1. As above, we construct the following associated cater-

pillar:

K 5 P, P3| B R
Es|5 Es|5 E5|5
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where Ps = 2124 + xox3, P = 225 + 324, Py = 2311 + 425, P3 = 2429 + 501, Py =
513 + 1172, R = 1174 + Tow3 and Es = 23 + xox1, EL = 2%w0 + 2333, EY = 2374 + 27

Again, we check the three conditions in Theorem 5.

(1) Note that zyz4 + x223, xi + zox1, J:ng + .’I}%l‘g, T3T4 + x% do not depend on xs5;
Toxs + xr3x4 does not depend on x1, x3x1 + 425 does not depend on xo; X429 + x5x1 does
not depend on x3. xsr3 + r1z2 does not depend on x4. Also, all the exchange binomials

are not divisible by x;, i € [n]. Thus, (1) is satisfied.

(2) Ps and (P))o = z374 are coprime; (Ps)o = xow3 and P; are coprime. P; and (Es)o = 22
are coprime; (P)o and Ej are coprime. Ej and (Pp)g = 23w are coprime; (E5)g = 3
and P, are coprime. P, and (EL)g = x?z3 are coprime; (P)o and Ef are coprime. EY
and (P3)g = z4xo are coprime; (Ef)g = zize and Ps are coprime. P; and (EY)y = 2%
are coprime; (P3)o and EY are coprime. Ef and (Py)g = z122 are coprime; (EY)o and Py

are coprime. Py and Ry = xox3 are coprime; (Py)o and R are coprime. Thus, (2) is satisfied.

(3) Consider

oo |n
o

Es|5

(P1)o = Pilagco = T225 + 2324|050 = x37a. [(P1)§] = 2baf. L-[(P1)g]- Ps = Eslg - zaza.

The left-hand side equals Labal(z124 + 2923) = Lriadai™ + Lagai™ 24 while the right-

L223%4 - Comparing both sides, L = ——, b= 1.
1

ide e g2 oms — 2
hand side is x5 + x2x1|ml<_w§:4 =z;+ e,

Consider
2
P,
Es|5 E5|5
(P2)o = Palay 0 = 2321 + 245 ]ng 0 = waz1. [(P2)g] = 2528 L-[(P2)g] - Bs = Fyly, e zam .

The left-hand side equals Labab (22 + xoz1) = Labzba? + Lxgzcll”lxg while the right-hand

1}31’1&72

Comparing both sides, L = L, b=1.

side is 23wy + 2{w3)y, zsm = 2wy + FLI -,

z2
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Consider

3
Py
Es(5 Eil5

(P3)o = Pslas0 = TaZo + 2581 |a50 = Taza. [(P3)f] = afab. L-[(Ps)§]- Ef = B |oy e zaza.

x

The left-hand side equals Labzb(x3xs 4+ x3xs) = Laf 22l 4 Ladabasal while the right-

2
e 2 _ 2 4 T2 ; : _ 1
hand side is z3x4 + x1|m3%zi;z =x+ 5 Comparing both sides, L = P b € Zxo.
Consider
4 5
P, R
E5|5

(Pa)o = Pilas 0 = 2523 + 2122 |gc0 = 212 [(Pa)g] = 2fah. L [(Pa)g] - BY = Rly, s

The left-hand side equals Lzl (z3xy + 23) = Lababasz, + LabT2ah while the right-hand

2
. . 3 _ _’Il.’xz
side is z1x4 + :1c2|z4 oy = Tox3 + =

. Comparing both sides, L = ﬁ, b e Z>p.
. >

b—
172

Thus, (3) is satisfied.

Hence, by Theorem 5, the Somos-5 sequence is a Laurent sequence in the first five terms

(which are all 1’s), and so the Somos-5 sequence is an integer sequence.

For the Somos-4 and Somos-5 sequences, all exchange polynomials are indeed binomials.
Now, for the Somos-6 and Somos-7 sequences, the exchange polynomials contain more than

two terms, but we still can use Theorem 5 to prove the integrality of these sequences.
4.3.3 Laurentness for the Somos-6 and Somos-7 Sequences

The Somos-6 sequence is defined by 1 = 29 = 23 = 24 = 25 = ¢ = 1 and z;462; =
Tit1Tits5 + TigoTita + w$+3 for i > 1. The recurrence formula contains three terms, so it is

reasonable to predict that the generalized exchange pattern consists of exchange polynomi-

als with at least three terms. We construct the corresponding caterpillar:
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w1 4.2,.3, 4.5 .6

6
B R | P| P| B | B R
E|6 E;|6 E:|6 E¥|6

where Pg = w125 + Tox4 + x%, P, = zoxe + 375 + mi, Py = z311 + 24706 + x%, P; =
T4To + T5T1 + x%, Py = 2523 + 220 + a:%, Ps = xgx4 + 123 + a:%, R =x1x5 + xox4 + x%
on the spine and Eg = x%wg + x5xi + 24221 + x%xl, E}l = $§$3$2 + x5xix2 + .’E%SE4£L’3 +

Y2478 + 230170, B = 241123 + 042503 + 23043 + 200325 + 222370, EY = 1575 + 1303+

24275 + 2311 on the legs. We check the conditions.

