MOCK THETA DOUBLE SUMS

JEREMY LOVEJOY AND ROBERT OSBURN

ABSTRACT. We first prove a general result on Bailey pairs and show that two Bailey pairs of
Bringmann and Kane are special cases. We then derive several more Bailey pairs of a similar
type and use these to find a number of new ¢-hypergeometric double sums which are mock theta
functions. Additionally, we prove identities between mock theta double sums and classical mock
theta functions.

1. INTRODUCTION

A Bailey pair relative to a is a pair of sequences (o, Bn)n>0 satisfying

b= ) (L1)

k=0 n—k(aCZ)n—‘rk’

or equivalently

1— ann n (a)n+j(_1)n_]q(n;])
oy = Bi. 1.2
n 1—a ]Zzg (Q)n—j J ( )
Here we have used the standard g-hypergeometric notation,
n
(@)n = (a;9)n = [J (1 — ad*™"),
k=1

valid for n € NU {oo}. The Buailey lemma says that if (ay, 8,) is a Bailey pair relative to a,
then so is (o, 3],), where

;o (pl)n(P2)n(aq/p1p2)”a
= ag/p1)alaa/pz)n (1.3)
and
,x= (p0)k(p2)k(ag/prp2)n—k(ag/prp2)k
e kz_o (ag/p1)n(ag/p2)n(@)n—k B (1.4)

A useful limiting form of the Bailey lemma is found by putting (1.3) and (1.4) into (1.1) and
letting n — oo, giving
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> (p1)n(p2)n(ag/p1p2)" B = (a9/p1)oc(ad/p2)oc 5~ (PU)nlp2)nlad/prp2)” (1.5)

= (aq)oo(ag/p1p2)oc =5 (ag/pr)n(ag/p2)n "

For more on Bailey pairs and the Bailey lemma, see [1, 2, 14].
This paper has its origins in the following two Bailey pairs discovered by Bringmann and
Kane [7]. First, (an, by) is a Bailey pair relative to 1, where

n—1
2__ _9:2_ 9,
agn = (1= g™ 72" Y ¢, (1.6)
j=-n
n
2 9i2
agni1=—(1 =g Y g7, (1.7)
j=-n

and

1\ (e o2
St 20) (1)

and second, (ap, B,) is a Bailey pair relative to g, where

by, =

-1 n
1 n o o .
oz = [N Y (1.9)
q j=-n j=-n
1 2 " 2 2 " 2
_ 2nc+4n+2 —2j 2n°+2n —2j%—27
it =—7—_ |4 j_§nq +q j_gnlq , (1.10)

and

_ DM@ d)n
Bn=—Fr—".
(D2n+1
These are highly reminiscent of three Bailey pairs discovered by Andrews [3] in his study of Ra-
manujan’s seventh order mock theta functions. For example, Andrews showed that (A,,(1), B, (1))
form a Bailey pair relative to 1, where

(1.11)

n—1
AQn(l) _ _(1 _ q4n)q3n272n Z q*jQ*j’ (112)
j=—n
A2n+1(]—) — (1 o q4n+2)q3n2+n Z q*jQ’ (]_]_3)
j=-n
and )
Bn(1) = D) x(n # 0), (1.14)

and (An(2),B,(2)) is a Bailey pair relative to g, where
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Hpn(2) = (e S g 3 (1.15)

1=q j=-n j=-n
1 2 " 9 2 n P
A2n+1(2) _ _iq q3n +5n+2 Z q—J + q3n +4n+1 Z q—J |, (1'16)
j=—n j=—n—1
and
Bo(2) = (q";)nﬂ (1.17)

Our first goal in this paper is to prove the following results, which will lead to more Bailey pairs
like those of Bringmann-Kane and Andrews. Note that Theorem 1.3 is simply an application of
Theorem 1.1 followed by an application of Theorem 1.2.

Theorem 1.1. If (ay, By) is a Bailey pair relative to 1 with Sy = 1, then (al,,)) is also a
Buailey pair relative to 1, where oy = 5, = 0

n—1

2_ _9:2_9;
O/Qn — _(1 o q4n>q2n 2n Zq 27 2ja2j+1, (118)

2 "~ -2
Orr = —(1=¢" )Y g7 ay;, (1.19)

j=0
and forn > 1,
! IBTL—].

B = = (1.20)

Theorem 1.2. Suppose that (an, ) is a Bailey pair relative to 1 with cy = By = 0. Then
(o, B) is a Bailey pair relative to q, where

1 o ey
/ n+1 q n

= — 1.21
Qn 1_q< 1_q2n+2+1_q2n> ( )
and

Theorem 1.3. If (an, By) is a Bailey pair relative to 1 with By = 1, then (o, B) is a Bailey
pair relative to q, where

n—1
"o _ 2 2 249 —2§2-2j
Qy, = n? E g ag; —q " " E ¢ 7 " Vagi |, (1.23)
7=0
1 n n
" _ 2n2+42n —24j2-25 2n2+4n+2 —242
e > g g —q > g 0 | (1.24)

j=0
and

"_ Bn

n — m. (1.25)
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An application of Theorem 1.1 or 1.3 to a “typical” Bailey pair (from Slater’s list [13], for
example) will give a positive definite quadratic form in the power of ¢ occurring in a,,. However,
there are a few cases where we obtain an indefinite quadratic form. For example, using Theorems
1.1 and 1.3 and the following Bailey pair relative to 1 from Slater’s list [13, p. 468],

0, if n =0,
(8 =
" 2(—1)", otherwise

and

n
ﬁn = (2_71)27
(4% 4%)n
we recover the Bailey pairs of Bringmann and Kane in (1.6)—(1.11). Some other examples are
recorded in Corollaries 2.1-2.3. Unfortunately, Andrews’ Bailey pairs in (1.12)—(1.17) do not
arise as simple applications of Theorems 1.1-1.3. For more on these pairs, see [6].

