MOCK THETA DOUBLE SUMS

JEREMY LOVEJOY AND ROBERT OSBURN

ABSTRACT. We prove a general result on Bailey pairs and show that two Bailey pairs of Bring-
mann and Kane are special cases. We also show how to use a change of base formula to pass
from the pairs of Bringmann and Kane to pairs used by Andrews in his study of Ramanujan’s
seventh order mock theta functions. We derive several more Bailey pairs of a similar type and
use these to construct a number of new ¢-hypergeometric double sums which are mock theta
functions. Finally, we prove identities between some of these mock theta double sums and
classical mock theta functions.

1. INTRODUCTION

1.1. Bailey pairs. A Bailey pair relative to a is a pair of sequences (au,, B, )n>0 satisfying

n

b= i (1.1)

k=0 (Q)nfk (CLQ)n+k

or equivalently

= (@)n—; &l (12

Here we have used the standard g-hypergeometric notation,

n

(@)n = (a;q)n = [J(1 — ag"™),

k=1

valid for n € NU {oo}. The Buailey lemma says that if (ay, 8,) is a Bailey pair relative to a,
then so is (,, 3),), where

/ (p1)n(p2)n(agq/p1p2)"

= /o n(aa/pn " (13)
and

- Pl GQ/le)n k(GQ/le)

hm 2 IR TR r— -

A useful limiting form of the Bailey lemma is found by putting (1.3) and (1.4) into (1.1) and
letting n — oo, giving
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ng _ (a9/p1)oo(aq/p2)oo — (P1)n(p2)n(ag/pip2)"
nzzo(pl)n(PQ)n(GQ/PIPZ) B = et el ol 2 aaloomiaalomn " (1.5)

For more on Bailey pairs and the Bailey lemma, see [1, 2, 17].
This paper has its origins in the following two Bailey pairs discovered by Bringmann and
Kane [9]. First, (an, by) is a Bailey pair relative to 1, where

a9y = (1 _ C] 2n —2n Z q—2j —2] (1.6)
j=-n
agni1 = —(1—¢""*?)q Z ¢, (1.7)
j=—n

and

1\ e 2
by = ”(qgj;ql)“xwo» (18)

and second, (ap, B,) is a Bailey pair relative to g, where

-1 n
_ 1 2n242n S —252-25 2n? —252
Qop = T—4 q Z q +4q Z q ; (1.9)
Jj=-n Jj=-n
1 2 n 2 2 " 2
_ 2n2+4n+2 —2j 2n2+2n —252-2j
iy = =7 |4 jznq +q j_z;lq : (1.10)
and
(=)™ ¢*)n
By = ————". 1.11
" (Q)2n+1 ( )

These are highly reminiscent of three Bailey pairs discovered by Andrews [3] in his study of
Ramanujan’s seventh order mock theta functions. Namely, he showed that (A,,(0),B,(0)) and
(An(1),B,(1)) form Bailey pairs relative to 1, where

n—1
Az (0) = g*+n Z A A (1.12)
j=—n j=—n+1
n n—1
Asni1(0) = g HaAnt Z g I g @B tom Z g, (1.13)
j=—n—1 j=-n
B,(0) = = (1.14)
" (" 1)n’ '
n—1
A2n(1) _ 7(1 _ q4n)q3n2—2n Z q—j2—j’ (115)

j=—n
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Aspa(1) = (1 — g +2)g>" 0 3™ g7, (1.16)
and ) o
By(1) = mx(n # 0), (1.17)

while (A, (2),B,(2)) is a Bailey pair relative to g, where

1 n—1 o n '

Ao (2) = T q3n2+2n Z q,Jg,] +q3n2+n Z q,Jz 7 (1.18)
q j=—n j=—n
1 2 " 2 2 " 92

A2n+1(2) = _T q3n +5n+2 Z q—] + q3n +4n+1 Z q—] —j ’ (119)

q j=—n j=—n—1

and
Bo(2) = — (1.20)
" B (qn+1)n+1' '

Our first goal in this paper is to prove the following results, which will lead to more Bailey pairs
like those of Bringmann-Kane and Andrews. Note that Theorem 1.3 is simply an application of
Theorem 1.1 followed by an application of Theorem 1.2.

Theorem 1.1. If (ayn, By) is a Bailey pair relative to 1 with ag = By = 1, then (o, 3),) is also
a Bailey pair relative to 1, where oy = 3, = 0,

n—1
2_ _9:2_9,;
Oy = —(1=¢")@" 7Y g Hagjy, (1.21)
j=0
2 ° -2
a/2n+1 = _(1 _ q4n+2)q2n Zq—Qj a2, (122)
j=0
and forn > 1,
! /Bn—l
B = Tt (1.23)

Theorem 1.2. Suppose that (an, Br) is a Bailey pair relative to 1 with ag = Sy = 0. Then
(o, Bh) is a Bailey pair relative to q, where

1 o ng,
/ n+1 q n
0‘”:1_q<_1—q2n+2+1—q2n> (1.24)
and

B = —Busn. (1.25)
Theorem 1.3. If (ay,, 8n) is a Bailey pair relative to 1 with ag = By = 1, then (o, 8)) is a

Bailey pair relative to q, where

-1
1 2 2 2 v 5 o
"o 2n —27 . 2n“42n —25°-23 .
Aoy = 1_ q q jEO q Q2 q jEO q Q25+1 | » (126)
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1 2 r 92 o 2 n 5.2
a/2/n+1 — i q2n +2n Zq 27 2]a2j+1 - q2n +4n+2 Z q 2j agi |, (127)
q =0 =0
and
" __ Bn
B = oot (1.28)

An application of Theorem 1.1 or 1.3 to a “typical” Bailey pair (from Slater’s list [16], for
example) will give a positive definite quadratic form in the power of ¢ occurring in «,. However,
there are a few cases where we obtain an indefinite quadratic form. For example, using Theorems
1.1 and 1.3 and the following Bailey pair relative to 1 from Slater’s list [16, p. 468],

1, if n=20,
oy =
" 2(=1)", otherwise

and

n
5n = %7
(4% %)n
we recover the Bailey pairs of Bringmann and Kane in (1.6)—(1.11). Some other examples are
recorded in Corollaries 2.2-2.4. Andrews’ Bailey pairs in (1.15)—(1.20) do not seem to be simple
applications of Theorems 1.1-1.3, but they can be deduced from (1.6)—(1.11) using a change of
base formula. We discuss this in Section 3. For another treatment of these pairs, see [6].