(1) Nomne of the binomials is divisible by z; for ¢ € [n]. Ps, R, Eg, E§, E{ E{’ do not
depend on xg; P; does not depend on x1; P> does not depend on xs; P3 does not depend

on z3; Py does not depend on z4; P5 does not depend on x5. Thus, (1) is satisfied.

(2) Ps and (Py)g = x3w5 + o7 are coprime; (Pg)o = 2274 + 23 and P are coprime. P; and
(Eg)o = 2223 + x527 are coprime; (Py)g and Fg are coprime. Eg and (Py)g = x3z1 + 22 are
coprime; (Eg)o = 2273 +x523 + 2371 and P are coprime. P and (E§)o = 232473 + 217472
are coprime; (Py)o and E§ are coprime. Ej and (Ps)g = x4%2 + 2521 are coprime; (Ef)o =
52370 + 112472 and P3 are coprime. Py and (Ef)o = 247123 + 221325 are coprime; (Ps)o
and E} are coprime. Ej and (P,)o = xsz3 + 27 are coprime; (Ef)g = z223z5 + 122372

and Pj are coprime. Py and (EY')o = xsx3 + 23x3 + 232, are coprime; (Py)o and Ej’

are coprime. Ef’ and (Ps)o = z123 + x5 are coprime; (Ef')g = x3x3 + x371 and Pj are

coprime. Ps and Ry = wa24+% are coprime; (Ps)g and R are coprime. Thus, (2) is satisfied.

(3) is also satisfied; for example, consider the following three consecutive edges with two on

the legs and one on the spine:

(P2)o = Palugeo = 2321 + 2as + 28|ug-0 = w321 + 23, [(P2)g] = afal +23°. L-[(P2)g] -
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Es = Eg| The left-hand side equals L(x8z% + 22°)(22x3 + 2522 + z47021 +
Z2

2
P L e
T2

z3y) = beﬂxl{xg + Lab x1m5x4 + ngxll’ﬂme + L:L'b+2 b+1 n szbux i ngbﬂ -

Lx%bmxgxl + Lx%bxgxl. The right-hand side equals xgxgxg + x5xix2 + m%m4x3 + 331304372 +

:Es:E 1

2,2 4 2 3,2
TET5T1 TeT3 T5XT;T3T1 T z32?
T37125] ==t + 231473 + T1T4TE + =L+ .
To—

r3rytay T2 T2 T2
z2

Comparing both sides, L = i, b=1.

For another example, consider the following three consecutive edges with one on the leg

and two on the spine:

el
~

E¥|6

(Ps)o = Pslogeo = @eta + 2123 + 23|00 = x123 + 25, [(P5)f] = 2faf + 23" L -

[(P5)8]-R=EY ppe Tizated The left-hand side equals L(xz + 22°) (2125 + 224 + 23) =
s

Lt abes + Lxl{xgxgx:—f— Labait? + Ladba xs + Lo oy + Ladbx?. The right-hand side

equals x5x§+x%x3 +m4x2x5+x§az1\xr<_xw3+m% _ x;xg + x3x2 +x1x3 +$1gg2+%§4wz+ :c4:c2

5

Comparing both sides, L = -, b= 1.

Thus, we can apply Theorem 5 to conclude that all elements in the Somos-6 sequence
are integers. Similarly, although the exchange polynomials for the Somos-7 sequence are
even more complicated, we still can construct a caterpillar as follows to prove the integrality

of the sequence:

where Py = x1x¢ + Tox5 + X314, Pi = 2ox7 + 3T + Ta4x5, Py = 1371 + 427 + T526, Ps
T4To + T5x1 + Tex7, Py = x503 + x622 + X771, P5s = X674 + 773 + 172, Ps = T715 +

/
124 + 2023, R = 2126 + Tox5 + 2324, E7 = aa;x% + ZeT5xa + TTox1 + T3xaT1, B =

Y3120+ T6T5T4To+T 2T T+ 13035+ 14207113, BY = 147001+ 3300 +160503+ 0305, B
6 5 1 7 6 1

ToT1T5T3 + 31106 + XET2Ty + TeX5T3T4 + TIT5T4, BV = xe1374 + 2304 + T6T572 + T2T1 T3
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One can use the Program Maple to calculate the above exchange polynomials for Somos se-
quences. For k € {4,5,6, 7}, note that in the caterpillar associated with Somos-k sequence,
we have R = Pj,. However, if we use the program to compute exchange polynomials in the
caterpillar associated with the Somos-8 sequence, we will find that P # Rg, but this is not
enough to tell that the sequence is not Laurent. Indeed, as we computed in Table 1, we find

that the sequence does not satisfy the Laurent phenomenon.
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