An important difference between the pairs of Andrews and those of Bringmann-Kane is that
the former yield mock theta functions when substituted into (1.5), while the latter do not.
However, as we showed in a previous paper [10], the Bailey pairs of Bringmann and Kane do
give rise to mock theta functions after an appropriate application of the Bailey lemma. These
mock theta functions are g-hypergeometric double sums.

To recall them, we need some special functions. We use the classical theta series

i, q) = > (~2)"q(3) = (2)o0(0/7)0 (@)oo
nez

and for brevity, we write Jy, := Jim 3m With Jom = j(¢% ¢™), and Jom = j(—q% ¢™). We also
use the indefinite theta series

Favelwy )= | D = 30 | (~1)tearysqela)torstela), (1.26)

r,s>0 7,s<0

Finally, we employ the Appell-Lerch series

1) (;)zr
m(x,q,z) = ! Z( DIl (1.27)

i(z,0) 5 1= gtz

where z, z € C* := C\ {0} with neither z nor zz an integral power of g. The Appell-Lerch series
is a “mock Jacobi form” which specializes at torsion points to a mock theta function [15, 16].
Recall that a mock theta function is the holomorphic part of a weight 1/2 harmonic weak Maass
form f(7) (as usual, ¢ := €™ where 7 = x + iy € H) whose image of under the operator

&1 = 2iy%a% is a unary theta function [12, 15].
2
The main result in [10] contains identities equivalent to the following.
Theorem 1.4. [10, Theorem 1.3]

j+1)

Wilg) =% % (_1)j((f; )1 (1) s

n>1n>;>1 On(@)n—5(a)25-1
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= (_qQ)q f353(d°, 4", q)

o J8J12J96J7,16J 4,24 76,48 J30,96

= 4m(=4¢'7,¢",¢*") — 447" m(=4,4", ¢*) — 2¢ o (1.28
- ) ( ) Jo4JugJ3.8J2,12J14,96J46,96 (1.28)
J+1
=3 > Ll 1)a(q,q )j—1(=1)migUs)
n>1 n>j>1 —@On(Dn—j(9)2j—1
a\q; q
(; - ; fi31(=¢% —¢*.q)
Ji 83 802,16
= dm(—q,q% ¢*) + g2 199
( ) J§J16 (1.29)
3 NI
n>1n>]>1 —q% q) (4% 6*)n—3(4% q%)251
2q ;
72
= dm(—q,q"2.¢") +2¢° =2, (1.30)
J1,4
-y 3 Casad) et
n>0n>;j>0 ( Dn(Dn—j(2)2j+1

1 3 3
- 3,5,3 ) )
(q)oof’S’ (¢°,q°,q)

_4 9 11 48 24y , J8J12J96J3,16J4,246,48J18,96 30,96
m(_q yqd 4 )
J24J48J1,8J2,12J6,96 /26,96 /38,96

(1.31)

= —2¢"*m(—¢",¢*®,¢**) — 2¢

In particular, Wi (q)-Wiy(q) are mock theta functions. We remark that the series defining
Ws(q) does not converge. However, similar to the classical sixth order mock theta function p(q)
[5], the sequence of even partial sums and the sequence of odd partial sums both converge. We
define Wh(q) as the average of these two values. This averaging is denoted here and throughout
by the notation Y *.

The second goal of this paper is to use Bailey pairs arising from Theorems 1.1 and 1.3 to obtain
many more mock theta functions like W (q)-Wi(q). Just as with the pairs of Bringmann and
Kane, this first requires one application of the Bailey lemma, and so the mock theta functions
we obtain are g-hypergeometric double sums. We record these mock theta functions in three
separate results, corresponding to three sets of Bailey pairs. We first express the double sums
in terms of the indefinite theta series (1.26) and then in terms of the Appell-Lerch series (1.27).
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Theorem 1.5. The following are mock theta functions.

Sy Y e
n>1 n>]>1 n—i(@%¢?)j—1(1 — ¢%1)

2 .
= _W‘f375,3(q47 q67 q)

JgJ12J96J1,16J 4,24 J6,48J18,96
Jo4 g J3,8J212J2.96J34.96

=4q°m(—q",¢",¢**) + 4m(—¢*,¢"®, ¢ *) -2 -2

(1.32)
=2 X (g:4%)n(~1);(~1)" g8
n>1 n>]>1 ~@n(@n—j(a% ¢*)j-1(1 — ¢¥ 1)
(45 4%) oo 3
= —q,4q
) 5o J1,31(—¢ )
J3.J2 616
(P ) — o Jiatasdes L
m( qaan) J§1J16 s ( )
o
ZZ (161)(1)”“61”*]9‘
n>ln>]>1 (@ ¢*)n—j (g% ¢*)j-1(1 — ¢¥72)
24(¢: ¢%) oo
= mfl,z,l(—f, —q°,q")
J3yJ 512
=dm(—q", ¢ ¢") -2+ 2—E2=2=— (1.34)
Ja2J1,12J312
-y y el
n>0n>]>0 ”( Jn—j(q);(1 — g%+t
1
= —f353(d% q*,q)
(@)oo
_ JsJ12J35T5 16 1.24J6 4818 48
—om ’ 12 (=" g% ) 965,164,246, a8
et ARG AR qJ24J428J1,8J2,12J10,96J22,96J42,96
(1.35)
Z Z -1 jq(nﬂ)'*'(z)
011
’n,>0'n,>]>(] —j(@);(1 —¢*+1)
(9 3 2
= f121(0,9°,47)
(@)oo
J3
=2m(¢°,¢% ¢°) =1 — q——° (1.36)

J2.6J3,6
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Theorem 1.6. The following are mock theta functions.