1.2. Mock theta functions. An important difference between the pairs of Andrews and those
of Bringmann-Kane is that the former yield mock theta functions when substituted into (1.5),
while the latter do not. However, as we showed in [13], the Bailey pairs of Bringmann and Kane
do give rise to mock theta functions after an appropriate application of the Bailey lemma. These
mock theta functions are g-hypergeometric double sums.

To recall them, we need some special functions. We use the classical theta series

@) =3 (~2)"q) = (2)0o(a/2)0(0)o0r
nez

and for brevity, we write Jy, := Jim 3m With Jom = j(¢% ¢™), and Jom = j(—q% ¢™). We also
use the Hecke-type series

favelwy) = | 30 = 30 | (—1)tearysqela) thrate(a), (1.29)
r,s>0 7,s<0

which is an indefinite theta series when ac < b?. Finally, we employ the Appell-Lerch series

-1 (;)ZT
m(x,q,z) == - ! Z( DI (1.30)

i(zq) g 1 —q ez

where z, z € C* := C\ {0} with neither z nor zz an integral power of q. The Appell-Lerch series
is a “mock Jacobi form” which specializes to a mock theta function when = and z are of the
form (¢~ with ¢ a root of unity [18, 19]. Recall that a mock theta function is the holomorphic
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part of a weight 1/2 harmonic weak Maass form f (7) (as usual, q := €*™" where 7 = z +iy € H)
whose image of under the operator 51 = 2@y2 %= is a unary theta function [15, 18].
The main result in [13] contains 1dent1tles equivalent to the following.

Theorem 1.4. [13, Theorem 1.3]

-y s )

n>1n>j>1 -9 n(q)nfj(Q)ijl

_og?
_(q2) f353(d°, 4", q)

- JsJ12Jo6J7,16J 4,24 J6,4830,96
=4m(—q'",¢**,¢*") — 447" m(~q,¢", ¢**) - 2¢° ., (131
() (~0.0%¢%) J24J48J3,8J2,12J14,96J46,96 (1.31)
41
=3 > (@4 1)J(q,q) 1(=1)Higz)
n>1 n>j>1 —-q n(Q)n ]( )j—l
q(4; %) oo 5
=55 f131(—=¢",—¢",q
(4% ¢*) o ( )
JP T35 802,16
= 4m(—q,¢" ¢") + q%, (1.32)
3y @@L () g
n>1n>j>1 —4%¢%)n(0% ¢*)n—j(q% 4*)2j—1
2¢°(¢;¢°) o 7 4
= 7]‘121 " —q",q
(4% ¢%)oo (e )
J
= dm(—q,q¢'%, ") + 2¢° =2, (1.33)
J14

jgrttn+(3))

= Z q,q )i(=1)¢q

n>0n>;>0 (=@ n(@)n—j(@)2j+1

1 a
= (Tf3,5,3(q57 q57 Q)

—4

_ JsJ12Jo6J3 16 1.24.J6 48 J1896J30 96
m(—¢°,¢*,¢*) — 2¢7*m(—¢"", ¢*, ¢**)
Jo4 48 J1,8J2,12J6,96 J26,96 J38,96
(1.34)

In particular, W (q)-Wi(q) are mock theta functions. We remark that the series defining
Wa(q) does not converge. However, similar to the classical sixth order mock theta function u(q)
[5], the sequence of even partial sums and the sequence of odd partial sums both converge. We
define Ws(q) as the average of these two values. This averaging is denoted here and throughout
by the notation >*.
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The second goal of this paper is to use Bailey pairs arising from Theorems 1.1 and 1.3 to obtain
many more mock theta functions like W (q)-Wi(q). Just as with the pairs of Bringmann and
Kane, this first requires one application of the Bailey lemma, and so the mock theta functions
we obtain are g-hypergeometric double sums. We record these mock theta functions in three
separate results, corresponding to three sets of Bailey pairs. We first express the double sums
in terms of the indefinite theta series (1.29) and then in terms of the Appell-Lerch series (1.30).

Theorem 1.5. The following are mock theta functions.

1);(=1)iq"+G)
;n;1 _](q ¢*)j-1(1—q¥)

2 4 6
- ,0, q,49,49
(q)oof353( )

_ _ JsJ12Jo6J1 160 4.2406.48T18 .96
=4q%m(—¢", ¢, ") + 4m(—¢®,¢"®, ¢ ) -2 -2

J24J48J3,.8J2,12J2,96 34,96

(1.35)
=3 Z (@ @) (—1);(—1)m+ig(2)
n>1 n>j>1 q)n(q n— J(q27q2)]71(1 - q2‘771)
q;
} <(q e haada)
I3 s T3 56,16
=4m(—¢°,¢% ¢*) — 2 - %17:]167 (1.36)
=YY e A
n>1 n>]>1 q q ) (q 7(]4)3‘_1(1 — q4j—2)
29(q;97) o
- (q(Q-qQ))fLQ’l(_qg” ~¢’q")
JJ5 12
Ji12J112J312
DD D
n>0n>]>0 )n )n i(@); (1 — g%t
1
= Wf3,5,3(q2, a*,q)
— (=g, ¢*, ) — 1 — 2¢ m(—q'"3, ¢, 2% JeJ12J3sT5.16 74,2476 48 T18 48

JoaJ 31 892.12910,96J22,96 J42,96
(1.38)