)] n +(J+1>

=2 2. G

_ q25—-1
n>1 n>]>1 <1 ' )
2
q
= - f3,7,3(q57q67Q)
)oo

Mm(—q

_ _ 11 J12,4816.40J2,20 03,40 T 17,40 T 10
(=g, ¢, %) + ¢ 1 — g1

(q
=m(—¢", ¢, ¢ — ¢*m(—¢*, ¢, ¢ )+ ¢+ ¢

119

—q m 02
J1J3,120J6,40J20J80
_ 4 J24.48J1,4094,40J1,40J3,20J 4,40 18 40 J50
J1J3,1207 6,400 2,40 T % 10
19 J24,4871,4074.40T 1,40 78,20 16,40 T 32, 80
J1J3, 120j6 407 2.40J2,Ts0
i)
=2 Z
n>1 n>]>1 q)j-1(1 = g¥)

—moﬁ,&l(f, 7. q*)

)

_1Ja8J16,32J1,16J14,32

=2¢"'m(—q,¢'"% ¢7") - e :
J1,2J2,16J0,16

+1

In( 1)””(1(] )

pmiy S BRI

n>1 n>j>1 i(a);

q(g; ) _3
(qq)fL,( 7, q)

_ _ J1J38J2.16
=2m(—q", ¢, ¢®) + 2¢7°m(—q. ¢**, ¢ °) + =2,
JoJ16

(—1)nHgn*+i*+i

ZZ (@25 ¢?)j—1(1 — ¢¥72)

n>1 n>]>1 ’

3
= q(q( 2 )) fisi(—d",—d",q")

2

_1Jgados6a | 1 J816032,64J432J24 .64
J32J4.64 J1,4J6,32J2,32
(_1) 'qn+j2+j

Miola) =3 Z n—j(q%q%)j—1(1 — q¥=2)

n>1 n>]>1 ’

=m(—¢* ¢*,¢7?) -

)

— m’oﬁ,s,l(qsa q,q%)

—14

(1.37)

(1.38)

(1.39)

(1.40)
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Jg 39J: J J2 94J6.48J.
_ _2q71m( q10’ q48 q*2) . 2q74m(—q2, q48’ q*Q) _ fg—38,82+/20,48-722,48/2,2476,48796
J1,2J8,48J 0,48 242 48
+ 248 J16,32J4,48 2,48 710,24 1,48 J20,48 Jo6 4 J16,32J4,48j2,48J10,24j20,48j424,96
J1,2Js 48048934 Jas J1,2J8 480,48 J34 o6 ’
(1.41)
. 2+n+(J+1)
Mai(q Z Z S(1 = g2t
n>0 n>]>0
1
= —far3(a® q",q
(q)oo ( 9 bl )
=q m(—¢"",¢"°,¢7) + ¢ "m(—¢*,¢"%, ¢*) — ¢ 'm(=¢"", ", ¢*)
_ _oJ12,48J1,40J8,4019,40 76,20 12,40 18,40 T3
- 2m(=¢7, ¢, ¢%) + ¢ /19,40J¢ 2 40
J1J3,120J 14,40 10,40 S50 J80
— — —2
4 J12.4871,4078,407 19,406,208 40T 79 40 140
J1J3,1207 14,40 10,40 T3y J10J80
_ a4 J2a.4871.40J12,40 1,40 4.20 T 12,40 18,40 50 g J24,48Jl,40J12,40j1,40t]4720j8740Jzﬁ?&so
J1J3,1207 14,40 10,40 T2 40 J1J3.1207 14,40 10,40 T2 50 ’
(1.42)
. (n+1 1
)Jq( )"'( 2 )
Maz(q Z Z q);(1— ¢%+1)
n>0n>5>0 Vi

:(_ )oo

(9)oo
_ J4.8J16,32J; 6J632
=—q¢"'m(-¢*,¢"%,q) + ¢ 20020, (1.43)
J12J616J 116

fisa(d® d q*)

Theorem 1.7. The following are mock theta functions.

Mis@) =) > = i
e n>1n>]>1 (q -1 = ¢*7)
= —mf3,7,3(q4,q77®

=m(—¢",¢"%¢?) — ¢ "m(—=¢",¢"*,¢7?) — ¢ 'm(—¢**,¢'*°, ¢")
s J12.48J3.40J16,407 17.40J2.20J 4.40 J14,40 T35

1120 =9y _
, Ll
J1J9.1207 10,409 2,40 T3 Js0

—q “m(—q,q

o J12,4873.40J16,40J 17,40J2,20 ] 16,40 J127,40j;2%,40
Ji J9,120j10,40j2,40 Jg’o Ja0Js0

— o J24.48J3,4074,407 3,408 20T 4,40 J14,40 T50
J1J9,1207 10,40 2,40 I35 Ja0




Mia(q

Mis(q

Mie(q

Mi7(q

Mis(q

=03

n>1 n>g>1

MOCK THETA DOUBLE SUMS

5 i 2
_10724,48J3,40J4,407 3,40J8,20 16,40 J34 80

ZZ

J1Jo, 120710 102,405 Js0
1)jq<”;1>+<;'>

n>1 n>]>1

~2¢(—9)

2m

_ (g

= 2m(—g", ¢

=—q 'm(—¢® ¢*,¢q

(g%

(9)oo @ @

(_q77 q167 q*3) -

9)j-1(1 = ¢¥1)

4%, ¢%)

)

J1,8J16,32J1,16J14,32

7%)oc

q) 5 f1,5,1(—¢q

,—q*,q)

) — 2q’1m(—q57 e

J12J2,16J4,16

q’ q2>n 1)n—|—jq(j)
Jn-j(@)j-1(1 —g*~1)

L)+

L9 9
_1)n+]qn +3°=J

=X X o

n>1 n>]>1 ’

~qlg
(g%

=2 2. G

7*)oc

q) S fisa(—q

1

6y 41y e
2 Js32J16,32J0,32J10,32

i(@%¢%)j1(1 — q%72)

5 —q", ")

I35 10,327 6,32

J1J18J6,16

JoJig

_1J8,16J32,64J4,32J24 64

Jon(=1Yg+ =1

n>1 n>]>1 ’

N 2C.I(_(:I)OO

Qm(_q227 q4

e fisa(q®

—j( q2; q*)j—1(1 —q*=2)

¢, q%)

5,47 +2¢7 'm(—¢", ¢",¢7%) —

J1,4J2,32J10,32

)

(1.44)

(1.45)

(1.46)

(1.47)

2% Js 32J20.48J 18 482,24 4,48 12,48 T35

J1.2J16,48 78,4873, Jos

1 J8,32020,487 18,48 02,247 20 48T T 48J648 +2q 10 716,32 04,486 48J10,24 T 4,48 J12,48 o6

J1.2J16,48 78,4873, Jas Jos

5 J16.32J4,48 76 48J10,24J 20 48 J36,96

=2 2. &

J12J1s, 48j8 48J224J96

n +n+( )

n>0 n>]>0

L
(@)oo

f37.3(d%, 4", q)

1 _ q2j+1)

9

J12J16.48 78,482, Jus

(1.48)
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=m(—¢",¢", ¢ %) + ¢ "m(=¢",¢"*°,¢") — ¢ *m(—¢*", ¢'*°, ¢")

Wi Wi 2
gm0, ) g J12,48J3,40J8,40J 17,40 J6,20J 12,40 J14,40 S 1y
) ) = — -
J1J9.1207 18,40 6,40 S50 780

_4J12,48J3,40J8 407 17,40 76,20 S 8,40 17 40S 3,40

J1J9,1207 18,40 6,40 T3 J10J50
_3J24,48J3,40J12,40J 3,40 4,20 J 12,40 14,40 J30

J1J9,120J18,40 6 40J55 Ja0
= = 2
_7J24,48J3,40J12,40J 3,40 74,20 8,40 J34 80

)

== 2
J1J9,120J 18 40J6,40J20J80

ig("3)+()
Mas(q Z Z 1q_ g%i+T)
n>0 n>]>0
(9

D fisila,q* ¢*)

J4,8J16,32J5,16 6, 82
J12J816J2.16

=m(—¢",¢"%,¢7%) +¢

(1.49)

(1.50)

It will have been noticed that some of the expressions in Theorems 1.5-1.7 are considerably
more involved than others. For instance, equation (1.49) involves four Appell-Lerch series and
four modular forms while equation (1.50) involves only one of each. This depends on the indefi-
nite theta function fy, n4pn(2,y,q). In general, the number of Appell-Lerch series grows with n

and the number of modular forms grows with p.

The final goal of the paper is to give some of the identities involving the double sums in
Theorems 1.5-1.7 and “classical” mock theta functions. Namely, we express the double sums

Ma(q), M5(q), My(q), and Mis(q) in terms of the mock theta functions

Z q n+1)(n+2) q2; q2)n
n>0 4 )”+1
q2n(n+1)

wig) =) 55—,
"(—% )

Alq) =) ———5—,

nzz:() (Q; q2)n+1

and

(n+1)2(

Uig) =3 ~4:¢%)n

of “orders” 8, 3, 2, and 8, respectively (see [8]). A similar identity was found in [10], namely

Wa(q) = 2qT1(q) — q51(q)
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where

" (—q; ),
(_q2; q2)n

Si(q) ==
n>0
and

qn(n+1) (—C_IQ; q2)n
= (C6¢)nn

Ti(q) :==

are mock theta functions of order 8 [8].

Corollary 1.8. We have the following identities:

J3J. J2.4J316J1.8J¢
Moa(q) = 4To(q) +2 — 2= 4 2L BI0T L8010 (1.51)
JygJ18 J14J18738
M;5(q) =1+ qu(q), (1.52)
I3 J J2,J Jg 16" Ja 39
Mo(q) = —A(—¢®) + ipJ14321032 176472864 | 178165264432 2460 (153)
J16,32J2,32J6,32J8 32 J32J4,64 J14J6.32J2,32
1 I3 T J I3, J J
Mis(q) = = + g~ U (g®) — g1 =32 10,32/14,32 521032 6,32 (150)
2 J16,32J6,3208 320232 J6.32J16,32J0,32 10,32
Jg 16J: Ja390Jd24 6
. 8,16/32,64/4,32/24,64 (1.55)

J1,4J232J10,32

The paper is organized as follows. In Section 2, we prove Theorems 1.1 and 1.2 and record
some corollaries. In Section 3, we recall important work of Hickerson and Mortenson on mock
theta functions [9] and then prove Theorems 1.5-1.7 and Corollary 1.8.

In a forthcoming paper [11], we will consider applications of Theorems 1.1-1.3 to g-hypergeometric
double sums related to real quadratic fields, in the spirit of [4].

2. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. First note that the sequence «/, in (1.18) and (1.19) is uniquely defined
by af =0, of = —(1 — ¢?), and

/ 2n ./

1—g2ntd 1 g2

= —Qnp41.-

Suppose that the 3/, are given by (1.20). Then the corresponding o/, satisfy the initial conditions.
Moreover, using (1.2) we have