1)7g("3)+()
-3 T

n>0 n>]>0
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(—9)

o0 3 2
= fi21(q,9°,q
(@)oo ( )
545, ¢%) g8 (1.39)
=2m(¢’,¢%,¢*) =1 ¢ : 1.39
( J26J3,6
Theorem 1.6. The following are mock theta functions.
DD DS Gt
— 91
n>1n>]>1 ~1(1—¢¥71)
2
q
= _7f3,773(q57q67Q)
(9)oo
— m(=g" ¢ ) — 3 m(=¢®, ¢, ) + 3 + ¢ Hm(—g"9, ¢, ¢¥) — ¢
o im(—g™, g1, ) 4 gL — g1 J12,48J16,40J2£0J3,40j17,40J40
’ ’ J1J3,120J6,40J20 %0
bt Joa,48J1,40 74,407 1,40 78,207 4,40 J18,40 50
J1J3.120J 6,407 2,40 T3 T 40
19 J24,4871,4074,407 1,40 78,20 16,40 032, 80 (1.40)
J1J3,120J 6,407 2,40 T2 50 ’
yyb VNCONEY
n>1n>]>1 q)j-1(1—¢*7)
2¢° (—Q)oo 4 5 2
=——F+—f131(¢",4°,q
(@)oo ( )
_ _ _1J4,8J16,32J1,16J14,32
=2¢"'m(—q,q¢'% ¢ ") —2¢7" e : (1.41)
J1,2J2,16J0,16
iy )
— 51
n>1 n>]>l (q (1 q ] )
™ 3
S s 1 (4% —¢P,q)
(%)
_ J1J3.8J2,16
=2m(—q", ¢*, 6)+2q m(—q,¢*, ¢ °) + ¢—m (1.42)
JoJ16
Z Z (—1)ntign®+i*+i
1,520 (@5 8)n-(a% %) (1= ¢¥72)
(4% 9 4
=22 fis1(—q" —¢", ¢)
(4% 4*)o
= (b, g q?) — g JJosea 1 Js16032,6404,32024 64 (1.43)

J32J4,64 J1,4J6,32J2,32
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(—Don(=1)q" "

Mio(@) =, D (4% ¢H)n—j (a5 ¢%)j-1(1 — ¢¥72)

n>1n>j>1
20 (=)o 5 7 2
_7f1,5,1(q yq >4 )
(@)oo
_ _ _ _ _3J8,32J20 48 J 22,48 J2,24.J6 48 Jos
=-2¢""'m(—¢", ¢, ¢7%) = 2¢7'm(~¢*,¢"%, %) — 4¢7° L
J1,2J8,48J0,48J24J2 48

T T 2
L ogb J16,32J1,48J2,48J10,24J 1,48 J20,48 Jo6 4 ogt J16,32J4,482,48J10,24J 20,48 J 14 96
- - )

J12J8 4804805, a8 J12J8 4804803, o6

(1.44)

)i n2+n+(]+1)

Ma(q Z Z S(1— g2+

n>0n>]>0

1
= ——f373(¢% ¢*,q)

(9)oo
=q %m(—¢"",¢"°, ¢ + ¢ "m(—¢*,¢"%, ¢*) — ¢ 'm(—¢"", ¢"*, ¢*)

_ _oJ12,48J1,4078,40719.40 76,20 12,40 18,40 T3
+q12m(_q7’q120’q3)+q91, 1,40/8,40/19.40J6, : 18,4040

J1J3,120 14,407 10,40 S50 50

1 J12,48J1,40J8,4019,40 76,20/ 8,40 J79 40/ 1,40

J1J3,120 14,40 10,40 T3y J10 50
= — i i 2
_4J2448J1,40012,40S 1,40J4,20S 1240184080 _g J24,48J1,40J12,401,40 4,20/ 8,40 33 80
J1J3.12014,4010,40 13 J10 J1J3,120 14,40 710,40 T3 J80
(1.45)

9

)jq<"+1>+<le>

M) =3 3

n>0n>52>0
(9w

(@)oo
) Jas 168275160632 (1.46)

- 3 16
=-q¢ m(-q¢°,q",q9) +q
’ J12J616J 416

fisa(d® q q*)

Theorem 1.7. The following are mock theta functions.
)

Mas(

0=2 3 G

n>1 n>]>1

= —7f3,7,3(q4,q77Q)

(@)oo
=m(=q",¢"*,q7%) — " Tm(=4",¢"*°,q7%) — " 'm(=*, ¢, ¢°)
1120 -0y -8 J12,48/3,40-716,407 17,40 J2,20 T 4,40 14,40 T3

Y

J1J9.1207 10,409 2,40 T3 Js0
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_gJ12,48J3,40J16,40J17,40J2,20 S 16,40 J17 40 3,40

J1J9.120J10,407 2,40 T 10 J80
_oJ24,48J3,40J4,40J 3,40J8,20J 4,40 14,40 J30

+q - 34078
J1J9.120J 10,40 2,40 2 Ja0

- i 2
_10724,48J3,40J4,40J 3,40J8,20 16,40 J34 80

07540820 , (1.47)
J1J9,12010,40 2,40 S5 J80
. n+1 J
wq( £)+()
Muu(q Z Z Q);_1(1—¢%T)

n>1 n>]>1

= 2q((q)) fi31(d*,d% ¢%)

_3 J1,8J16,32J1,16J14,32
¢ ) =2 ==
J1,2J2,16J4,16
2 n+j(3)
q,q )n(—1)" g
Mas(q —22 Z )j—1(1 —q2-1)

n>1 n>j>1 n j<q

_ (46

(4% ¢%) o

— 2m(—q",¢'" (1.48)

fis1(—a,—q*q)

J1J1,8J6,16

, 1.49
JoJ16 (1.49)

= 2m(_q137 q247 q2) - 2q71m(_q57 q247 q2) +
_1)n+jqn2+j2—j

Mag(a) = Z 5, (g% %);1(1 — ¢42)

n>1 TL>]>1 ’