+2 n—j+2 ‘ i ‘
Uiy qMal, nz (@nijirg 2 ) (1)t g _ i (@)nsjorgl2 ) 2= 1)t 5
1—g2ntd 1 —g2n ~ (Q)n_j12 J ~ Dy J
n+2 . (n—j 2
- Z (q)”ﬂ_l(_l)nﬂq( i <(1 — " (1 = ¢TIt g2
(@n—j+2

j=1
~A— "I — g B
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n+2 n—j n n+j
B i: q( 27)+2 ((q;li ‘::(q)n_l,_j—l ((1 _ q2n+2)(1 _ q—2j+1)) 5}

j=1
n+1 q(nfgfl)+2n72jfl (Q)n+j (_1)n+j+1

_ (1 - q2n+2) Z

(1= a8

=0 (q)n—j—I—l
+1 n+1—j .
_ (1 nz:q( 2 )( q n+j(—1)"+]+15,
q n+1—j I
= —QOp4t1.
]
Proof of Theorem 1.2. Let a = q and let S/, be defined as in (1.22). Then
1) (—1)ig("37) , : .
O‘;z _ ( ) Z (Q>n+j( ) q B; (1 . qn+g+l +qn+]+1(1 o qnf]))
l—q = (@n—j
()" [ (@ngir (—1)7q"2) i >J‘ (o) bntitt
= > B+ Z B
l-q \ = (Dn—j Dn—j—1
1 n+1 (=)t (") 1)n- ("37)+2n
1- q j=1 (Q)n—j+1 )n—j
1 Qi1 ¢*"an
T 1—yg _1_q2n+2+1_q2n ’
which establishes the result. g

We finish this section with three corollaries of Theorems 1.1 and 1.3, giving three sets of two
Bailey pairs involving indefinite quadratic forms. These come from three Bailey pairs in Slater’s
list [13]. These are not the only three pairs from Slater’s list which lead to indefinite quadratic
forms in Theorems 1.1 and 1.3, but we have limited ourselves to those we will use in the sequel.

First, on p. 468 of [13] we find the Bailey pair relative to 1,

]-7 ifn= 07
Ny =
! (=1)™(¢" + ¢~ ™), otherwise,
and
(_1)ann

= @
Applying Theorems 1.1 and 1.3 we have the following.

Corollary 2.1. The sequences (an,by) form a Bailey pair relative to 1, where

e
2 542
agn = (1= ¢ 7240 " g%, (2.1)

j=—n
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n

2 _9:2_o:
a2ni1 :_(1_q4n+2)q2n Z q 27 2]7

j=-n
and
b 0, Zf n = O7
n — _1\n,—n+1 .
(q2;q(2)71)71q(1_(127171)7 otherwise,

and the sequences (aun, fBn) form a Bailey pair relative to q, where

1 n n—1
_ 2n2 —24j2-925 2n24+2n+1 —2;42
am=—— | > ¢ Vg Y g,

1—¢q =, =
n n
Qop41 = —1% g2 tantl Z g Y g P2 Z e
9 j=—n—1 j=—n
and
-1 nq—n

(% q))n(1 — g2n 1)’
Next, on p. 468 of [13] we find the Bailey pair relative to 1,

]-7 lf n = 0,
ap = "
(_1)nq_( ;1)(1 +q"), otherwise,

and )

. (—1)rq~("3)
" (@n

Applying Theorems 1.1 and 1.3 we have the following.

Corollary 2.2. The sequences (an,by) form a Bailey pair relative to 1, where

n—1
2_ A2 9
Aoy = (1 o q4n)q2n 2n Z q Y 3]7

j=—n

n
2 A2
agni1 = —(1 =g 2)™ Y ¢V,

j=—n
and
0, ifn=20,
bn = n,T 5
(=1 ) otherwise,

(q)n—l(l_q2n71) ’
and the sequences (cu,, Bn) form a Bailey pair relative to q, where

13

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.9)
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1 2 — A2 2 el C4i2_a.
gy, = — q2n } : q 45°—3 +q2n +2n § : q 4535 , (2.10)
q j=—n j=-n
1 2 “ 2 2 - 2
_ 2m2+2n 45235 | 2n244n+2 452
it =7 |4 j__En_l q +4q j_E_nq , (2.11)

and

(—1)ng("2")

Bn = = ) (2.12)
Finally, on p. 468 of [13] we find the Bailey pair relative to 1,
1, ifn=0
(8 =
" (=1)rq~ ™ +3)/2(1 + ¢*), otherwise,
and
5 — (_1)ann(n+3)/2
n
(@n
Applying Theorems 1.1 and 1.3 we find the following.
Corollary 2.3. The sequences (an,by) form a Bailey pair relative to 1, where
n—1
2 -2 .
agn = (1= g™ 20 N~ g7, (2.13)
j=-n
n
) P
Aons1 = _(1 o q4n+2)q2n Z q—4j —3]’ (214)
j=-n
and
0, ifn=0,
b, = no—("31)+1 (2.15)
! W otherwise,
and the sequences (cu,, Bn) form a Bailey pair relative to q, where
oy, = 1 — Z q —442-3j +q2n +2n+1 Z q74] —j 7 (216)
q j=-—n j=-—n
1 ,
Qont1 = — p 2n2+2n+1 Z q —452 2n +4n+2 Z q—4]2—3g 7 (2'17)
j=—n—1 j=-n

and
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(_1)nq—n(n+3)/2
(@n(L = g*Fh) -

B = (2.18)

3. PROOFS OF THEOREMS 1.5—-1.7 AND COROLLARY 1.8

The approach for proving Theorems 1.5-1.7 is as follows. We first apply (1.3) and (1.4) to
Corollaries 2.1-2.3 to obtain new Bailey pairs, then use (1.5) in various ways to obtain identities
expressing g-hypergeometric double sums in terms of the indefinite theta series (1.26). Next,
to deduce that these g-hypergeometric double sums are mock theta functions, we apply the
following three explicit results of Hickerson and Mortenson which express (1.26) in terms of the
Appell-Lerch series (1.27). Define

a—1

ga,b,c(xa Y. q, 21, ZO) — § :(—y)tqc(é)j(qbt:c, qa)m <_qa(bgl)_c(agl)_t(bQ_ac) (73/)2 7 qa(b27ac)7 ZO)
t=0 (—2)
c—1
£y B g (¢F1Y_p(p2—ae) (— ) op2—
+ —r z‘,qa(Q)!7 qbty7qc m (_qc( 5 ) a( 5 ) t(b%*—ac) 7qc( ac),zl> )
;_0( ) ( ) )

(3.1)
Following [9], we use the term “generic” to mean that the parameters do not cause poles in
the Appell-Lerch sums or in the quotients of theta functions.

Theorem 3.1. [9, Theorem 1.6] Let n be a positive integer. For generic x, y € C*

fn,n—&—l,n(xa Y, Q) = gn,n+1,n($7 Y,4q, yn/xn, xn/yn)

Theorem 3.2. [9, Theorem 1.9] Let n be an odd positive integer. For generic z, y € C*

Tnn+20(T,9,9) = gnnon(T,y,¢,y" /2", 2" [y") — Ono(x,y,q)

where

Y2 o anJani) s d @/@, D)5 (" 2ay, D) (g0 ) 2?y?, ¢S D)
g =32 (=312 (yn [an, gt D) j(—qnt2z2, An ) j(—gnt2y2, g1nt D))

9n,2(x7 Y, Q) =

Theorem 3.3. [9, Theorem 1.11] Let n be an odd positive integer. For generic x, y € C*

Trm+an (@Y, @) = gnnran(@,y, ¢, y" /2", 2" [y") — Ona(z,y,q)

where

qf(n2+nf3)mf(n73)/2y(n+1)/2j(y/x’ q4(2n+4))
](yn/:[:n’ q4n(2n+4))j(_q2n+8x4, q4(2n+4))j(_q2n+8’ q4(2n+4))

Ona(z,y,q) = {J4n,16nsl_qj8n,16n52}a
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6n 16,202 gA(2n+4)) j(_ 2(2n-+4) n+4

7 (gfn 162242 ¢ 4(2nt4))

Jy/z,q (g 2(2n+4))

J. 2(2n+4J 8(2n+4)

: {j (—*" 827y, ") (P O TR

LY, 4

+

@2 (— Ot p2y2 AR (2@ )y sy ARGy fy (AR
Ja2nya

and

48,202 (A(2n+4)) 5 3n+8

J(@" T Cx%y®,q Jj(—=y/z,q
J22(2n+4)
‘ {qn+1j( 28222, g (2n+4))j(q2(2n+4)y2/x2’ q4(2n+4))<]8(2n+4)

yJ4(2n+4)

4(2n+4) )](q zy, q2(2n+4))

Sy =

N quj(—qbn 165292 ¢ (2n+4))j(q4(2n+4)y2/x27q8(2n+4))2}

J3(2n+4

Finally, we use the fact that specializations of Appell-Lerch series are well-known to be mock
theta functions [15], [16, Ch. 1].

To simplify expressions arising in Theorems 3.1-3.3, we require certain facts about j(z, ¢) and
m(x,q, z). From the definition of j(z,q), we have

i e, q) = (~1)"q Bz (2, q) (3.2)
where n € Z and

Next, some relevant properties of the sum m(x,q, z) are given in the following (see (3.2b),
(3.2c) of Proposition 3.1, (3.3) of Corollary 3.2 and Theorem 3.3 in [9]).

Proposition 3.4. For an even positive integer n and generic x, z, z, 2’ € C*

m(z,q,2) =z 'm(z"", q,271), (3.4)
m(qaja% Z) =1 _xm($7Q>z)> (35)
9 1

and

2075 (2/20,9)5 (2220, 9)
J(20,9)3 (2, 0)j (220, 9)j (22, q)
We are now ready to proceed to the proofs of Theorems 1.5-1.7.

m(:):, q, Z) = m(.’IJ,q, ZO) +
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Proof of Theorem 1.5. Applying equations (1.3) and (1.4) with (a, p1,p2) = (1, —1,00) to (2.1)—
(2.3) and (g, —q, 00) to (2.4)—(2.6) gives a Bailey relative to 1,

n—1
dh, = 2(1 = ¢*)g"™ TN (3.8)
j=—n
n
2 2o
dy g = —2(1 = M) I N (3.9)
j=—n
and
e
P R N VIV (3.10)
"D (@ng(a%d) i (1 - ¢
and a Bailey pair relative to g,
1 n n—1
2 -2 . 2 .9
0/2” _ - q4n +n Z q—2j —2j +q4n +3n+1 Z q—2j 7 (3'11)
q j=-n j=-n
1 2 - p 2 " 0
Oy = =7 | ¢ TR Ty A (3.12)
q j=—n—1 j=—n
and
1 n -1 jq(%)
A N G (3.13)

(=0)n = (@n-j(@);(1 = ¢¥*1)’

respectively. Now to prove (1.32), we insert the Bailey pair (al,,],) from equations (3.8)—(3.10)
into (1.5) with p;, p2 — oo. This gives

gMi(q) = " b, (q) = (q;m S q"dl,(q)

n>0 n>0
1 2 2
e (Tt s )
1o \ ;%0 n>0
2 2 not 2 2 n-l 2
— 3n“—n+1 —25% 8n?+n+1 —2j
S DUUEED SR WD O
© \n>0 j=—n n>0 j=—n
n n
8n%+7n+2 —252-2j 8n2+9n+3 —252-2j
T S s 3 )
n>0 j=—n n>0 j=—n

After replacing n with —n in the second sum and n with —n — 1 in the fourth sum, we let
n=(r+s+1)/2, j=(r—s—1)/2in the first two sums and n = (r +s)/2, j = (r — s)/2 in
the latter two sums to find
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Ml(Q):2q<( >oo- Y >q§7"+5'rs+ 9rt 352435

(Q)oo r,s>0 r,s<0
r#s (mod 2) r#s (mod 2)

_ ( Z _ Z )q§r‘ +5rs+35 r+352+ s)

r,5>0 r,s<0
r=s (mod 2) r=s (mod 2)

(( Z Z ) r2+5rs+gr+gs2+gs>

r,s>0  r,s<0

(3.14)

2q 6 4
=——1f353(¢,4¢",9q).
(9)oo

By (3.14), Theorem 3.2 with n = 3 and (3.1)—(3.3),

Mi(q) = —2¢"m(=¢77,¢*,¢%) + 27 m(—¢ %, ¢*, ¢%) + 2m(—¢®,¢*, ¢7°)
2 (3.15)

1o @@3 2(¢%, 4%, q).