L(]; q§ fisi(=a°, —q",q"

s 1 n Jg’ngo,isz,iQ 1 J8,§J3564J47,32J24764
2 Js32J16,32J0,327 10,32 J1,4J2,32J10,32

)

(1.50)

_{)ignti®-i
Miz(q Z Z on| )Aq (1— q4-2)

2. 42
n>1n>j>1 ’ —J q »4 )]_1

= —2q((q_)ZjOOfl,5,1<q37 q97 q2)

_ _ _ Js 32J20.48J 18 48224 1. 48 J12,48 T
=2m(=¢*, 4", ¢7%) + 20" 'm(=¢", 4", ¢7°) — 2¢° =

J12J16.487 84873, Jo6

_ — 5 =2 _ —
_9g7! Jg,32J20,48J18,48J2,24J 20,48 Ji5 48 6 48 + 2410 J16,32J4,48J 6 48J10,24J 4,48 J12,48 o6
< 3 < 5 2
J1.2J16,487 8,483, Jus Jos J1,2J16,48J8 48 J54 48

= — 2
5 Ji6,321,486,48J10,24J 20,48 S35 o6

oA A : (1.51)
J1,2J16,48J8.48J5,J96
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] n +n+( )
Mis(q Z Z 1(q);(1 = g2+
n>0n>]>0 i
1

= W —— f373(¢%. ¢°,q)

=m(—¢",¢",¢%) + ¢ "m(—¢",¢'*°, ¢") — ¢ *m(—¢*", ¢'*°, ¢")

Wi Wi 2
g m(—g®, 1 ) + g J12,48J3,40J8,40J 17,40 J6,20J 12,40 14,40 S 1y
b bl - -
J1J9.120J18,40 6,40 S5, 50

_4J12,48J3,40J8,40 17,40 96,20/ 8,40 S 17 40 3 40

J1J9,1207 18,40 6,40 T3 J10J50
_3J24,48J3,40J12,40J 3,40 4,20 J 12,40 J14,40 J30

J1J9,120J18,40J 6 40J5y J10

= = 2
_ 7 J24,48J3,40J12,40J 3,40 74,20 8 40J34 80

)

= 2
J1J9,120J18,40J 6,40 3580

1)ig("3)+()
Mig(q Z Z = i], g%+
n>0n>]>0
(9

= e fisi(a,q* ¢*)

J4,8J16,32J5,16 6, 82
J12J816J2.16

=m(—¢",¢"%,¢7%) +¢

(1.52)

(1.53)

It will have been noticed that some of the expressions in Theorems 1.5-1.7 are considerably
more involved than others. For instance, equation (1.52) involves four Appell-Lerch series and
four modular forms while equation (1.53) involves only one of each. This depends on the indefi-
nite theta function fy, n4pn(2,y,q). In general, the number of Appell-Lerch series grows with n

and the number of modular forms grows with p.

The final goal of the paper is to give identities involving some of the double sums in Theorems
1.5-1.7 and “classical” mock theta functions. Namely, we express the double sums Ma(q),

Ms(q), Mg(q), and Myg(q) in terms of the mock theta functions

q(n+1)(n+2)(_q2; q2)n
(—q; q2)n+1

q2n(n+1)

B S (aan
" (=¢* )
(Q; q2)n+1 ’

and
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(n+1)2(

Uifg) = 3 ~4:¢%)n

= (—a%dnn
of “orders” 8, 3, 2, and 8, respectively (see [11]). A similar identity was found in [13], namely

Wal(q) = 2qT1(q) — ¢S1(q)

where
Z qn(n+2 )n
n>0

and
Zq nH) q Q)
n>0 2Jn+1

are mock theta functions of order 8 [11].

Corollary 1.8. We have the following identities.
J3Jus n J2.4J316J1,8J6,16

Ma(q) = 4To(q) +2 -2 e (1.54)
Jz ng 8 J1aJ18J38
M;5(q) =1+ qw(q), (1.55)
Mo(q) = —A(—q%) + J§2J14,33710,32 o o Jases | 1 JB,lEJ32;64J4i32J24,64’ (1.56)
J16,32J2,32J6,32J 8,32 J32J4.64 J14J632J2.32
1 J3J J I3 J
Mag(q) = = + ¢ () — g 1=—ti10s2 a2 52/10,3276,32 (157)
2 J16,32J6,3203,32J232  J6,32J16,32J0,3210,32
Jg 16" Ja 39
Lt 8,1632,64-/4,32/24,64 (1.58)

J1.4J2,32J10,32

The paper is organized as follows. In Section 2, we prove Theorems 1.1 and 1.2 and record
some corollaries. In Section 3, we establish a change of base lemma and deduce Andrews’ Bailey
pairs from those of Bringmann and Kane. In Section 4, we recall important work of Hickerson
and Mortenson on mock theta functions [12] and then prove Theorems 1.5-1.7 and Corollary
1.8.

In [14], we consider applications of Theorems 1.1-1.3 to g-hypergeometric double sums related
to real quadratic fields, in the spirit of [4].

2. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. First note that the sequence «, in (1.21) and (1.22) is uniquely defined
by af =0, of = —(1 — ¢*), and

/ 2 /
Ay 2 _4q na
1— q2n+4 1— q2n

= —0p41. (21)
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Suppose that the /3], are given by (1.23). Then the corresponding o, satisfy the initial conditions.
Moreover, using (1.2) we have

n+2 n—j+2

Upio QQ"a’ _ Z (Q)n+j+1q( 2 )(—1)””& B i (q)n+j_1q( 2 )+2n( 1)n+j5’-
1-— q2n+4 1-— q (Q)n—j+2 J (q e Ji

J= Jj=1
n

1
1

(
(@n—j+2

<(1 N qn-i-j)(l _ qn+j+1)q—2j+1
j=
_(1 _ qn—j+2)(1 o n ]—0—1))5]

n+2 n j)+2n(_1)n+j(q)n+j_1

B Z (Q)n—j+2
n+1 q(n_§_1)+2n_2j_1 (q)n+j (_1)n+j+1

_ (1 - q2n+2) Z

=0 (Q)nfjJrl

((1 . q2n+2)(1 —2]+1)) 5]

(1= a5

n+1 n+1l—j n .
("2 7) (@) (1)

— _(1 o q2n+2) Z q

J

= —COn+1.
O
Proof of Theorem 1.2. Let a = q and let 3], be defined as in (1.25). Then
(—1)" §~ (@t (1)) 4 - S
aiz — . Z n j(q) ' ﬁ; (1 _ qn+j+1 +qn+J+1(1 — " _]))
=0 "
(1" (N~ @i (=12 i >J‘ CRAKSAE
T 1g Z @i BJ+Z : B;
=0 n—j TL*]*I
1 . n—j+1 j
_ 1 _n+ (q)n+j(_1)n+]+lq( J )6 . Z n+] 1 ]q( 7)+2n6'
_ 1 Ont1 ¢ o
T o1—g\ 1—¢gt2 1 g )
which establishes the result. O

Note that the proof of Theorem 1.1 implies an inverse result. Since the «/, are uniquely
defined by the o, in (2.1) together with the initial conditions af, = 0 and o} = —(1 — ¢?), we
have the following.

Theorem 2.1. If (a,,3,) form a Bailey pair relative to 1 with afy = 0 and o = —(1 — ¢?),
then (o, Bn) also form a Bailey pair relative to 1, where ag = o = 1,

-1 / q2n—2 /

— a1 T 1— g2 On—15

- (2.2)

Qy =
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and
Bn=—(1 =B (2.3)

We finish this section with three corollaries of Theorems 1.1 and 1.3, giving three sets of two
Bailey pairs involving indefinite quadratic forms. These come from three Bailey pairs in Slater’s
list [16]. These are not the only three pairs from Slater’s list which lead to indefinite quadratic
forms in Theorems 1.1 and 1.3, but we have limited ourselves to those we will use in the sequel.

First, on p. 468 of [16] we find the Bailey pair relative to 1,

17 lf n = 07
ap = :
(=1)™(¢" + ¢ "), otherwise,

and

(_1)ann
(% ¢*)n
Applying Theorems 1.1 and 1.3 we have the following.

611:

Corollary 2.2. The sequences (an,by) form a Bailey pair relative to 1, where

n—1
2_ 5.2
i = (L= g Y »
j=—n
n
2 02 o
azir = =(L=q"")g" 3 a7, (2.5)
j=—n
and
07 an:(),
bn = (_1)nq7'n+1 th ' (26)
D) n_1(1-gZn-T)» Otheruwise,

and the sequences (cu,, Bn) form a Bailey pair relative to q, where

1 2 022 o 2 nl a2

el LD D A At D el (27)

q j=-n j=-n

1 n n

2 _ 942 2 _9:2_ o4
Qons1 = 71 — q2n +2n+1 Z q 2j + q2n +4n+2 Z q 2j%—2j ’ (28)
j=—n—1 j=-n
and
—1)ng "

Brn = (1) (2.9)

(q2; q2)n(1 _ q2n+1) '
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Next, on p. 468 of [16] we find the Bailey pair relative to 1,

1, if n=0,
Ay = n
" (—1)"q_( ;1)(1 +q"), otherwise,
and
(@
Applying Theorems 1.1 and 1.3 we have the following.

Corollary 2.3. The sequences (an,by) form a Bailey pair relative to 1, where

n—1
azn = (1= g"™)g?" =2 N 748, (2.10)

j=-n
agnyr = —(1— g™ Y ¢V, (2.11)

j=—n
and
0, ifn=0,
bn, = (7 (2.12)
! (=1 %) otherwise,

(@n-1(1—¢?n=1)”
and the sequences (cu,, Bn) form a Bailey pair relative to q, where

1 5 e~ 42 2 el _4i2_2:
Qo = i q2n Z q 47%—3 + an +2n Z q 45437 7 (213)
q Jj=—n j=-n
1 2 " 2 2 "~ 2
_ 2n2+2n 45235 | 2n2+4n+2 452
Consr = =7 |4 j_znl q +q j_znq : (2.14)

and

g1
(@)n(1 —g* 1)
Finally, on p. 468 of [16] we find the Bailey pair relative to 1,

1, if n =0,
Ay =
" (=1)rq~ ™" +3)/2(1 + ¢®), otherwise,

Bn = (2.15)

and
(_1)nq7n(n+3)/2

ﬁn =
(@)n
Applying Theorems 1.1 and 1.3 we find the following.
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Corollary 2.4. The sequences (an,by) form a Bailey pair relative to 1, where

P - (1 o q4n)q2n2—2n+1 Z q—4j2—j7 (216)

j=-n

n

Aoni1 = _(1 N q4n+2)q2n2 Z q74j2*3j7 (2]_7)

j=-n

and
0, ifn=20,

b, = (_1)"q_(nJ2rl)+l (2.18)

@na(—g—1)° otherwise,

and the sequences (o, By) form a Bailey pair relative to q, where

Qo = 1 — Z q—4j —3j +q 2n2+42n+1 Z —452—j ’ (2'19)
4 j=-n j=-n
_ 1 2n2+2n+1 —45% 3 2n +4n+2 —452-3j
Qe =~y ]_; K ];nq 7 (2:20)

and

(_1)nq—n(n+3)/2

on = (@)n(1 — gt

(2.21)

3. THE SEVENTH ORDER BAILEY PAIRS OF ANDREWS

We begin with a change of base lemma for Bailey pairs. For other results of this nature, see
[7] and [8]. Throughout this section we emphasize the base by saying that a pair of sequences
satisfying (1.1) is a Bailey pair relative to (a,q).