-7 48 —6)+

—2q¢"""m(—q ', q

Now, we simplify (3.15) using (3.4), (3.5) and (3.7) to obtain

s - 2q
Mi(q) = 4¢7>m(—q",¢*,¢%) + 4m(—¢*,¢*,¢") — 2 + W®3,2(q6, q*q)
o0

X _
+ g JigJ12,48J7 48 5 T35 J19.48 25,48
e —
J§ 487J1,48J 13,48 ‘]6 18919,48 31,48

_ _ I3 T J
— g m(=q", ¢, %Y + dm(—g®, ¢*%, ) — dg 48/18,481148
J6,48J24,48J13 48 J 17 48

Jis 18,4807 48 2q
48 = = - 2+ 7@3,2(q67q47q)
J6,48J24,48J1,48J 17,48 (@)oo

+og Jis 12,48 7,48 5 JisJ12.48J 25 48

J§,48 J1,48J13,48 J(?Ag J19,48J31,48
Comparing with (1.32), we are left with a modular identity to verify. Such a verification can
always be done using a finite computation. This, and similar computations in this paper, were

carried out using computer software packages available at
http://www.qseries.org/fgarvan

This proves identity (1.32) and shows that Mj(g) is a mock theta function.

As equations (1.33)—(1.36) are handled similarly, we briefly sketch the relevant details. For
equations (1.33) and (1.34) we again use the Bailey pair (3.8)—(3.10) in (1.5), with (p1, p2,q) =
(V4 —/4,q) and (q, 00, ¢%) and the above argument to obtain

Ma(q) = ((; 4 )) fiza(=a,—¢%.q)
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and

2¢(¢;¢%)oo
Ms(q) = mfl’Q’l(_qg)’ %, q").

One then proceeds with Theorems 3.2 and 3.1, respectively, and simplifies.
For (1.35) and (1.36) we use the Bailey pair (3.11)—(3.13) in (1.5), with (p1, p2,q) = (00, 00, q)
and (—gq, 0, q) to get

1
Mu(q) = ——f353(a* ¢, q)

(¢)oo
and
—q
Ms(q) = ( )Oof1,271(q, 7, q).
(¢)oo
Applying Theorems 3.2 and 3.1, respectively, and continuing as above yields the result. 0

Proof of Theorem 1.6. Applying equations (1.3) and (1.4) with (a, p1,p2) = (1,00,00) to (2.7)—
(2.9) and (g, 00,00) to (2.10)—(2.12) gives a Bailey relative to 1,

n—1
ah, = (1 — q4n)q6n272n Z q74j273j’ (3.16)
j=-n
n
5 o
dhy g = —(1— g H2)gfm At N (3.17)
j=-n
and
n NGRS
—1)7(]( 2 )
b = ( - , (3.18)
" ]z; (@)n—j(@)j—1(1 — ¢~ 1)
and a Bailey pair relative to g,
1 2 " 2 2 nl 2
O/Zn _ — q6n +2n Z q—4] —J +q6n +4n Z q—4] —3j 7 (319)
q j=-n j=-—n
1 2 " 2 _q. 2 - 2
a/2n+1 _ _1 — q6n +8n+2 Z q—4] —3j + an +10n+4 Z q—4j —J 7 (320)
j=—n—-1 j=—n

and
j+1)

n ,
—1 Jq( 2
B = Z (. ). 1 — 2541’
= (@n-j(q);(1 — ¢+
respectively. For the identities (1.37)—(1.41) in Theorem 1.6 we use the Bailey pair (3.16)—(3.18)

in (15) with (p17P2,Q) = (00700,(])7 (-].,OO,q), (\/av_\/aaQ)v (q,OO,q2), and (_17_Q7q2) to
obtain

(3.21)



20 JEREMY LOVEJOY AND ROBERT OSBURN

2

MG(Q) = (qq) f3,7,3(q57 q67 Q)a

2(_
M?(Q):—zqé)i) fisa(dt,d,q%),
2
Mg(Q) = 2(377qq2)) f1,5,1(_q27 _q3> Q)7
Mo(q) = q(q(q qq )) fisi(—d",—¢", ",

3(_
Mio(q) = —Wfl,E),l(qS,q?,qQ),

respectively. One then applies Theorems 3.2 and 3.3 and proceeds as in the proof of (1.32). The
identities (1.42) and (1.43) follow similarly but with the Bailey pair (3.19)—(3.21) in (1.5) with

(p1, p2,q) = (00,00, q) and (—g, 00, ¢q) yielding

Miy(q) = (q;mfs:,s(q?’,q‘l,@

and

Mia(q) = ((_qf)liooo fisi(d® a® 4.

One now applies Theorems 3.3 and 3.2, respectively, and simplifies.