Lemma 3.1. If (o, 5y) is a Bailey pair relative to (1,q), then (l,, 5),) is a Bailey pair relative
to (1,q?%), where

1
oy = 5(1+ """ "o, (3.1)
and
) 1 n qkkk
= . 2
ﬁn (—1)2n 20 (q2§ q2)nfk P (3 )
Proof. We will need the fact that
—-n q)n k —n
() = D (1rgB) o (3.3
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along with the identity

— (DR () (g™ (1 + ¢*)(@)2r(—1)2m

— (3.4)
2 @@ 2 P
which follows from a short calculation using the case z = —¢?*, a = ¢~ "1, b = —¢~"1", and
c = ¢*>"*1 of the second Heine transformation [10],

Z

Z(con(b)nzn: c/b mz (o2 ( ). (3.5)

>0 (©)n(@n

Now, beginning with (3.2), we have

1 - q
Bn = Bk
(—=1)2n 2;% (4% @*)n—k
1 n qk,2_k, k 1
= a,,,
E VP DYt mard Y v e
1 n n qu,k 1
o aT
(=1)2n ; ; (0% @) n—k (Dk—r(Dk+r
_ 1 i o n—r qk2+2kr+r2—k—r
(—=1)2n —0  h—o (4?3 4*)n—tk—r (@) (D) kt2r
n 7,.2_7“ n—r 2 r—
- Zq O‘TZ 2 2Qk+2k k2+1
(Don 2 @2 2 (0% ) ntr (DR
1 n qr277“ - k an( (n— r) )k
= (by (3.3))
(=1)2n ;;% (@)2r (4% ¢*)n— 2{: (@)k(q 27"“)
_ 1 E”: qr2—r . ”ZE: k an(q (n— r) (_qf(nfr))k
(“Dzn 2 @r (% Pnr 2 (@@ )
n (1 + q2r) r2—r
Qy by (3.4)).
Z 2( g% Q)nfr(q ) )n+r (by (3-4))
This implies the statement of the theorem. O

Now we insert the Bailey pair in (1.6)—(1.8) into Lemma 3.1. We obtain a Bailey pair relative
to (1,q?), where

n—1

1 8ny  6n%—4 —252-2j
ahy = 5 (1= g")g*™ =" D a7,

j=—n

1 2 DL e
a,2n+1 — 75(1 o q8n+4)q6n +2n Z q 27 )

j=—n
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4, =0, and for n > 1,
2_

y 1 zn: (=D)*¢" (g5 ¢*)k—1
" (@)2k-1(4% ¢*)n—k

2
-1 (=1 " (4 ¢*)n
=0 (@)2k+1(4% ¢*)n—k—1

n—1 op —<(n—
) B 2™ (20D ) (@ %) (by (3.3))

(—D2n(d* ¢*n1(1—q) == (¢%¢*)k(a* ¢
_ -1
(=1D)2n(¢; ¢%)n
_ —1
2(¢*"; %)
where the penultimate equality follows from the case ¢ = ¢, n =n—1, a = ¢, and ¢ = ¢> of the
¢-Chu-Vandermonde summation [10]

Zn: (@)k(g™")k <Cq">k _ (c/a)n
— (ke \ @ (©)n
Now multiplying (a/,,b,) by —2 and replacing q by ¢'/? gives Andrews’ Bailey pair (1.15)—(1.17).
Finally, multiplying (1.15)—(1.17) by —1, then applying Theorem 1.2 and Theorem 2.1 gives the
pairs (1.18)—(1.20) and (1.12)—(1.14), respectively.

4. PROOFS OF THEOREMS 1.5—1.7 AND COROLLARY 1.8

The approach for proving Theorems 1.5-1.7 is as follows. We first apply (1.3) and (1.4) to
Corollaries 2.2-2.4 to obtain new Bailey pairs, then use (1.5) in various ways to obtain identities
expressing g-hypergeometric double sums in terms of the indefinite theta series (1.29). Next,
to deduce that these g-hypergeometric double sums are mock theta functions, we apply the
following three explicit results of Hickerson and Mortenson which express (1.29) in terms of the
Appell-Lerch series (1.30). Define

a—1 a
Jane(. Y, 0,21, 20) == Y (—)'q°) (", ¢)m <—qa(b;1)c(a§1)t(b2a6) E:i))baq“(bz‘“),@)
t=0
el t bt1 1 (— )C
+ 3 (~2) ") j(q"y. ¢)m <qc( 2)mal )_t(bQ_“C)( x)b,qc(bQ‘ac),zl).
—y
t=0

(4.1)
Following [12], we use the term “generic” to mean that the parameters do not cause poles in
the Appell-Lerch sums or in the quotients of theta functions.

Theorem 4.1. [12, Theorem 1.6] Let n be a positive integer. For generic x, y € C*

fn,n+l,n(x7 Y, Q) = gn,n—&-l,n(ma Y,q, yn/xna wn/yn)
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Theorem 4.2. [12, Theorem 1.9] Let n be an odd positive integer. For generic x, y € C*

fn,n+2,n (:L’, Y, Q) = Inn+2,n (JI, Y, 4q, yn/l’n7 xn/yn) - @,172(1?, Y, Q)
where

Y2 o anJanin) sman)d /@, D)5 (" 2ay, D) (g0 ) 2?y?, ¢S D)
q(n2—i’))/?x(n—B)/Qj(yn/mn7 q4n(n—f—1))j(_qn-l—Ql,Q7 q4(n—|—1))j(_qn-l—2y27 q4(n+1))

@n,Q(ma Y, Q) =

Theorem 4.3. [12, Theorem 1.11] Let n be an odd positive integer. For generic x, y € C*

fn,n+4,n(x7 Y, Q) = On,n+4n (Jf'? Y,q, yn/xn7 xn/yn) - ®TL,4 (Jf'? Y, q)
where

—(n?4n-3),.—(n—3)/2,,(n+1)/2 ; 4(2n+4)
_ q x y i(y/z.q ) 3
Onalz,y,q) = F(yn fan, GnCn D) j(— 2+ h) 4(2n+4))](_q2n+8’q4(2n+4)){J4n’16nsl qJS”JG"S?}’

](q6n+16x2y2 q (2n+4)) ( q 2(2n+4) y/x q 2n+4))j( n+4xy, (2n+4))

Sy =
s 2(2n+4 Js(2n+a)
. {]( q2n+8x2y2 q (2n+4))j(q2(2n+4)’q4(2n+4))Jf(2n+4)
N n+4x2]( 6n+16x2y2 q (2”+4))j(q (2n+4) /x q 2n+4)) ( /:C q4(2n+4))2
Ja2n+4

and

j(q2n+8x2y2 q (2"+4))j(—y/ar,q4(2"+4))j( 3n+8xy q (2n+4))
J22(2n+4)
{ gL (— g2 a2y, ) ) (R 2 2 Ay o

YJ4(2n44)

Sy =

N gj(— 16522 o (2n+4))j(q4(2n+4)y2/m2,q8(2n+4))2 }

J8(2n+4
Finally, we use the fact that specializations of Appell-Lerch series are well-known to be mock
theta functions [18], [19, Ch. 1].

To simplify expressions arising in Theorems 4.1-4.3, we require certain facts about j(z, q) and
m(x,q, z). From the definition of j(x,q), we have

i(q"z,q) = (~1)"q )z j(x,q) (4.2)
where n € Z and

-1

j(z,q) = jlq/z,q) = —zj(x™ ", q). (4.3)
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Next, some relevant properties of the sum m(x,q, z) are given in the following (see (3.2b),
(3.2¢) of Proposition 3.1, (3.3) of Corollary 3.2 and Theorem 3.3 in [12]).

Proposition 4.4. For generic x, z, 2y, 2 € C*,

m(z,q,2) = 'm(z" g, 27", (4.4)

m(qzr,q,z) =1 —am(z,q, z), (4.5)
9 1

m(g,¢",~1) = 3 (4.6)

and

20J75(2/20,9)5(x220,9)
7(20,9)7 (2, 0)j (20, 9)j (22, q)
We are now ready to proceed to the proofs of Theorems 1.5-1.7.

Proof of Theorem 1.5. Applying equations (1.3) and (1.4) with (a, p1,p2) = (1, —1,00) to (2.4)—
(2.6) and (g, —q, 00) to (2.7)—(2.9) gives a Bailey pair relative to 1,

m(x, q, Z) = m(x,q, ZO) +

n
ah, =2(1 — q2n)q4n27n+l Z q72j2, (4.8)
j=—n
n
2 _9:2_ o
a,2n—|—1 — 72(1 _ q2n+1)q4n +3n+1 Z q 2j 2]’ (49)
j=—n
and
n 2 (J
—1) (2)+1
i (4.10)
j:l n]q Q)] 1(1_(]] )
and a Bailey pair relative to g,
ady, = Al 4n +n Z q—2g 2 4 g 4n?4+3n+1 Z g 7 (4.11)
j=—n j=-—n
1 2 - e 2 " o
Oy = =7 | ¢ Ty (4.12)
q j=—n—1 j=—n
and
1 n —1) ()
B, = 1)g (4.13)

(=@)n ;0 (@)n—j(q);(1 —g%+1)’

respectively. Now to prove (1.35), we insert the Bailey pair (al,,],) from equations (4.8)—(4.10)
into (1.5) with p;, p2 — oo. This gives
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aMi(g) = q" b (g Z

n>0 n>0
an? 1 An?4an+1
(E q" as,(q) + E a2n+1(Q)
n>0 n>0
n—1
8n2—n+1 8n24+n+1 —252
K Z =3 >
n>0 j=-n n>0 j=-n
n n
Z 8n2+7n+2 Z —252-2j Z 8n2+9n+3 Z —252-2j
_ q q J J + q q J J .
n>0 j=-—n n>0 j=-—n

After replacing n with —n in the second sum and n with —n — 1 in the fourth sum, we let
n=(r+s+1)/2, j=(r—s—1)/2 in the first two sums and n = (r +s)/2, j = (r — s)/2 in
the latter two sums to find

Mi(q) = qQ)qoo<( Z _ Z >q§r +5rs+9r4+3s24 s

r,s>0 r,s<0
r#s (mod 2)  r#s (mod 2)

_ < Z _ Z )q?r +5rs+3 r+5s2+ s)

r,5>0 r,s<0
r=s (mod 2) r=s (mod 2)

((Z S )bt o e )

r,s>0 r,s<0

(4.14)

2q 6 4
=——1f353(¢,4",9q).
(@)oo

By (4.14), Theorem 4.2 with n = 3 and (4.1)—(4.3),

Ml(Q) _ _2q—10m(_q—7’q487 qﬁ) + 2q—23m(_q—23’ q48’q6) + 2m(—q25,q48, q—6)
_ _ 2q (4.15)
Om(—¢7",¢"%,¢7%) + —~—032(¢% ¢*, ).

2 (@)

Now, we simplify (4.15) using (4.4), (4.5) and (4.7) to obtain



MOCK THETA DOUBLE SUMS 21

_ 2q
Mi(q) = 4¢3 m(—q",¢*,¢%) + 4m(—¢*,¢®,¢") — 2+ —~—03(¢% ¢*,¢)

(@)oo

g Jis 1248748 J3sJ12,.48 25,48

L i S 2 Troad
GasJ 14871348 G48719,48731,48

. _
JigJ18,48J11,48

— 4q—3m(_q7 q48 q24) + 4m(_q25’q48 q—24) _ 4(]3 i i
T ’ J6,48J24,48J 13,4817 48
Jis 18,487 48 2q
—4 48 = = - 2+ 7@3,2(q6aq47q)
J6,48J24,48J1,48J 17 48 (@)oo

_g Jis 1248 7,48 5 J3sJ12,48 25,48

+ 2q = = .
2 2
J§ as 1,48 13,48 Ji 48 19,48J31,48

Comparing with (1.35), we are left with a modular identity to verify. Such a verification can
always be done using a finite computation. This, and similar computations in this paper, were
carried out using computer software packages available at

http://www.qseries.org/fgarvan

This proves identity (1.35) and shows that M;(q) is a mock theta function.