0

Proof of Theorem 1.7. Applying (1.3) and (1.4) with (a, p1, p2) = (1, 00,00) to (2.13)—(2.15) and
(g, 00,00) to (2.16)—(2.18), we obtain a Bailey pair relative to 1,

n—1

dhy, = (1= g*")g™ 2 N g, (3.22)

j=-—n

n

2 2 q:
a’/2n+1 _ _(1 _ q4n+2)q6n +4n+1 Z q—4] —3]7 (3‘23)
j=—n
and
" S @@ (T =g

and a Bailey pair relative to ¢

n—1

1 2 2 42—
O/Qn — 1_q an +2n Z q —3j +q6n +4n+1 Z q 452 -5 ’ (3‘25)

Jj=—n Jj=—n
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1 n o n o .
O/2n+1 - _ q6n2+8n+3 Z q—4j2—] _|_q6n2+10n+4 Z q—4]2—3j , (326)

1- q j=—n—1 j=-n

and

;8 (—1)7g®)
fr=2 (@)n—j(@); (1 = g *h)’

=0

(3.27)

respectively. For the identities (1.44)—(1.48) in Theorem 1.7 we use the Bailey pair ( 3.24)

2)-(3
1113(15) Wlth (pl,PZ;Q) = (007007(])7 (_17007(1)) (\/@_\/@CI% (Q7ooaq2)7 and ( —q,9q )
obtain

Miz(q) = —ﬁf?,,zs(qzl,qzCJ),

2¢(—q)oo

Miu(q) = — (q

Yoo === 18100, ),
)230 f151( q, _q47Q)7
MlG(Q) = (mfl,&l(_qg)? _q117q4)7

Miz(q) = —Wf1,5,1(q3a 7, q*),

respectively. One then applies Theorems 3.2 and 3.3 and proceeds as above where (3.6) is used for
Mi6(q). The identities (1.49) and (1.50) follow similarly but with the Bailey pair (3.25)—(3.27)
n (1.5) with (p1, p2,q) = (00,00, ¢q) and (—q, o0, q) yielding
1
Mis(q) = —— f37.3(¢°, 0", )
(@)

and

Mao(q) = ((_q(ii:o fisa(a,q* ¢%).

One applies Theorems 3.3 and 3.2, respectively, and simplifies.
O

Proof of Corollary 1.8. The identities in Corollary 1.8 are established by comparing the expres-
sions in Theorems 1.5-1.7 with those for classical mock theta functions. We sketch the details.
Equations (5.37) and (5.8) in [9] state

To(q) = —m(—¢*,¢*, ¢%)
and
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J3
w(q) = —2¢'m(q, %, ¢*) + =5—.
(9) ¢ m(q.q"q") Todss
By (3.4), (3.5), (3.7), (1.33) and (1.36), (1.52) and (1.53) follow. Equations (5.1) and (5.40) in
[9] state
A(q) = _m(Q> q47q2>
and

Ui(q) = —m(—q,¢*, —¢*)

By (3.7), (1.40) and (1.47), (1.54) and (1.55) follow.

ACKNOWLEDGEMENTS

The authors thank Eric Mortenson for helping with the simplification of certain expressions
in Theorems 1.5-1.7. The second author would like to thank the Institut des Hautes Etudes
Scientifiques for their support during the completion of this paper.

[1]
2]

REFERENCES

G.E. Andrews, Multiple series Rogers-Ramanujan identities, Pacific J. Math. 114 (1984), 267-283.

G.E. Andrews, g-Series: Their Development and Application in Analysis, Number Theory, Combinatorics,
Physics, and Computer Algebra, volume 66 of Regional Conference Series in Mathematics. American Math-
ematical Society, Providence, RI, 1986.

G.E. Andrews, The fifth and seventh order mock theta functions, Trans. Amer. Math. Soc. 293 (1986),
113-134.

G.E. Andrews, F. Dyson and D. Hickerson, Partitions and indefinite quadratic forms, Invent. Math. 91
(1988), no. 3, 391-407.

G.E. Andrews, D. Hickerson, Ramanujan’s “lost” notebook. VII. The sizth order mock theta functions, Adv.
Math. 89 (1991), no. 1, 60-105.

G.E. Andrews, Bailey pairs with free parameters, mock theta functions and tubular partitions, Ann. Combin.
18 (2014), 563-578.

K. Bringmann, B. Kane, Multiplicative g-hypergeometric series arising from real quadratic fields, Trans. Amer.
Math. Soc. 363 (2011), no. 4, 2191-2209.

B. Gordon and R.J. McIntosh, A survey of classical mock theta functions, in: Partitions, g-series, and Modular
Forms, Developments in Mathematics 2012, vol. 23, 95-144.

D. Hickerson, E. Mortenson, Hecke-type double sums, Appell-Lerch sums, and mock theta functions, I, Proc.
London Math. Soc. 109 (2014), 382-422.

J. Lovejoy, R. Osburn, g-hypergeometric double sums as mock theta functions, Pacific J. Math. 264 (2013),
no. 1, 151-162.

J. Lovejoy, R. Osburn, Real quadratic double sums, preprint.

K. Ono, Unearthing the visions of a master: harmonic Maass forms and number theory, Proceedings of the
2008 Harvard-MIT Current Developments in Mathematics Conference, International Press, Somerville, MA,
2009, 347-454.

L.J. Slater, A new proof of Rogers’s transformtions of infinite series, Proc. London Math. Soc. (2) 53 (1951),
460-475.

S. O. Warnaar, 50 years of Bailey’s lemma, Algebraic combinatorics and applications (Gofiweinstein, 1999),
333-347, Springer, Berlin, 2001.



MOCK THETA DOUBLE SUMS 23

[15] D. Zagier, Ramanujan’s mock theta functions and their applications (after Zwegers and Ono-Bringmann),
Astérisque 326 (2009), 143-164.
[16] S. Zwegers, Mock Theta Functions, PhD Thesis, Universiteit Utrecht (2002).

CNRS, LIAFA, UNIVERSITE DENIS DIDEROT - PARIS 7, CASE 7014, 75205 PARIs CEDEX 13, FRANCE
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY COLLEGE DUBLIN, BELFIELD, DUBLIN 4, IRELAND

IHES, LE BoOIis-MARIE, 35, ROUTE DE CHARTRES, F-91440 BURES-SUR-YVETTE, FRANCE
E-mail address: lovejoy@liafa. jussieu.fr
FE-mail address: robert.osburn@ucd.ie, osburn@ihes.fr