As equations (1.36)—(1.39) are handled similarly, we briefly sketch the relevant details. For
equations (1.36) and (1.37) we again use the Bailey pair (4.8)—(4.10) in (1.5), with (p1, p2,q) =
(V@ —/4, q) and (q, 00, ¢%) and the above argument to obtain

C 2
I [ee]
Mal) = B 30—~
and

2¢(¢; ¢%) o
Ms(q) = Mﬁ,u(—qg’, %, q").

One then proceeds with Theorems 4.2 and 4.1, respectively, and simplifies.
For (1.38) and (1.39) we use the Bailey pair (4.11)—(4.13) in (1.5), with (p1, p2,q) = (00, 00, q)
and (—gq, 00, q) to get

1
M4(q> = 7f3,5,3(q2> q47 Q)

(@)
and
—q
Mifg) = D=5, (0,68, gP).
(¢)oo
Applying Theorems 4.2 and 4.1, respectively, and continuing as above yields the result. O

Proof of Theorem 1.6. Applying equations (1.3) and (1.4) with (a, p1, p2) = (1,00, 00) to (2.10)—
(2.12) and (g, 00, 00) to (2.13)—(2.15) gives a Bailey pair relative to 1,
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n—1
al2n — (1 . q4n)q6n272n Z q74j273j’

Jj=-n
n
2 9 .
dhy g = —(1— g H2)gfr At N g
j=-n
and ) B
Y — Z (—l)Jq( 5')
2 (@@L~ &)
and a Bailey pair relative to g,
n—1
Jj=-n j=—n
IR _1% 6n2+8n+2 Z g4 4 o H10n+4 Z A
7 Jj=—-n—1 j=—n
and
g zn: (—1)jq(ﬂ;)
" = (@n—j(a);(1 — g¥ 1y’

respectively. For the identities (1.40)—(1.44) in Theorem 1.6 we use the Bailey pair (

n (15) with (Plap%CI) = (O0,00,C]), (—1,00,6_[), (\/aa_\/avq)v (q,OO,QQ), and (
obtain

2
Me(q) = — ) ——f373(d°, 4%, q),

(g
2
M?(Q):—Qq((q)q) fisa(dt,d,d%),

M) =

3
q(q(,q )) f131( —qg,q4),

3(_
Mio(q) = —m’oﬁ,m(qs, a.q%),

f151( —q37Q),

Mo(q) =

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

)to

'-Q\/
LQ/-\

I

respectively. One then applies Theorems 4.2 and 4.3 and proceeds as in the proof of (1.35). The

identities (1.45) and (1.46) follow similarly but with the Bailey pair (4.19)—(4.21) in

(p1, p2:q) = (00,00, q) and (—g, 00, q) yielding

Mii(q) = (qi)of3’7’3(q3’q4’q)

(1.5) with
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and

Mia(q) = ((_qgi:‘) fisi(d®, ¢, ).

One now applies Theorems 4.3 and 4.2, respectively, and simplifies.
O

Proof of Theorem 1.7. Applying (1.3) and (1.4) with (a, p1, p2) = (1, 00,00) to (2.16)—(2.18) and
(g, 00,00) to (2.19)—(2.21), we obtain a Bailey pair relative to 1,

n—1
ah, = (1 — q4n)q6n2—2n+1 Z q—4j2—j’ (4.22)
j=—n
a/2n+1 = _(1 - q4n+2)q6n HAn Z q_4] _3J7 (423)
j=—n
and
e
b, = Zn: (-1pq" (4.24)
" (@@ (- gV
and a Bailey pair relative to ¢
n—1
. 2 5
a/2n _ — Gn +2n Z q 235 +q6n +4n+1 Z qf4g —j ’ (4'25)
j=-n j=-n
1
0/2n+1 _ — - 6n2+8n+3 Z q 6n +10n+4 Z —452-35 7 (4.26)
j=—n—1 j=—n

and

R _1)iq(3)
/Bn:Z( (=1’q

J=0 On—j(q);(1 —¢g2+ty’

n (1.5) with (p1, p2,q) = (00,00,q), (—1,00,9), (/@& —+/a,9), (¢,00,¢%), and (—1,—q,¢*) to
obtain

M13(Q) = _ﬁf3,7,3(q47 q7> Q)7

Mua(q) = —mf1,3,1(q37q67q2)7
(@)oo
.2
Mis(q) = (4.9 )200 frsa(=a,—q",q),

" 2(¢% ¢
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2
a(a;9%)
Mlﬁ(q) = (qQ;qg):fL&l(_qE’? _q117q4)7

_2q((q_)jjoof1,571(q37 q97 C_IQ)’

respectively. One then applies Theorems 4.2 and 4.3 and proceeds as above where (4.6) is used for
Mi6(q). The identities (1.52) and (1.53) follow similarly but with the Bailey pair (4.25)—(4.27)
in (1.5) with (p1, p2,q) = (00, 00,¢q) and (—gq, 0, q) yielding

Miz(q) =

Mis(q) = @;()Of3,7,3(q2,q5, 9

and
Mig(q) = (_q)ooﬁ 51(q, 4%, 4%).
(q)oo 1y

One applies Theorems 4.3 and 4.2, respectively, and simplifies.

g

Proof of Corollary 1.8. The identities in Corollary 1.8 are established by comparing the expres-
sions in Theorems 1.5-1.7 with those for classical mock theta functions. We sketch the details.
Equations (5.37) and (5.8) in [12] state

To(g) = —m(—¢*,¢%, %)
and

T8

JaJ36

By (4.4), (4.5), (4.7), (1.36) and (1.39), (1.55) and (1.56) follow. Equations (5.1) and (5.40) in
[12] state

w(q) = —2¢"'m(q,¢% ¢*) +

A(q) = —m(q, 4", ¢*)
and

Ur(q) = —m(—a,4", —¢).
By (4.7), (1.43) and (1.50), (1.57) and (1.58) follow.
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